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FORWARD 


The accuracy of a ballistic projectile is 
dependent upon the precision with which a gun can be 
pointed and upon the dynamics of the barrel and projectile 
during launch. Advances in target acquisition and in 
stabilization and control technology yield great potential 
for finding a target and then aiming a gun with high 
accuracy. Less attention has been given to the dynamics 
of the gun and projectile and how it effects accuracy. 
Those factors of gun and projectile dynamics that contribute 
to errors are: 

(a) The effect of the droop and related dynamic 
behavior of a bent gun tube projectile interaction. 
(b) Balloting, or tube projectile interaction for 
projectiles with rapid spin. 

(c) Effects of barrel vibration and vibration of 
the supporting structure or vehicle, which is trans- 
mitted to the gun barrel. 


(d) Response produced by weapon mechanism motion. 


The purpose of the conference was to: 
(a) Present the work of specialists who are addressing 
problems of gun precision, and to 
(b) Afford an opportunity for discussion and coordination 


of methods and approaches to evaluating precision. 


The conference was held in the Sheraton Hotel, 
Rock Island, 11110015, January 26-27, 1977. Twenty-two papers 
were presented, with authors ‘distributed among: 
(а) Five Defense Laboratories, 
(b) Three industrial concerns, 


(c) Five universities. 


(1) 


ИРЛЭЭ 


Іс is,further, interesting to note that four of the papers 
were co-authored by individuals from various permutations 
4 of these organizations. Finally, the distribution of _ 
participants included: 
(а) Fifteen U.S. defense Laboratories, 
(b) One U.K. defense laboratory, 
Хе) Three military field organizations, 
(d) Nine industrial concerns, 
(e) Eight universities. 
Based on the intensity of discussion and interaction among 


the diverse groups of participants, we fee] that the goal 


of dissemination of information was met. 
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I. INTRODUCTION 

Tank guns must have a high probability of hitting the target with 
the first round of an engagement in order to survive. Vibrations of the 
gun tube while the projectile is in the bore have long been recognized 
as an important source of error. Тһе forces which occur as the projectile 
emerges from the muzzle, but is still in contact with the tube, are very 
large but of short duration. These forces produce impulsive changes in 
the vector velocity of the projectile and are about as important as 


tube vibrations as a source of error. Errors due to transient aerodynamic 


forces while the projectile is in the transitional ballistic regime are 
relatively minor and will not be considered in this réport. Іп the error 
budget for tank guns, only a small proportion is allotted to tube motion 
and other mechanical causes; the major allotments in the error budget are 
assigned to fire controi and target acquisition. The emphasis on reducing 
the gun contribution to the error budget has been the major driving force 
for research in gun tube vibrations. 

Gun tubes for rapid fire guns must absorb large amounts of heat. 
In meeting this requirement, the gun tubes are overdesigned structurally 
and are relatively stiffer than tubes for tank guns. The gun tube 


vibration problem is much less severe. However, these rapid fire guns 
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are generally mounted on vehicles or aircraft with considerable structural 
flexibility. The various modes of vibration are readily excited by 
successive rounds. Consequently the gun, mount, and supporting structure 
must. be considered as a single system in the analysis of vibratory motion. 
On the other hand, the structural elements supporting the trunnions in a 
tank are very stiff, so the motion of the trunnions is negligible while 
the projectile is in the bore. 

In conventional artillery, errors associated with indirect fire, 
variable drag, and the meteorological message tend to dominate the error 
budget. These errors may be considerable, especially at extended ranges, 
so firing for registration is practiced whenever the tactical situation 
permits. The errors due to gun motion, transverse muzzle forces, and 
transitional aerodynamic forces are lumped together as jump. A jump 
correction is determined during firing trials and posted in the firing 
tables. Experience has shown the jump correction for artillery is reasonably 
constant during the life of the gun. 

In this report we will consider mainly tank guns in the 90mm-120mm 
range. First we will summarize the known causes of tube vibration and the 
mechanical aspects of variable bias. Second, we will review work prior to 
1957 in a cursory manner and, third, the work performed during the following 
decade at the USA Ballistic Research Laboratory and elsewhere. Finally, 
we will review the current state-of-the-art, delineate pacing problems as 
we see them, and indicate direction and technical level of future investiga- 


tions. 
II. CAUSES AND CONSEQUENCES OF TUBE VIBRATION 


Several types of vibratory and rigid body motion occur during the 


firing cycle of a conventional tank gun. During recoil the gun rotates 


slightly about the trunnions, due partly to clearances and partly to 


elasticity of the elevating mechanism. The trunnions are subject to 

large recoil forces and, consequently, the supporting structure deforms 
slightly, permitting the trunnions to move perceptibly. Vibratory motion 
falls into three general categories: large amplitude, low frequency 
vibrations which have a major effect on accuracy; high frequency, small 
amplitude vibrations which may affect the structural integrity of fuzes 
and other components; and traveling stress waves arising from impact loads. 


The major contribution to large amplitude vibrations is due to unbalanced 


recoiling parts. If the center of gravity does not lie on the axis 

of the bore, a large turning moment is produced by the acceleration of the 

gun tube. The component of unbalance which lies in the vertical plane will 
cause the gun to rotate slightly in the trunnions and also cause low frequency 
tube vibration of significant amplitude. In theory, the combined rigid 

body and vibratory motion should contribute a consistent bias to the point 

of impact for a given round. In practice, bias in tank guns is more variable 
than in artillery. In addition, a worn concentric recoil mechanism will 
produce excessive dispersion in tank guns. 

Rifling torque produces rather large torsional vibrations, especially 
near the muzzle. The tube acts like a torsion bar, twisting mainly in one 
direction while the projectile is in the bore, and then oscillating severeiy 

Ч after the projectile emerges. Тһе effects оп accuracy are minor іп а 

| straight tube. Номеует, if the tube is bent or droops naturally, the 

| torsional vibrations become ccupled with other types of motion resulting 

i 

| іп increased dispersion. If points along the outside of the tube are used 


to measure displacement of the boreline during firing, then the experimental 
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results should be corrected for twist of the tube. Тһе most obvious 
method is to make measurements on opposite sides of the tube so that 
the effect of torsion can be averaged out. 

The powder pressure and recoil forces produce axial vibrations 


which can be detected with strain gages. The effects on accuracy are 


negligible; however, stress waves must be considered under some circumstances. 


L. H. Thomas proved that axial stress waves reflected by the muzzle were 


one cause of failure in the 90mm tank gun.! The tubes failed near the 
junction of the tube and breech ring. 

Unbalanced projectiles produce large centrifugal forces which cause 
vibrations of moderate frequency. These vibrations are small during 
the early part of the interior ballistic cycle, but reach considerable 


amplitude near the muzzle. High explosive shells are the major cause 


of these vibrations as shells are generally not balanced during production. 
Kinetic energy rounds are machined to close tolerances and measurements 
of typical samples have shown the unbalance to be negligible. Thus we 
should not anticipate significant tube vibrations from centrifugal ioading 
when Kinetic energy rounds are fired. 

Radial vibrations have been observed by Cranz in his pioneering studies. 


As these vibrations are symmetric, there should be no affect on accuracy. 


Two effects related to the droop of the tube have been studied. 
Finston, at Brown University, considered the reaction of the projectile 


against a slightly drooped tube. Inertia of both the tube and projectile 


1 personal communication, B. I. Hart, formerly Mathematician at the USA 


Ballistie Research Laboratories. L. Н. Thomas performed the work То" 


the Ordnance Corp around 1947-1950. 


were considered. Simkins, at Watervliet Arsenal, has considered the 


Bourdon effect, in which gas pressure tends to straighten the tube. 
Both problems require advanced nonlinear analysis. 

Balloting in the bore causes high frequency vibrations in the pro- 
jectile. These vibrations may be severe enough to damage the fuze or 
other sensitive components. Stress waves of small amplitude will be 
propagated in the tube. It seems probable that the energy transmitted 
to the tube by impact is too small to set up standing waves. Tube motion 
produced by these impacts should have little effect on accuracy. 

Artillery with bag type charges is subject to problems arising from 
gravity effects and improper seating of the projectile. ТЕ the projectile 
is slightly cocked during ramming, eccentric engraving of the rotating 
band will result, leading to static unbalance. Gravity alone may be 
sufficient to tilt a projectile loaded by hand, The resulting loss of 
symmetry in loading conditions is a cause of yawing in the bore, which 
is considered to be a major cause of preferential wear that has been 
observed from time to time. Wear at the muzzle may be important in large 
caliber, high velocity guns, and will cause а loss of accuracy. It is 
believed the cause is mainly mechanical, due to high sliding velocities and 
large centrifugal forces at the muzzle.^ 

This catalog of interrelated phenomena shows why progress has been 
slow and sporadic. А truly scientific experiment in which the various 


causes of tube vibration and their effects are isolated and studied 


Lloyd E. Line, Jr., "Erosion of Guns at the Muzzle," OSRD Report №. 


6322, August 1945. Also filed as NDRC Report A-357. 
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опе at а time is far too costly in practice. Low frequency vibrations 
affecting accuracy have received the most attention. and are reasonably 

well understood at the present time. The analysis of these vibrations 
follows the usual strength of materials formulations. The greatest present 
uncertainty lies in formulating effective boundary conditions at the inter- 
face cf the gun tube and recoil mechanism. High frequency vibrations due 
to an unbalanced projectile and balloting are more random in nature, and 


correlation between theory and experiment is unsatisfactory. 


III. REVIEW OF WORK COMPLETED. BEFORE 1957 

Only a cursory review will be given here in view of an earlier report 
by the author." The major objectives were to determine average jump for 
firing tables and to delineate causes of dispersion. The recorded 
progress is remarkable considering two important experimental variables 
were neglected and the engineering calculations indicated by the theory 
pressed the available means of computation to the limit. It is now 
recognized that solar radiation produces curvature in the tube which 


affects the point of impact. Sissom and others recognized its importance 


but the results of most experimental work did not include the necessary 
corrections. Тһе second source of errors is associated with laying the 
gun. Generally a correction for the difference between the alignment of 


the gunner's quadrant and boresight line was included. However, careful 


experimental work must be based on the inclination and transverse velocity 


of the muzzle at shot ejection. These quantities are not correlated exactly 


1 5 A. S. Elder, "А Review of the Literature to the Bias in the Point of 


Impact Associated with the Lateral Motion of a Gun During Firing," 
BRL Memo Report No. 1157, July 1958. AD No. 302698. 
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with the boresight axis obtained under static conditions due to the 
various types of gun tube vibration previously described. Finally, 
computational difficulties led to oversimplified mathematical models 
which did not correspond sufficiently to the system under consideration. 

C. Cranz identified radial vibrations, longitudinal vibrations, 
torsional vibrations, and transverse vibrations in experimental studies 
with a rifle barrel. These are the most important types of vibration 
for guns of any caliber. А11 other possible modes of vibration should 
be highly localized and have little effect on accuracy on structural 
integrity. 

Е. L. Ufflemann carried out a series of instrumented firing tests 
with the 17 pdr and 75mm guns. The experiments showed unexplained 
high frequency components in addition to the displacement due to 
bending. Не also showed that apparent changes in jump of the 75mm gun 
mounted on the Sherman tank were due to errors in laying. 

E. Harrison and others showed a significant correlation between 
vertical jump and curvature of the barrel in the vertical plane. This 
should фе expected in view of Finston's work on tube droop mentioned 
previously. 

B. D. Sissom showed that jump associated with a given gun changed 
over an extended period of time and was larger than differences in jump 
produced by a change of ammunition. Не supervised significant work on 
thermal bending and was among the first to emphasize correct muzzle 


conditions in experimental studies. 
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J. А. Mahoney obtained a strong correlation between the static 
unbalance in a T-154 cartridge and the point of impact. 

E. H. Lee performed the most important theoretical work of this 
period in connection with the instrumented firing tests conducted by 
Ufflemann. He analyzed the low frequency vibrations due to static un- 

‘balance of the recoiling parts. Тһе flexible barrel and rigid tipping 
parts were considered separately; the conditions at the interface were. 
then matched by successive approximations. The results did not agree 
completely with the results of the instrumented firing tests. 

J. C. P. Miller considered the 17 pdr as a single elastic system 
and obtained normal modes in accord with this concept. The matching 
procedure used by Lee was avoided. Essentially, Miller's analysis is 
equivalent to a solution in terms of normal coordinates of Lagrange. 

He calculated the normal modes by an iterative procedure. - 

J. L. Lubkin showed specifically that the transverse linear velocity 
of the muzzle, as well as the direction of the bore axis at the muzzle 
must be considered in both theoretical and experimental studies. He 
was among the first to consider wave propagation methods as well as normal 
mode analysis in studying torsional vibrations due to the rifling torque. 

The work of Darpas^ was cited in the preceding reference, but was 
not given the attention it deserves. Darpas considered the gyroscopic 
motion of an unbalanced projectile in the tube and the yawing motion 


which results. The effects of yaw on the trajectory and point of impact 


s J. 6. Darpas, "Transverse Forces on a Projectile Which Rotates in the 
Barrel," Memorial de l'artillerie francaise, 31, 19 (No. 1, 1957). 
English translation by Н. P. Не сйсоск, BRL Memo Report No. 1204, 
Матей 1959. Ар Мо. 212015. 
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were also considered. He showed that the centrifugal force near the 
muzzle produced very large transverse forces, accounting for abnormal 

wear in certain. 152mm gun tubes. Не did not consider the transverse 
vibrations which would be caused by these forces. This work emphasized 

the importance of unbalanced projectiles as a major source of yawing motion 
in bore and gave the forcing function required for an analysis of 
vibrations due to the centrifugal force. 

Both Lee and Darpas considered the limitations of the Bernoulli-Euler 
equation for transverse vibrations. Lee showed that shearing strains were 
important early in the interior ballistic cycle and, consequently, the 
Timoshenko equation was to be preferred. Darpas noted that the Bernoulli- 
Euler equation could not predict traveling bending waves as it was dispersive 
in nature. Standing waves, of ‘course, are readily obtained by separation 
of variables. 


The work of L. H. Thomas on longitudinal waves should be mentioned 


4 again in passing. Тһе work reviewed in this section formed the basis 


of an extensive program by Gay, Elder and Sissom in the late Fifties. 


IV. SUMMARY OF TUBE VIBRATION AND ACCURACY STUDIES 
AT THE BALLISTIC.RESEARCH LABORATORY 


3 А major study of tank gun accuracy was carried out by Gay, Elder and 


Sissom during the late Fifties.” The investigation was divided into 


four parts, as shown below: 


5 Н. P. Gay and A. S. Elder, "The Lateral Motion of а Tank Gun and Its 


Effect оп the Accuracy of Реге," BRL Report No. 1070, March 1959. 


AD No. 217667. 
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"(1) А theoretical study by BRL. The purpose of 

this 5102) was to devise methods of calculating 
motion of the weapon, thus establishing the impor- 
tance of the various factors contributing to tts 
motion. The 90mm Tank Gun, T-139, was used to 
tllustrate the effects in a typical weapon. To 
conserve time and funds, only motion in the 

vertical plane was to be considered. 

"(2) Development of apparatus by BRL. Since the 
motion of the T-139 Gun ts very small prior to shot 
ejection, new techniques and methods were required to 
measure it. 

"(3) Development of apparatus by D&PS. This por- 
tion of the program includes the development of very 
accurate sights for laying the weapon and instrumenta- 
tion for measuring the curvature of the center Line of 
the tube. Measurements of шетай с, centers of gravity, 
and moments of inertia required for the caleulations  ? 
are also included in this portion. 

"(4) Firing Program Бу D&PS. The purpose of these 
tests was to measure the motion of the weapon and 

the point of impact of the projectile, thus providing 
даға for comparing theory and experiment and also 
»roviding a basis for evaluating the importance of 


various factors." 


li 


rue не ль: 


The conclusions of this study still appear reasonably valid and ате 
given below: 
"A series of theoretical and experimental investi- 
gations were conducted to determine the effects of 
droop and gun vibration on the accuracy of tæk 
guns. Tests of the 90nm Gun, Т-139, indicate 
that, in general, only a part of the observed 
difference between the point of aim and) the point 


of impact оп the target сап be ascribed to motion 


of the weapon at the instant of shot ejection. 


Measurements of thé yawing motion of the projectile 


“а free flight indicate that the remainder cannot be 
definitely attributed only to aerodynamic jump. It 
ts evident from records of bending strain in the tube 
that theoretical analysis of the lateral motion of the 


tubevassociated with a projectile whose center of 


туге t MH 
7 
1 


gravity does not coincide with the axis of the 


tube indicates that this condition may produce large 


EE 


Lateral forces. Sinee these lateral forces affect the 
motion of the projectile during tts emerjence to 
Зил the source of a few mils difference between 
; the point of aim and the point of impact, it is 
necessary to measure accurately the yawing motion 
] of the projectile in the bore, during launching, 


and during the blast regime." 
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In retrospect, the achievements and. shortcomings of this program can 
be considered with greater detachment than during the period the program 
was in progress. The experiments were conducted at night, so bending of 
the tube due to solar heating was avoided completely. Mr. Sisson per- 
sonally layed the gun with great care before each round, using a muzzle 
sight. Thus, major sources of error which had affected other programs 
were eliminated altogether. Considerable aerodynamic data was also 
obtained as these rounds were fired at the Transonic Range. 

The experiments and analysis were conducted within the framework 
given by Ufflemann, Lee and Sneddon. Vibrations due to the unbalanced 
recoiling mass, unbalanced projectile, and rifling torque were taken into 
account. The Benoulli-Euler equation was used for bending. 

Numerical techniques were based on Myklestad's method of calculating 
normal modes. This method is now standard and is imbedded in such general 
purpose codes as NASTRAN. Langer's asymptotic method® was used to estimate 
the higher frequencies, thus greatly reducing the number of iterations 
required to obtain a given frequency and the corresponding madel shapes. 
Both Lee's and Miller's method of analyzing the motion due te unbalanced 
recoiling parts were used. In addition to different methods of analysis, 
different mathematical modeling of the tube was used in the two approaches. 
In Lee's method, the rear portion of the tube was considered to be rigid, 
while in Miller's method the entire length of the tube was considered to 
be elastic, and the stiffness was calculated by the usual methods. The 
Об: Elder, "Numerical and Asymptotie Methods of Integrating the Bernculli- 


Euler Equation," BRL Technical Note No. 1422, August 1961. AD No. 266692. 
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model used in Miller's method indicated that the elasticity of the rear 
portion of the tube should be taken into account, as the deformation curves 
differed significantly. However, the slope of the muzzle, which affects 
accuracy, did not differ very much in the two sets of calculations. 
Reasonable agreement was obtained between calculations and the observed 
motion, but the correlation fell short of expectations. 

On the other hand, predictions of motion for the unbalanced projectile 
were not confirmed experimentally. Later work, described below, showed 
that yawing motion in the bore was more erratic than predicted and not 
in accord with the model used by Lee and Sneddon. 

In addition, marked local bending was observed in the vicinity of 
the projectile. We examined many photographic plates under the comparator | 
i before we were convinced that our observations were valid. These deflec- 
tions are not predicted by the Bernoulli-Euler theory, which was the basis 
| of our structural analysis, but have been analyzed іп the two-dimensional 
theory of elastic beams.’ The local bending of a hollow cylinder is now 
being studied in detail, using Fourier analysis and the three-dimensional 
equations of elasticity. 

Calculations for bending vibrations of a 175mm gun tube were also 


carried out in an attempt to find the cause of abnormal dispersion. S 


2 8. Timoshenko and J. М. Geodier, Theory of Elasticity, McGraw Hill 
Book Company, 1951, pages 102-107. 


8 А. S. Elder, "The Lateral Motion ој a 175тт Gun Tube Produced by an 


Eccentric Projectile," BRL Memo Report No 1318, July 1962. АП No. 286860. 
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Calculations showed that tube vibrations produced by an eccentric pro- 
jectile could not account for the observed dispersion. During the course 
of the calculations for the lateral velocity and displacement of the tube, 


it was found that the interior ballistic calculations of travel, velocity 


and acceleration of the vrojectile as functions of time were internally 
inconsistent. Finally, a new time Базе was obtained from the velocity and 
travel curves by integration, and the original time scale discarded as 
redundánt. The tube vibration calculations then proceeded without further 
difficulty. 

H. P. Gay was finally able to obtain a correlation between the orienta- 
tion of the center of gravity ОҒ a proof slug and the point of impact.? The 
unbalance was sufficient to override other effects. The equations of 
motion of an unstable pendulum were used to calculate deviations of the 
trajectory and vector velocity of the projectile at the muzzle. Аз the 37mm 
gun tube used in these experiments was quite stiff, it seems probable that 
vibrations of the muzzle did not play a significant role in determining 
the point of impact. 

In another test, а mirror was attached to the nose of a projectile 
and the angular motion recorded photographically. The angular motion 
showed a zig-zag pattern, indicating severe balloting, and did not conform 
to the smooth spiraling motion we anticipated in calculating the motion 


of the tube due to an unbalanced projectile. 


22:87 Gay, "Оп the Motion of a Projectile ав it Leaves the Muzzle," 


BRL Technical Note No. 1425, August 1961. AD No. 301974. 


29 В. D. Kirkendall, "The Yawing Motion of Projectiles in. the Bore," 


BRL Technical Note No. 1729, September 1970, AD No. 8788271. 


In view of the preceding tests, it was evident that research on muzzle 


vibrations and in-bore projectile motion should be carried out concurrently. 
Current work at the Ballistic Research Laboratory is being organized in 
this manner. 
V. CURRENT THEORETICAL AND EXPERIMENTAL PROGRAMS 

During the last several years Dr. T. Simkins and his associates have 
been carrying out a fundamental program at Watervliet Arsenal with special 
emphasis on secondary effects. The NASTRAN Code was used as the màin 
computation tool in calculating transient motion of the M113 gun tube, !H 
Tube droop and gas pressure were the primary causes of excitation consi .ered. 
The axial tension resulting from the rearward acceleration of the tube was 
also considered. (This effect is considerable at higher zones in the 
vicinity- of the breech and must be considered in the reduction of strain 
gage records.) The local stresses caused by the rotating band were not 
calculated. The vibrational response for the traveling pressure was cal- 
culated for several stations and compared with experimental data obtained 
at the Ballistic Research Laboratory. 

The Bourdon effect was the only secondary source of excitation con- - 
sidered in this report. ТЕ a curved tube is pressurized internally, it 
на века to straighten; this effect is the basis of the Bourdon pressure 
gage. The bending moment is proportional to the product of the curvature 


and internal pressure assuming the external pressure is negligible. 


2 Т. Simkins, С. Pflegl, В. Scanlon, "Dynamic Response of the M113 Gun 


Tube to Traveling Ballistic Pressure and Data Smoothing as Applied to 
XM150 Acceleration Data," Report No. WVLT-TR-75015, Watervliet Arsenal, 


Watervitet, NY, April 1975. 
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The secondary effects of a moving mass have been considered more 
recently. !? In all the work at the Ballistic ReSearch Laboratory and 
most of the work elsewhere, the mass of the projectile has been replaced 
by a moving force which appears on the right hand side of the equations 
of motion. This formulation is linear and is readily solved by modal 
analysis. On the other hand, the correct formulation in terms of a moving 
mass is nonlinear and must be solved by numerical methods, perhaps by 
perturbation theory. The difference in the two solutions is significant 
but not overwhelming and is less than the error incurred by neglecting 
balloting motion. 

Parasitic resonance caused by periodic heating and cooling in a 
rapid-fire gun is one item of current interest at Watervliet. The 
governing equation has a periodic coefficient for the stiffness term and 
thus is closely related to Hill's equation. Axial stress waves produced 
by rapid radial expansion of the tube are also under consideration. The 
axial waves are caused by the combined effects of longitudinal inertia 
which restrains the tube and the Poisson effect which tends to contract 
it locally in the axial direction. This tensile load must be added to the 
tensile load produced by the rearward acceleration of the tube during 


firing. 


Research on gun tube vibration and accuracy have recently been resumed 


at the Ballistic Research Laboratory after an interval of several years. 


In-bore motion and muzzle conditions are being studied concurrently as 


€————————————————— 


12 m. E. Simkins, "Structural Response to Moving Projectile Mass by the 


Finite Element Method," Report No. WVLT-TR-75044, Watervliet Arsenal, 


Watervliet, NY, July 1925. 
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part of an overall program on the dynamics and interaction of the gun tube 

and projectile. А rigid firing mount, especially designed for accuracy 
studies, has been installed and is now being used for 105mm. instrumented 
firing tests. At present, programs involving the M392 and XM735 105mm kinetic 
energy rounds are in the early stages and will be continued as circumstances 
permit. Тһе new instrumentation being developed for these programs 15 des- 
cribed in other papers. 

The parameters for this gun-mount system have recently been measured 
for incorporation into computer programs being developed by the 
Southwest Research Institute. In addition to standard normal mode 
analysis, the equations of motion can be integrated numerically in space 
and time. Іп this manner the variable length of the vibrating part of the 
tube, due to recoil, has been taken into account, together with the non- 
Jinear constraints the recoil mechanism imposes on the rotation of the gun 
about its trunnions. The overturning moment produced by the powder pressure 
couple has been measured directly with a weigh bar which replaced the 
hydraulic strut normally used to elevate and depress the gun when mounted in a 
tank. 

The nonlinear coupling between torsional vibrations and tube droop, 
mentioned previously, is also being analyzed at the Southwest Research 
Instutute. 

A research program concerned with gun tube vibrations and related 
problems is continuing at the Ballistic Research Laboratory. As mentioned 
previously, local bending produced by an unbalanced projectile is being 


analyzed by Fourier methods using the exact equations of elasticity. This 
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work is an outgrowth of our program on symmetric stresses due to раз 
pressure and rotating band pressure and uses similar techniques. 
We wish to replace Myklestad's method for a vibrating tube with а 


more accurate program using exact solutions for the various segments. А 


tube can be modeled as a few lumped constants, cylindrical sections, and 
segments in which the outer surface is conical. Only four or five segments 
should generally be required. Тһе solution for the segment formed by a 
conical surface has recently been derived and will be combined with the 
known solutions for the cylindrical sections. The various segments will be 
| combined by matching the displacement, slope, moment, and shear at each 
junction. 
Our program will continue in collaboration with other agencies when- 
| ever topics of mutual interest arise. 
| VI. MODELING THEORY 
The formulation of the field equations and boundary conditions should 
be sufficiently realistic to yield results of sufficient accuracy and 
yet not too complex or cumbersome for detailed analysis and computation. 
Equations for large systems are generally put together from a number of 
simple models; on the other hand, if only a single aspect or component 
of the system is under consideration, a more detailed model is frequently 
in order. 
і Finite element formulations and large codes such аз NASTRAN are used 
universally to analyze the gross response of a large system, provided the 


| System is elastic and the instantaneous response and wave analysis are not 
required. Beams, rods, plates, ring elements, and a variety of other 
i 


Ё 19 


-p 


configurations are used as subelements. 
by finite elements or from a strength of materials formula. 
The Bernoulli-Euler equation for vibrating beàms is satisfactory for 

periodic vibrations of moderate frequency and for transient vibrations, 

but is not satisfactory for shock conditions or the propagation of flexural 
waves. Іп addition to separable solutions, there is a source function 

due to Fourier!” 
impact. Тһе source function for the one-dimensional equation for the 
conduction of heat in a solid is used as the basis for the following 


analysis. This equation for heat conduction is 


The corresponding one-dimensional source function is 


To derive the Bernoulli-Euler equation from (1), differentiate once with 


respect to t: 


ax Secondary Source: Rayleigh (Baron), Theory of Sound, Dover Publications, 


New York, 1945. Vol 1, рр 302-304, contains a digest of Fourter's 


analysis. 


The stresses may be calculated 


which is useful for short intervals of time just after 


u= LU? ехр(-х јаке). 
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Оп eliminating 5 from the last two equations, we find 
ax dt 
2 afv 92у 
k AT “е . (5) 
9х at 


The Bernoulli-Euler equation can be written in the form 


34v 1/2 ә2у 
mv ей M 50 (6) 
ax et^ ^ 


Equations (5) and (6) are equivalent if 


a^ жолук”, mou A S 


Hence equation (6) has the source functions 


u, = 71/2 sin(ax^/At) (7) 


-1/2 


ч t cos (ax^/4t) . (8) 


These equations indicate that an impulse applied at one point on a long 
bar will cause an instantaneous response over the entire length of the 
bar. Both experiments and the equations of motion in the theory of 


elasticity show that an instantaneous response for distant points along 


the bar is impossible. An initial disturbance causes a wave which travels 


with constant, finite velocity. 


The Timoshenko equation is the simplest equation which will predict 


flexural waves. М This equation, which is quite complicated, has the 


general form 


94 37 94 94 
А+ В 5+ С 5 + DIM 0. (9) 
9х 9% 9х 91 ot 
m 5. Timoshenko, Vibration Problems in Engineering, 2d Edition, D. Van 


Nostrand Company, Меш York, 1927, pp 337-342. 
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The constants A, B, C, and D depend on the moduli and section properties 
of the bar. 

Both the Bernoulli-Euler and Timoshenko equations give the axial: 
Stress and transverse deflection with reasonable accuracy, especially 
for the lower modes of vibration. The remaining stresses are approximate, 
as we are applying a single equation of motion to bars with geometrically 
different cross sections. 

Finally, we consider the Pochammer-Chree theory for an infinite circular 
cylinder. Тһе exact equations of motion from the linear theory of elasticity 
are used to investigate longitudinal, torsional, and bending vibrations. One 
can satisfy exactly the boundary conditions on the cylindrical surfaces, but 
can only satisfy end conditions on a finite bar in an approximate manner. 

The investigation of the "trapped end modes" required to satisfy end conditions 
exactly requires advanced mathematical analysis which will not be considered 
here. 

We can use the Pochammer-Chree theory in technical problems if we 
are content with the approximate description of end conditions, as indicated 
by Love. > A two-fold eigenvalue problem is involved, the first to deter- 
mine wave length as a function of frequency in ап infinite cylinder, the 
second to combine four solutions of this type in such a way that the end 
conditions are satisfied approximately. The following analysis is an 


elaboration of very condensed remarks by Love and Herrmann. 


18 А. Е. Н. Love, A Treatise on the Mathematical Theory of Elasticity, 


Dover Publications, New York, 2944. See page 292. 
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Sinusoidal vibrations in an infinite hollow cylinder have been 


studied in detail, both theoretically and numerically. 16 In summary, 


Herrmann, et al, assume displacements of the form 


4 
0 = cos 0 cos (wt + az) 2 а. Ё. (т) 
T р JJ 
1 
4 
Ug = cos 0 cos (wt + az) 2 b.g.(r) 
: 279 
j=l 
3 
Џ = 


cos 0 sin (wt + az) 2 c.h.(r) 
jep 22 


Where the f, g, and h functions are specific combinations of Bessel functions 
required to satisfy the equation of elasticity and are appropriate for bending; 
the stresses are calculated from the displacements; then, the conditions 
for stress free cylindrical surfaces are set forth. This frequency equation 
amounts to an implicit functional relation between ш and a which is tabulated 
in scaled form. | 

We require four linearly independent solutions for the finite bar. A 
second set is obtained by substituting sin (wt + az), and ~ cos (wt + az) 
for the corresponding factors in the above equations. Solutions which 


increase or decay experimentally along the length of the bar are found by 


setting 9 


cos 9 cos (wt + 182) E а +. (т) 
| j=5 J J 


ыг 
il 


? b г. (т) 
г, Vg = cos 0 cos (ut + 182) 2 183 
b 3=5 


| 9 
у. = cos 0 sin (wt + 182) 2 c.h.(r) 
1:5 


Ie А. Е. Armenakas, D. C. Gazts, A. Herrmann, Free Vibrations of Circular 


Cylindrical Shells, Pergammon Press, New York, 1969. 
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and calculating 8 as a function of ш by solving the appropriate frequency 
equation. Finally, a fourth set of solutions can be found by interchanging 
Sines and cosines as indicated above. 

These four solutions can be combined to satisfy certain combinations 
of boundary conditions at the ends. We finally should obtain a specific 
set of circular frequencies Фү» Wo, 9... with the corresponding values of 
а and B. Тһе analysis would give us very accurate theoretical results to 
compare with experiments on circular portions of the gun tube which are not 
too close to the ends. 

The imposition of reasonably correct boundary conditions is frequently 
more difficult than solution of the field equations and generally requires 
more engineering judgment. In formulas relating to the stresses in 
cylinders and bars, we assume that the loads are applied at the ends. 
However, in practice, the 1oads are generally applied at the lateral 
surfaces along the major dimension. The elementary formulas are still 
valid a reasonable distance from the load by St. Venant's principle; 
however, local disturbances to the nominal stress distribution occur in 
the vicinity of the load. These disturbances are of secondary importance 


in analyzing the gross structural behavior of an entire system, but are 


important in interpreting strains in the vicinity of the load. External 


tube strains due to gas and band pressure are an example of local strains 


which have yielded considerable information concerning the stresses imposed 


by the interior ballistic cycle. 
On more philosophical grounds, one must be cautious about using 


redundant information which will almost certainly be internally inconsistent. 


= 2 ЕЕ 


This redundancy affected the interior ballistic calculations mentioned 


previously. Only the minimum data should be used and all possible 
variables obtained by calculations. Іп this way, the final calculations 
Should be internally consistent, although not necessarily more compatible 


with observations. 


УП. MECHANICAL ASPECTS OF VARIABLE BIAS 

Nowhere is adequate modeling more important than in the analysis of 
variable bias in tank guns. Іп preparation for this paper, the author 
discussed accuracy problems at considerable length with Dr. Serge Zarodney. 
Tank guns experience an occasion-to-occasion shift in the center of impact 
which is unusual in artillery. The portion due to solar radiation and the 
resulting bending of the tube is well understood and can be greatly reduced 
by a thermal jacket. After thermal corrections have been made a small 
residual bias remains which is due to a variety of mechanical causes. 


b believes that the recoil spring in a worn recoil mechanism 


Dr. Zarodney 
may rotate and thus affect the unsymmetrical component of the recoil force. 
He has some statistical data to support his contention. Іп a recent 


conversation, Mr. Ruff of MTD indicated that new or fully reconditioned 


recoil mechanisms gave excellent accuracy, but dispersion increased noticeably 
with worn mechanisms. Moreover, our difficulty in predicting gross vibratory 


motion of the tube appears in part due to uncertainties in modeling interface 


conditions between the gun tube and recoil mechanism. This area requires 
engineering analysis and experiment to determine the actual motion of a 
worn recoil spring and the effective boundary conditions for our accuracy 


and vibrations studies. We аге no longer restricted to modal analysis, but 


— m e 


17 рр, 8. Zarodney, Official Suggestion, submitted to BRL. 
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may now integrate the equations of motion step-by-step and account for 
time dependent, nonlinear boundary conditions at each state of the calcu- 
lation. 
VIII. CONCLUSIONS 

New instrumentation, improved computers, and more direct methods of 
integrating the equations of motion should now enable us to perform 
engineering and mathematical analysis with greater realism than was 
possible a few years ago. Moreover, high first round hit probability 
is still essential for tanks. The difficulties and uncertainties outlined 


in this paper should point the way toward future investigations. 


; 26 


Wu EE читав“ 
nr hy tem ЕР А ЧЕТ Ue 
аас EESTI жеге HIC К 2 

— rm PAE АА. 


өөзєлшєШШШиШШШШШГГГГТСГТШТ1-222 
FUNDAMENTALS OF WEAPON 
DYNAMIC EFFECTS ON PRECISION 
V. KOMKOV 
Texas Technical University 
Lubbock, Texas 
TABLE OF CONTENTS 
Page 
I. INTRODUCTORY REMARKS 28 
II. ACCURACY 28 
III. SOME ASSUMPTIONS AND CORRESPONDING VARIATIONAL 

PRINCIPLES 31 
IV. THE "BOOTSTRAPPING" TECHNIQUE 33 

V. AN EXAMPLE CF A REALISTIC MODELLING OF TRANSIENT 
BOUNDARY CONDITIONS 33 
VI. A POSSIBLE APPROACH TO THE MATHEMATICAL MODELLING 36 
VII. COMPUTATIONAL ASPECTS 39 

ҮІІІ. EFFECTS OF PROJECTILE-BARREL INTERACTION, BOURDEN 
TUBE EFFECT AND MORE DETAILED ANALYSIS 43 
REFERENCES 44 


27 


1. Introcuctory Remarks. 


In recent years, spectacular advaaces have been made in 
weapon technology regarding location and identification of targets 
and guidance of projactiles to the target. It is a fact that most 
weapons used now and probably іп the near future will be con- 
venticnal, that majority of the projectiles are not guided and 
that conventional fire power remains the main factor in the 
arsgnal of any army. While great stridos have been made in target 
location and identification, very little progress has been made 


eliminating a basic source of inaccuracy. 


2. Accuracy. 

A considerable literature exists regarding the dynamics 
of conventional weapon systems.  Leonardc da Vinci, Descartes, 
and Cauchy all devoted considerable effort to the study of guns 
and their dynamic behavior. More recently, Hardy, Littlewood, 
Krylov, and Sneddon are names which easily come to mind when 
internal ballistics and related dynamic phenomena are discussed, 
(See [6] and | 7]) Historical notes on some aspects of internal 
ballistic phenomena are given in Cranz's classic textbook on 
this subject [5]. The problems of weapon response and accuracy 


criteria are complex and despite the existence of extensive 
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theoretical literature, in all known weapon design procedures, 
the practical trial and error experimental techniques are stili 


being purauad, 
28 
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Most of the existing literature on the dynamic behavior of 
: р 


conventional weapon systems consists of discussing " 


one 
problem at a time". ‘Some cause of inaccuracy ох poor о 
is isolated, then a mathematical model is suggested, and solutions 
of the corresponding differential equations óf motion. ага 
discussed. Typical attempts at'isolating and discussing the 
effects of "one problem at a time" are the papers of D. Hardison 
[ils А. 5. Elder (21, D. Е. Wente [3], and J. 6. Darpas [4]. 
The main causes of conventional weapon inaccuracy can be 
identified іп the аа referring to test results as: 
a) The uneven aumunition апа internal ballistic variations. 
b) The effects of the droop oz of the static deflection, 
c) Balloting of the Bound and other projectile-barrel interactions, 
d) Mechanical vibrations of the gun barrel caused either by 
the recoiling mass ór by the forces applied from the 
supporting structure. 
а) External causes due to motion of the mount, or other 
external disturbances. 
In the analysis carried out in the past, "опе cause ata 
time was considered. For example, the effect of balloting 
would be considered, while transverse vibration and "whip 
effects" due to the droop are ignored. Or, the vibration of 
the barrel would be analysed while balloting and droop effects 
are ignored. 
Such analysis is not. even helpful in understanding the 
problem if the effects discussed are not. independent of each 


other. The effect of torsional vibrations on transverse 


motion of the barrel can not be ignored if the center of 


29 


gravicy of the transversely vibrating system does not coincide 
with the center of torsion, and the two modes of vibration аты у - 
then coupled. Similarly, the Borden tube effects and the 
projectile tube interaction,affect the transverse vibration 
and should not be studied as separate phenomena. 

The main objection to such study was the theoretical 
difficulty in setting up of the apposporate aquations of 
motion, and of realistic boundary conditions. This last 
remark will be discussed in greater detail in part В of this 
proposal. 

The mathematical problem of defining the accuracy of 
a gun can be approached from the practical point of view of 
"what ів it that we wish to minimize?" A closer look at the 
problem reveals that the position, avugle and velocity of 
the barrel at the time when the projectile leaves the barrel 
are the most important parameters determining the accuracy of 
the weapon. Let u(x,t) denote the displacement of the gun barrel 
x€[(o,4], t>o, where x denotes the position along the gun 


barrei and t ie time. ТЕ хо is the muzzle, we wish to minimize 


eje eo ol 


t=T 


Where T is the predicted time of projectile leaving the muzzle, 
Since T can be predicted only with some probability p, we can 
introduce a Gaussian distribution W(t) centered at t=T and suggest 


a Soboley norr 


40:12 x"B T+e 2 2 
ДИН ац бр Ск) хат, 
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where о<В< 4 is determined from data. Alternately, а weight function 


n(x) can be introduced 


хэ 
Г. nx) ded » anà п(х)>0 , 
х=о 


attaining а maximum at х=о, 


2 & Tre 2 2 
| “| = fax) | w(t) [а ы + Вы, 1 dt dx 
асс. о Tee 


‘The problem of predicting and improving accuracy can be reduced 
to the problem of finding а constrained minimum of КІРЕР ig 
the SoboleV space 45, 

This concept of accuracy is not necessarily the last word 
in mathematical modelling of weapon systens and certainly tne 
bootstrap techniques described in parc "B" can be appuied in 
effort to find а,в or to even revise the whole concept of what 
is an accuracy, and how to represent it by a norm іп а Hilbert 
8pace or perhaps only in a normed space, or by àn entirely 
different mathematical formulation. Instead of assuming а 
specific sat of differential aquations of motion and a time - 


independent set of boundary conditions, the investigation should 


rely on energy techniques, using some recent results ((101,14; 1). 


3. Some Assumptions and Corresponding Variational Princioles. 
If one assumes the Euler-Lagrange (linear) beam theory and 
Voigt-type dissipation, the Kinetic and Potential energy are 


easily identified. To represent the equations of motion and the 


adjoint equations the following bilinear products are introduced 


ре ди ду 
Т(о,9)" 5 (Р A(x) 52, ze dx (3.1) 

о | 

4 (г) 224 32у 
Ү(а,у)» à fJ . (шїїх) 5х2 ax ) dx (3.2) 

о 

%(=) 337u 92у a эу afu 


р(в,у)84 | ЕКО 4,2 7 56 С gx)’ 542 
о 


Additional energy terms involving effects of the projectile, for 


exanple 
x#aotho ди ду | 
n(x) эс Qc 45» £o ho. (с) (3.4) 
х=ао 


describing the motion of the projectile, etc. сап be added со 
Kinetic potential or dissipation terms in formulataon of the 


Lagrangian functional 


12 (Wy) = Thay) = (Gv) %,2(а,м)) (3.5) 


The variational principles described subsequently here can be 
directly applied to derive the equations of motion. The details 
of corresponding numerical technique will not be discussed in 
detail here. Primary method will consist of a direct application 
of the Galerkin approach. The results obtained can be checked 
numerically against expected equations of motion. That is at 
times when no projectile is present in the tube, the numerical 
Solution of the problem should approximate either Timoshenko's, 
or perhaps the Euler-Lagrange equation of beam motion. Checks 
should be performed against experimental data to confirm or to 


deny the validity of the basic equations of motion. 
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(3.3) 


4, The "bootstrapping" technique 


Before formulating a mathematical theory which models the 
physical behavior of any weapon, it is advisable to have a careful 
experimental check on reliability of the mathematical model. 

To make a point let us consider a deceptively simple model of 
vibration of a gun barrel. 

Instinctively some people assume the Lagrange equations for 
a vibrating beam to be a close approximation, and in the absence 
of an intermediate support, the following system is regarded as a 


mathematical model. 


2 2 2 
9 д 9-М 
-22 (EI(x) —= ) + pA —= = q(x,,t) (4.1) 
эх? эх? at^ 0' 
“(3,5 ) = 0 9 5 (0,5) = 0 (4.2а) 
9х 
ow m 2 
99 (4,6) 8 0| 9 a“w (0,t) | . 
ox ух (Bite) ў 77 )80 (4.2b) 
9х 1 
Vt e[0,9 . 


Of course it is hard to find a weapon which satisfies such equation 
of motion, and almost impossible to find one satisfying the above 
boundary conditions (cateievered - free). 

A check on solutions and introduction of more complex equations 
and boundary terms in subsequent computation is referred to as the 
"bootstrap method". 

An "intermediate" modelling of the weapon behaviour is discussed 


in the next sections. 


5. Ап example of a realistic modelling of transient boundary con- 


ditions. 
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The cantelever condition at the breach of а gun represented 


by w(2,t) = 0 


ди (4,5) . 
эх ave 


is clearly unrealistic, and in case of each individual weapon 

design a more complex boundary condition has to be established. 
For example, an automatically firing weapon may have a 

large clearance at the breach during the first round (.012", for 

example, for the Rarden gun) so that the original motion of the 

gun barrel is a "free-free'" beam motion. Then, the breach 

clearance is replaced by contact stress support ас opposite ends, 


ав roughly shown by th. sketch (exagerated). 


"^ 
соп? 2 > 


лл 


The motion becomes roughly а vibration of a beam. cantelevered 


from a (nonlinearly) elastic wall. Мом ад intermediate support 


рай may make contact providing an elastic support. Diagramatically, 


we could regard this as a motion of a baam supported as follows, 
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stelch 2 


Due to simultaneous recoil motion, the length bor ás Weil as the 
total length, are functions of time, making this a very couplex 
dynamic motion. with complex time-dependent boundary conditions, 
(Observe that the torsional vibration and the corresponding 
boundary conditions have not been even mentioned in this model.) 
The clearances and the boundary conditions described here will 
change with the subsequent rounds because of the heating of the 
barrel. The above example was given only to illustrate the 
degree of difficulty encounterad in attempting to produce a 
physically sensible version of a mathematical model for ап 
automatically firad convontional weapon. 

We could assume the Voigt type dissipation arriving at the 
equation: 


2 2 2 2 2 
ино [0 (160 95 )] + Абдр 2B = Ё Gut) — (5.14) 
9х 9х 9х 9х t P 


оо 


with u satisfying the conditions 


d а = 0 at x = Z(t) for all t > 0, D 
12.4.) 


3 2 
2 
9х 


e —— ас 2 


The problem of simultaneous minimization of a given functioned 
J(z( )) and compliance with the differential equations (5.1) can be 
restated with the use of Lagrangian multipliers, provided we have 
sufficient information concerning second derivatives of the 
Hamiltonian function H(u,v) defined in section 6. 
6. A Possible Approach to the Mathematical Modelling. 

iz the torsional effects are negiectec, the equations of motion 
аге closely related to the properties of following inner product 


бегілей on 0 = (0,2(t)) . 
Ho (u,v) = T(u,v) + V(u,v) + D(u,v). (6.1) 


В | ` .. 2 Я 
Assuming that u, v are elements of the Sobolev space Н (Q), the 
0 


functionals Т, У, Б axe defined ав: 


. L(t) 5 
га 4 ва Ж да САА ~ 
т(ш,у) = 5 1, [pa (x) (55 сү) lex | (6.2а) 
1909 92а 92у 
У(в,м) = 5 J їзэх) 2 2-2 Јах (6.22) 
0 ox dx : 
ana 
2 (=) 2 „2 2% 2 
1 жым 9,9^u. 3 д 5 го 
D(u,v) = Ф / Е ее + (2-00)16х. (6.26) 
0 дх 9х ох ох 


~ 
The functional Hav) will be called the formal Hamiltonian oZ the 
System. 


We also introduce the boundary product 


5 А 22 2 2 

=> Ч - -2(ЕТ(х)2.3 9 жү (x) 2M) з 

Bo. (u,v) (ЕЈ (x)= 5) + TTA 24%) 2): гү 
Ux ox 
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ory + ae Е 2. AJ = ~ c. x ied 2 ш 4 А 
РИИ ———À———— AAA EAE У, зла a able алы. С мыек гна ем ана да Eats сс. ола Къ асаа ой аи и. ~ 


2. ^o #45) 
+ IEI) + ETE 243153 
ох ox xX 
22, 2 
+ рото) Жүк; A ег 2303 is 
2%9х 3 эх? : 


+ тоз - 3E Ра "Уд 3 . (6.3) 
The "Hamiltonian" H(u,v) іс defined by 
H(u,v) = Ho (u,v) + Ho (u,v), (6.4) 
for all functions continuous оп 2 U 90 and of the Sobolev class 
но (8). 
The corresponding Lagrangian can be defined simply as 
; = Т- (У + 0) (6.5) 
provided Hyg Uv) Е. 0. (6.5a) 


For the sake of greater generality we shall consider a more abstract 


formulation of this problem. 


Let us denote by 


9 s 
Po“ УБА (х) = (6.6a) 
p. = УРА(Х) 2v (6.65) 
У 95 , 


mobs Do (2,,) is the (linear) momentum density function corresponding 


to the displacements u(x,t) (v(x,t) respectively). 
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224 
м" чувах 7 
ох 
37v 
МЖ = yE*I(x) — 
у эх? 
= -9 уж 
“а 95 М ч 


C: L,(0) + L(A) 


the formal adjoint of С is defined by 


2 
che - ui E"I(X цан 
дх 


с"! Ly (0) + L, (0). 
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(6.63) 


The Hamiltó&tan H(u,v) сап be rewritten ав: 


H(u,v) = 22, + м Мо + I («съ ,у> + <u,C*v> ) 
8 2 f 


* Нур (u,v) 7 (5.7) 


def : ORE З 4 Е ; . 
«Еда = | ® дах. The Lagzangian L(u,y) is given ру 


L(u,v) = <P Py? ~ Hlu,v) ~ <2„/У> (6.8! 
2 5 2 
Performing Frechet differentiation ог L(u,v) with respect to v we 
recover the equation (5.1) and the boundary conditions (5.15). The 
condition (55) is so £ar ignored. 
Differentiating (in the sense of Fréchet) with respect to u 


we obtain the adjoint homogeneous di££erential equation 


| ES (вт (x) 22у rej M E*I(x) avy + pA(x) 22у = 0, (6.9) 
4 Ч | 
х эх? ки" эх” зе? 


with the "adjoint" boundary conditions 


: 2 3 
| д У ov. 
М nn dade d 0 at x = 2(%) 
эх” 9х 
(6.2.0) 
9% - Зи 
у=зу 0 ac x 0. 


7. Coneutational Aspects. 
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Ме wish to minimize 


to to | " 2 
2 alal? + ві, 12 + f тубе + |) SRE аъ, (7.1) 
5 ЫГ. to to n 


by choosing the design D(x). Е is а sufficiently smali constant 
acting as a penalty. This is a restatement of the Lagrangian 
multiplier problem posed in (5.2). 

Before attempting to minimize J (or 255 subject to constraints) 


we establish a Galerkin-type approximation to the equations о 


Fh 


motion ох the system. 
The search £or natural modes of vibration. 
We shall assume that the deflection functions u(x,t), v(x,t) 


wnich solve equations (5.1), (6.9) respectively are of the form 
u(x,t) = Т Ма 0,0 (8) ) o. (Е) (7.1) 
n=1 
v (x,t) = ў Vy Os & С) ) у, (Е) (7.2) 
n-l 


As a first approximation, the firing period is subdivided tor үг, 


t = t.+p,with t...-t. = At, = constant. On each subinterval [t,,t 54] 
m 0 i+l “i i © 


2(%) is гедаубей as constant. The average value of 2(%) denoted by 
3, (5) being taken from a graph. 
The approximate solutions on each subinterval are denoted by 


uy (x,t), У; (x,t), ала 


ч; GE) мојом СВО а 09 Е, 


n 5,2 J 
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: = V (ка Ју. (22) (7.22) 


The Zunctionals Т, V, D аге cecomputed 
90 aft) 99. „(Фу 418) 
г. (цу) =} (LM ——À— | Ах) (камо 2,2.) 26x) 
J 2 n + 2x 0 44) 4 “7. ә 
(7.4) 
= у | 59) ы бу) 92у. (х,4.) 
У. (ам) = m) GL QUU, 26 ое. léx). 
oe 22 ‘aj mi" Dp 3x? 3x4 
(7.5) 
2 2 
39 . „ (t) 3 (5) 970)... 97у 
р. (u,v) = = (-28-- №. 1 T СУЗА НИД 1 ах 
j 7 ES t n, a Эх“ 5х2 
2 2 
эз. 66) 29:48 и 
74a cR] di— — 2] ах). (7.6) 
е 0 Эх 5х 


А 
val 


15 sufficient smoothness of solutions is assumed, thea 


equations of motion are the usual Euler-Lagrange. equations, аззо- 


р 
: NOS : у gr 
ciated with the action integral: | L at. 
+ 


0 
3 91, 91, 
Po (eet) ) во (7.7) 
a ДЕ T 
oL 
2 (= буран SU. ) = Е (х,%) (7.8) 
» 2,3 2,39 E 
41 : 
| 


Written out іп full, we have the Zollowing system of ordinaxy 
differential equations (in the variable t). 
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” 2. Ex * ын 9 uu 
j J А A. ‚(х,%.)] ax- su a f7 
} Vaj [ Да куо з (Xa) Va g G1] 155341 2 
2 2 42 
ду Е 5. да 4 ву 23 . 
cu qx. S ао сет гүйн ү 4%)“ бу А749) 
эх 75250 ох 9х 
2 
oe 5 16 В Ех 3 ҚА ~, ас 
Йо: А(х)м .у (ах + =7 У, - ) 
l Pass | sui nud 4 1 5 ф 52 x^ 
2 T 
&Eo , [ 3t60—À]. — ах = £ Gt). (7.10) 
х ох 


А homogeneous version of 7.10 (with £j ott) = 0) will be denoted by 
(701071: 

This is а system of ordinary differential equations with con- 
Stant coefficients. Hence the solutions are of the form 


ф за ‚е (t) " (7.11) 


А ToÓ i 
n,j n,J p,n,j 


where (t) is а particular soiution ой the equation (7.10). 


ti а 
?5,n,j 
In this case (since £x, t) is a Dirac delta) a particular solution 
is easy to find provided the solution сЕ the homogeneous system 


denis ace 
(7.-9") is xnown. 


SS алак 
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8, Effects of Projectile - Barrel Interaction, Bourden Tube Effect 
and More Detailed Analysis 


Once the basic idea of the generalized Lagrangian is considered, 
additional complications are taken care of by including more terms 
іп the total Кіпеёс energy product T(u,v), the total potential energy 
product V(u,v) and the dissipation product D(u,v). 

For example the effect of the В ВЕ анын сап 


& (x) 
be approximated by adding to the term 5 | Гра(х) да avy ax 
0 


1 du ду 
5 m (s 5e 
X (t) 


(8.1) 


where X(t) is the predicted position of the projectile, during the 
interaction period. The extra term (8.1) is set equal to zero 
otherwise. 

The Bourden tube effect can be approximated by considering 


the following energy term: 


2 
Lét) „2 d: 
1 да 1 
ү == 2. у | р == ах 
B+d T 0 "эх? 4 


where р is the internal pressure р = p(t) апа di is the internal 


diameter (the caliber). 

Other effects which seriously affect the behavior of the system 
(for example the rate of spin of the projectile) are added when the 
disorepancy between the test data~and the computor prediction based = 


on the mathematical model becomes too large to ignore. 


- 
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ABSTRACT 


Ап in-bore dynauics model is currently under development at the Naval 
Surface Weapons Center, Dahlgren Laboratory. During the initial phase 
of the model formulation, two separate computer codes have been. generated. 
One of the programs is a six degree of freedom dynamics model for simu- 
lating projectile balloting. Тһе other is a finite difference model -cf 
gun barrel motion and vibration. At the present time, the two codes 
have only been run independently of one another. The prsgiams can be 
used for investigating.in detail tne ballistic process. Тһе effects 
upon the projectile and barrel dynamics of factors such as manufacturing 
tolerances for projectiles and barrels, projectile unbalances, barrel 
wear, barrel stiffness, etc. can be examined. Balloting affects the 
initial yaw and yaw rate of the projectile as it exits the gun barrel. 
These latter two parameters in turn govern the accuracy and dispersion 
of the round. 

This paper describes the two models that have been developed. The 
results of several sample calculations carried out for a 76mm projectile 


are presented. 


I. INTRODUCTION 

А mathematical model Гог simulating the in-bore dynamics of projectile 
balloting and gun tube motion is being developed at the Naval Surface 
Weapons Center, Dahlgren Laboratory. Two computer codes have been generated 
in the initial phase of the model formulation. One of the programs is a 
six degree-of-freedom dynamics model for simulating projectile balloting; 
the other is a model of gun barrel motion and vibration. At the present 
time, the two codes have only been run independently of one another. 
Eventually, the two will be coupled to permit them to run concurrently. 

It will then be possible to determine the combined effects of barrei motion 
and vibration upon projectile balloting, and conversely, the effects of 
balloting upon the barrel dynamics. The essential variables to be obtained 
from this simultaneous analysis are the initial maximum yaw and yaw rate 

of the projectile after it exits the muzzle. These initial values can 

then be combined with already existing exterior ballistics codes to provide 
gun performance parameters such as accuracy and баны of the shot down- 
range. 

The basic premise for developing a projectile-barrel interaction model 
is to be able to provide an analytical tool for examining problems which 
may arise in the development of new and in some cases existing armament. 

For example, while setback forces and accelerations can easily be obtained 
from interior ballistics calculations, similar quantities for the pro- 
jectile sideslap are not readily available. A balloting model could provide 
the magnitudes of these unknowns. This is important for fuze designers and 


would ensure at least that their products have been adequately designed to 
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survive the in-bore launch environment. Similarly, this has bearing upon 
the sophisticated projectiles being developed at the present time with 
increasing amounts of electronics and mechanical hardware mounted on board. 
Another possible application would be towards the new lightweight, high 

rate of fire gun systems beins developed to combat more maneuverable and 
mobile enemy targets. By necessity, the systems require lightweight barrels 
which are less stiff and which consequently may introduce more droop and 
vibration than barrels employed in the past. The high rate of fire places 
a requirement for improving heat transfer from the gun tube and may even 
result in ribbed barrels. A mathematical model could be used to examine 
the influences of barrel droop, varying barrel stiffness апа cross-sectional 
areas, etc., upon the balloting motion. 

With the model in its current status it is possible to relate the ex- 
tent to which changes in various physical and geometrical parameters for the 
projectile and barrel can influence balloting. The in-bore motion will in 
turn govern the projectile yaw and yaw rate outside the muzzle. The model 
permits examination of factors euch as clearance between projectile 
bourrelet and gun bore, projectile machining tolerances, projectile un- 
balances, barrel wear, barrel stiffness, etc. 

The following section describes the analytical treatment of the 
balloting and barrel motion models that were developed. The results of 


several sample calculations are presented afterwards to demonstrate the 


_ present capabilities of the two computer codes. 


II. THEORY 
Recent work being conducted in the field of modeling of the in-bore 
projectile dynamics include investigations.by Е. J. Perdreauville (References 


1-3) at Sandia Laboratories and S. Н. Chu (References 4, 5) at Picatinny 


Arsenal. Chu derives the differential equations of motion using Euler's 
approach. Perdreauville, оп the other hand, applies Lagrangian dynamics 
to obtain the equations of motion. The model that has been developed at 
the Naval Surface Weapons Center, Dahlgren Laboratory, also uses Lagrange's 
method. Many of the assumptions being employed in the differing model 
formulations are common to one another. А brief description of the theo- 
retical treatment of the NSWC/DL model follows. Emphasis is placed upon 
the coordinate systems, the equations of motion for both the projectile and 
barrel, and the forces and moments involved in the in-bore dynamics. 
À. Coordinate Systems 

Fig. 1 illustrates the various coordinate systems being utilized 
in the modeling procedure. The inertial XYZ reference frame is established 
at the initial rammed position of the projectile within the gun tube. Тһе 
origin of the system lies in the plane of the rotating band. The X axis is 
assumed to coincide with the bore centerline of a straight, rigid gun tube 
at 0? quadrant elevation. The Y axis is taken to be positive in the verti- 
cal direction; the Z axis is located in the horizontal plane as determined 
by applying the right hand rule. The vector, r, locates the instantaneous 
position of the origin of the body fixed xyz coordinate system with respect 
to the inertial axes. Тһе xyz origin also lies in the plane of the rotating 
band with the x axis coincident with the projectile axis. An additional IJK 
coordinate system, whose directions are parallel to the inertial directions, 
is also utilized. The origin of the IJK system lies on the axis of the gun 
tube and in the yz plane of the rotating band. The IJK origin is located 


with respect to the inertial reference frame by the position vector Ty. 


ee ” p m 02--- 
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COORDINATES 


Figure 1 


Тһе vector То locates the body fixed xyz axes with respect to the IJK 
system. The position vector, T, can then be expressed by 

сеть I 
Differentiating with respect to time twice, the acceleration vector, ғ, 
Бесошез 

z= i, + io. 
The effects of the barrel upon the projectile balloting can be accounted for 
by the acceleration vector, Zp. Assuming Ip to be a function of displace- 
ment along the gun tube (represented as the path s), and also a function 


of time t, (i.e., Tp = f(s,t)), the acceleration vector, rp, can be written 


as 
- 9p - Чаг 927, 921, 
ть = С) s + C (8)? + 2 5 + 
b ET ) (55 ) бат” 962 
where 
5 = velocity along the path, and 
s = acceleration along the path. 


The projectile velocity, 5, and acceleration, 5, can be obtained from in- 
terior ballistics calculations, while the partial derivatives can be ob- 
tained from the barrel motion model to be described later. 

With the location of the projectile with respect to the inertial 
reference frame specified, there remains the establishment of the relation- 
ship between the orientation of the body fixed xyz system and the inertial 
directions. The projectile orientation can be described in terms of the 
Euler angles shown in Fig. 2. Тһе origin of the ХоҮо2о coordinate system 


illustrated coincides with the origin of the body fixed xyz system. Тһе 


directions of the ХоҮо%о system are parallel to the inertial directions. 


зоос. 


EULER ANGLES 


Figure 2 


53 


БЕР CUTE ИИО РИ осу о ЭЭ. 


The transformation from the inertial directions to the body fixed directions 
can be achieved first by a rotation through an angle A about che Хо axis, 


next by a rotation С about the new 20 axis (or line of modes), and finally 


by a rotation O about the body y axis. 
| B. Equations of Motion for the Projectile 
The equations of motion for the projectile are derived using 
Lagrange's equation. The shell is considered to be a free rigid body whose 
kinetic energy, T, is given by (see Reference 6) 
Т = favo” + 5(Iyox? + Туву? + 12022 -21хушушу ад 279 - 21у,шуш;) 


+ m [ vox (шу? - wzy) + Voy (их - шх2) + voz (оуу - ug) | 


where 
m = mass of the projectile, 
Ус = inertial space velocity of rotating band center, 


Vox» Voy» Voz = components of vo in the body fixed directions, 
I; Ту, Та» Ixy» Ixz» Іу; = moments and products of inertia 
Ux, Wy, Wz = components of the inertial space angular velocity about 
the body fixed directions, and 
X, y, 2 = coordinates of the center of mass in the body fixed 
coordinate system. 
The linear inertial space velocity components, voy, Voy» and Voz, can be 


expressed in terms of the inertial XYZ directions. The angular velocities, 


Wy» Шу» and wz, can be expressed in terms of the Euler angles, A, С, and 0. 


Application of Lagrange's equation 


ату, a: 
dt дд, 9 qr 
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- generalized coordinates (such as X,Y,2,A,G, and 0), and 


кі 
@ 
| 


г = applied forces or moments in the directions of the репега- 
lized coordinates, 
yields six coupled partial differential equations of motion - three of 
which are the force equations in the inertial X, Y, and Z directions and 
the other three of which are moment equations in the Euler angle directions. 
Writing the equations ir matrix notation, the accelerations, X,Y,2,A,6, and 
0, can then be solved for by inversion. АЕ NSWC/DL, a simulation language, 
CSSL3 (Continuous System Simulation Language III, see Reference 7), is 
utilized to integrate the accelerations to obtain velocities and displace- 
ments. The integration technique currently being employed is a self starting, 
variable time step, Runge-Kutta/Moulton scheme. The step size is adjusted as 
the computations proceed in an effort to control the amount of integration 
error. 
C. Forces and Moments Acting on the Projectile 
The applied forces and moments appearing in the equation of motion 
for the projectile need to he specified. All the forces acting on the 
shell must be given in terms of the inertial directions. Moments must be 
expressed іп terms of the Euler angle directions to be compatible with the 
forms of the derived equations. 
1. Forces and Moments Due to Gravity 
The weight of the projectile is considered to act at the center 
of mass in the negative inertial Y direction. The origin of the body fixed 


coordinate system is located in the plane of the rotating band. The 
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gravitational force will therefore introduce a torque about the origin 
which needs to be included as part of the moment system being appiied to 
the projectile. 
2. Force Acting at the Base 
The force acting on the base of the projectile is obtained from 
theoretical interior ballistics computations. These calculations usually 
provide base pressure as a function of time which can easily be converted to 
a driving force acting on the base. The force is assumed to act in the 
positive inertial X direction. А shot start pressure can also be taken into 
account. Та this situation, the driving force on the base is not included 
in the solution of the problem until the base pressure exceeds the shot 
start pressure. 
3. Rifling Torque 
For a rifled gun barrel, the driving force acting on the base 
of the projectile will impart a torque. Тһе moment is considered to act in 
the direction of the bore centerline. Its magnitude is determined as a 
function of the rifling twist (e.g., expressed in turns per caliber) and of 
the axial acceleration of the projectile along the path of the bore centerline. 
4. Forces and Moments Due to Bourrelet Contact 
When the projectile contacts the gun tube, the rebound force at 
the bourrelet is accounted for by a simple spring deflection model as 
illustrated in Fig. 3. The orientation of the shell as it travels down the 
barrel is not restricted solely to within the confines of the gun bore. 
Under the model formulation, elastic behavior of the projectile and barrel 
are assumed. The displacement, $, of the projectile into the bore determines 


the magnitude of the rebound force. An appropriate value for the spring 
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Figure 3 


stiffness, ky, must be obtained from strength of material considerations ог 
from experimental procedures. The balloting force acts normal to the pro- 
jectile centerline and also produces a moment about the origin of the body 
fixed coordinates. The contact force also contributes a friction force 
since the projectile is sliding on the walls of the gun tube. The dírection 
of the friction force is opposite to the sliding velocity vector at the 
contact point. This velocity vector is composed of the velocity of the 
shell in the direction of the gun axis centerline as well as the velocity 
due to the rifling spin. Ап appropriate value for the coefficient of sliding 
friction must be selected. Again, since the friction force acts at the 
bourrelet, the torque that it produces about the origin must be taken into 
consideration. 
5. Forces at the Rotating Вап4 

А rotating band model is incorporated into the balloting formu- 
lation. Both torsional and transverse springs are included as shown in the 
schematic diagram of Fig. 4. The springs act in the plane of the rotating band 
and simulate the properties inherent to the band. The н ТЕА 
permit the origin of the body fixed coordinate system, which in essence 
represents the projectile, to move about but not strictly along the gun tube 
axis as shown in Fig. 5. Ап appropriate value for the spring stiffness, К, 
must be determined analytically or experimentally. When the projectile is 
engraved symmetrically, the transverse springs act to restore the projectile 
origin towards the bore centerline. Іп the case of an unsymmetrically 
engraved band, the springs act to restore the projectile origin to the 


eccentric position. For the torsional spring, a projectile plane of yaw is 
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assumed which contains both the positions of the gun tube and projectile 
axes at the time of engraving. Аз the projectile travels down a rifled 
barrel, this plane of yaw will rotate. The restoring torque will always 
act іп a direction perpendicular to the plane such that the initialorienta- 
tion of the projectile is attained. The magnitude of the moment is cal- 
culated based upon the difference between the angle of the initial pro- 
jectile orientation and the RN yaw. Тһе value of the torsional 
spring stiffness must also be determined Заоа or experimentally. 
6. Aerodynamic Forces and Moments 
Once the projectile exits the muzzle, the forces and moments 
due to the sources mentioned above all vanish except for those due to pra- 
vity. То provide for a more realistic treatment of the exterior ballistics 
(in order to determine more accurately quantities such as the initial 
maximum projectile yaw and yaw rate), some aerodynamic forces and moments 
are taken into consideration in the solution of the equations of motion. 
Lift and drag forces, as well as a pitching moment, are calculated as deli- 
neated in Fig. 6. ТЕ is assumed that values for C Cp, and Спа» representing 
the lift, drag, and pitching moment coefficients respectively,are available. 
Upon muzzle exit, the projectile velocity is represented by the vector V of 
Fig. 6. The lift acts in the direction of the projectile yaw, and con- 
sequently in the plane of yaw, perpendicular to the velocity vector. Тһе 
drag is taken to act in the direction opposite to the velocity vector. Both 
of these forces act at the center of mass and produce moments about the origin 
of the body fixed coordinates. The pitching moment is perpendicular to the 


projectile plane of yaw and creates a torque in the direction of the pro- 


jectile yaw. 
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D. Equation of Motion for the Gun Tube 
The gun barrel is considered to be a cantilever beam, clamped at 
the breech end and free at the muzzle end. Тһе differential equation of 
motion for the transverse vibration of a beam is given by 


92 
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Ба 
where 
E = modulus of elasticity, 
C = coefficient of damping, 
I(X) = mass moment of inertia per unit length, 
M(X) = mass per unit length, 
P(X,t) = axial load per unit length, 
F(X,t) - transverse load per unit length, and 


W = transverse displacement vector. 


Two separate equations of motion are actually represented in the above ех- 
pression since the displacement vector can be written as 

Я = YO,6 1 + zo, ok. 
The 3 component accounts for motion in the vertical Үй inertial plane, the 
k component for motion in the horizontal XZ inertial plane. Reference 8 has 
shown that the effects of torsion upon the cross motion of the barrel are 
small. Тһе torsional effects have, therefore, been neglected in this formu- 
lation. Тһе barrel can be considered as a tapered hollow cylinder with 
variable cross sectional areas, variable mass, and variable moments of inertia, 
all as functions of position along the length of the tube. Тһе axial loading, 
P(X,t), and the transverse loading, F(X,t), are functions of both distance 


along the gun tube and time. The axial loading on the barrel may come in the 
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form of recoil or of friction between the projectile and gun bore. The 
transverse loadings may be obtained from the previous balloting considerations 
wherein forces equal and opposite to those acting on the projectile at the 
bourrelet and rotating band are taken to act upon the gun tube. А moving 
load consisting of the weight of the projectile is also considered. The 
equation of motion for each of the horizontal and vertical directions is 
solved independently of the other by means of finite differences. The gun 
barrel can be modeled by any number of discrete node points. Each node 
will possess its own mass and moment of inertia. The motion of each point 
is monitored throughout the duration of a calculation. Тһе two independent 
solutions can then be superimposed to yield the total gun barrel motion. 
III. RESULTS 
A. Projectile Balloting Model 

The balloting model has Seen utilized to simulate the dynamics 
of a 76mm projectile. The results of several sample calculations are pro- 
vided in the following paragraphs. 

1. Dynamically Balanced Projectile 

The first computer run to be reviewed is for a dynamically 

balanced projectile; hereafter this problem is denoted as Case 76.012. 
The gun tube is assumed to be straight and rigid as will be the case in 
all succeeding balloting runs to be presented here. The rotating band is 
considered to be engraved symmetrically. Fig. 7 depicts the transverse 
projectile motion at the bourrelet during the in-bore period. The trace 
corresponds to the point on the projectile axis in the plane of the 


bourrelet. The circle of diameter 0.014 in. (0.356mm) therefore represents 
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the locus of this bcurrelet point should the projectile just slide along 

the bore surface. The dot on the circumference indicates the ínitial 
projectile orientation inside the gun tube ас the time cf ramming. As 

can be seen, the projectile is taken to be in contact with the bore initially. 
The view illustrated is seen from the Базе of the projectile. The rifling 
twist is clockwise. The model shows the projectile to ballot and precess 

in the direction of the rifling. Fig. 9 depicts the in-bore yaw versie 
time. The in-bore period is approximately 10 msec. The motion for the 
most part oscillates about the Jimit set by the clearance between the 
projectile and gun bore. A certain degree of elastic behavior is permitted 
in the bourrelet and gun bore interaction and accounts for yaw angles 
greater than that which can be attributed to clearance alone. Upon muzzle 
ejection, aerodynamic lift and drag forces are taken to act upon the pro- 
jectile in addition to the gravity force. Ап aerodynamic pitching moment 

is also considered. The effects of muzzle blast during the transition 
ballistics regime are neglected. Fig. 9 shows the first maximum yaw outside 
the muzzle to be about 7.52 degrees (0.131 rad). Тһе calculated yaw cutside 
the muzzle will in general be sinusoidal with the minimum value being that 
which occurred at muzzle ejection. Fig. 10 shows уау rate versus time for 
the 76mm. First maximum yaw rate occurs slightly after muzzle release and 
is about 367 degrees per second (6.51 габ per second). The calculated уау 
rate will also be sinusoidal with a minimum value corresponding to the 
negative of the first maximum. From the magnitudes of these last two para- 
meters, ЈЕ should be possible to obtain accuracy and dispersion of the round 
downrange by use of presently existing exterior ballistics codes. Тһе 


contact forces calculated at the bourrelet are shown in Fig. 11. Тһе top 
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diagram shows the friction force during contact. Тһе force acts inter- 
mittently, returning to zero whenever contact between the projectile and 
bore is lost. A constant coefficient of friction of р=0.4 wes assumed so 
that the normal force has the same appearance as this first figure except 
for proportionately larger magnitudes. Тһе latter two diagrams show the 
decomposition of the contact force in each of the lateral directions. 
2. Small Projectile Unbalance 

The second sample calculation to be presented here, Case 
76.212T, represents a projectile with 0.01 in. (0.254mm) center of mass 
offset. The projectile is initially in contact with the bore in the lower 
right quadrant as shown іп Fig. 12. Тһе unbalance itself is taken to be 
in the twelve o'clock position. The projectile is seen to lift slightl 
from the bore surface during the initial stages of motion. However, the 
unbalance eventually takes effect and causes the projectile bourrelet to 
essentially trace the gun bore circumference down the length of the tube. 
The corresponding yaw versus time for this case is shown in Fig. 13. 
Projectile ejection takes place shortly after 10 msec. The yaw outside the 
muzzle reaches a maximum of about 6.38 degrees (0.111 rad). The yaw rate 
versus time, illustrated in Fig. 14, shows the maximum to be approximately 
358 degrees per second (6.24 rad per second). Fig. 15 depicts the balloting 
force versus time curves in the three inertial directions. The bourrelet re- 
tains sliding contact with the bore for the majority of the in-bore ride, 
and consequently no repetitive impacts are noted in these curves compared to 
those of Fig. 11. A comparison of the yaw, yaw rate, and bourrelet contact 
forces, shows the slightly out-of-balance round to have a somewhat beneficial 
effect upon the projectile performance over that of a balanced round. However, 


the continual contact may adversely contribute to barrel wear. 
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В. Gun Tube Motion Model 

The geometry сЁ а 76mm/62 ОТО MELARA barrel is illustráted in the 
cross-sectional c of Fig. 16. The barrel has a somewhat complex geometry 
consisting of several tapered sections. 

The results of the sample calculation of the barrel motion model 
outlined iie corresponds to Case 76.012 of the previous balloting runs. 
The negative of the transverse loadings at the bourrelet from Fig. 11 
coupled with the 76mm in-bore displacement-time curve were input as the 
forcing function in the solution of the equations of motion for the barrel. 
The transverse tube motion at the muzzle is illustrated in Fig. 17. Тһе 
barrel is initially drooped under it own weight - the muzzle deflection : 
from the horizontal being about 0.0111 in. (0.281mm). Тһе dot on the 
displacement curve corresponds to the projectile ejection time of 10.2 msec. 
At this instant, the muzzle jump is 0.0015 in. (0.0381mm) but is on the 
decline. The muzzle deflection in the horizontal plane is 0.00527 іп. 
(0.134mm) in the negative Z direction at the time of muzzle release. The 
тенш of this computation show very little muzzle deflection during the 
in-bore projectile travel. Much larger motions are exhibited after pro- 
jectile ejection. 

IV. FUTURE WORK 

Some of the capabilities of the projectile balloting and barrel 
motion models have been demonstrated in the examples cf the previous 
sections. It would be desirable tc investigate the effects of other para- 


meter variations, such as clearances and stiffnesses, and to correlate 


the results. А non-dimensional approach may be undertaken in order to 
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generalize the results as much as possible to enable their application to 
a wide variety of gun ЕВ Тһе coupling of the two codes remains to 
be concluded in the future. Once this is achieved, the total projectile 
barrel interaction dynamics will be described in detail. Experimental 
confirmation of the codes is also required. Techniques for measuring pro- 
jectile balloting and barrel motion were developed at NSWC/DL during FY 75. 
Correlation of the experimental data with the numerical solution would 


immensely increase user confidence in the program predictions. 
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ABSTRACT 


This work examines the likelihood of encountering parametric 
resonance in gun tubes. Тһе resonance is induced conceptually by 
the periodic changes in transverse stiffness induced by 

(i) the axial vibrations resulting from a single application of 

ballistic pressure - "single round parametric resonance". 

(ii) the periodic applications of ballistic pressure such as 

encountered in an automatic weapon - "multiple round 
parametric resonance". 

Results show that ballistic cycles currently employed in the 60mm 
MCAAAC semi automatic cannon are not likely to excite single round 
resonance. Unusually brief cycles, however, are shown to be capable 
of producing resonance amplifications of three orders of magnitude in 
less than twenty cycles of axial vibration. Ву proper design of the 
pressure cycle and/or the fundamental axial frequency of the tube, this 
type of resonance is rather easily avoided. 

Further results show that for the 20mm M139 machine gun, ampli- 
fications in excess of fifty can be reached in under five seconds of 
continuous firing. А special application of the work of Krajcinovic 
and llerrmann leads to a set of instability contours from which the 
growth (characteristic) exponent can be determined as a function of the 
ratio of natural and excitation frequencies and the product of the 
ballistic impulse and the tue slenderness ratio. Control or 


elimination of multi-round resonance can be maintained either through 


control of the initial conditions or by designing for mismatch 


between the transverse frequencies and integral mulitples of one-half 


the excitation frequency, i.e., the firing rate. 


INTRODUCTION AND BACKGROUND 

Forced vibrations of undamped linear systems are characterized 
by the differential equation: ) 

Хх = i w? = k/m 1) 
where m and К are the inertia and stiffness parameters of the system 
and x represents the system displacement.  Conventionally m and k are 
constants and f is a time-variant force which causes resonance if it 
contains a component having the system period 2n/vk/m . The resonant 
term is linear in the time variable t and is a particular solution 
of (1). 

If w is- time dependent the solution of equation (1) is much more 
complicated and in most cases has only been achieved through approximate 
methods or numerical quadrature. An important subclass of problems 
exists, however, for which a good deal of theoretical progress has been 
made. These are problems in which the variation of w is periodic and 
f is identically zero. Such cases are represented by the homogeneous 
linear differential equation: 

X + w?(t)x = 0 (2) 
where ш? = AE - eo(t)) 
and Ф is periodic in time. Since this equation is homogeneous it admits 
a general solution of the form: 
х = Ax, (t) + Вх» (+) (2а) 
where А and В depend only оп the initial conditions of the problem. 


1 


Floquet's theorem allows for two solutions of the form: 


1могѕе, Р. M. and Feshbach, H., Methods of Theoretical Physics, McGraw 
Hill, 1953, 557. 
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Historically, equation (2) is known as Hill's Equation and (3) аге 
its Floquet solutions. (See Appendix A.) The $; (+) have the same 


periodicity as the 'excitation' function Ф (t). Thus if y has a non- 


zero rea] part, one of these solutions is unstable and the general 


: solution exhibits exponential growth provided that the initial 


conditions. are not those which would cause the corresponding coefficient 
of the growth term to vanish. Theoretically it hes been shown? that 
unstable solutions can result whenever the ratio of a system natural 
frequency to the frequency of excitation takes on values ‘in the 
neighborhoods of integral multiples of one-half (cf Fig. 1). Thus the 
primary instability, for example, will be encountered when the 
excitation frequency approaches twice a natural frequency of the 

суб ет. We therefore have three fundamental differences between 
conventiona' forced-resonance and that induced parametrically: 

(a) Forced resonance is independent of the initial conditions 
whereas parametric resonance is not. Given a force component 
operating at a natural frequency of a system, resonance must occur 
whereas a parameter (stiffness, mass) varying periodically at 2/n 


times the system frequency (n an integer) need not produce resonance 


"Bolotin, V. V., The Dynamic Stability of Elastic Systems, Holden-Day, 
964, 22-23. 
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if the initial conditions сап Бе controlled. This is especially signif- 
icant when the short term response of a system is of interest for there 


is a wide choice of initial conditions for which the early response will 


have decreasing amplitude. 

(b) Forced resonance consists of oscillations whose amplitude 
increases linearly with time whereas parametric resonance produces 
exponential growth. 

(c) Forced resonance occurs if and only if the forcing frequency 
exactly equals a natural frequency of the system. Іп contrast parametric 


resonance can occur wheneve^ an integral multiple of the excitation 


frequency approaches twice the value of a natural frequency. That is, 


parametric resonance - unlike forced resonance - is not a singular 
phenomenon but.occurs throughout the nieghborhood regions of a countable 
infinity of critical frequency ratios. It is therefore a regional 
phenomenon. Ап infinity of unstable regions exist, the most important 
of which is the primary region of instability. 


Effect cf Linear Damping 


The addition of the linear damping term, 2cx, into equation (2) 
creates no complication since a transformation x = vw can always be 
found (even when c is time dependent) - such that w EM v solves 
the differential equation: 

v - [c? + © - o?(1 - es(t))]]v = 0 


which has the form of equation (2) and therefore possesses solutions 


(3). Thus ебућ- /са+] -[vt- fedt] 
x = үн = M»o(t) + Be (t)* 


i.e., the inclusion of a linear damping term results іп a simple 


subtraction from у. 


Two Examples of Hill's Equation 
3 Several examples of Hill's equation are given in the literature^??, 


The one most often cited pertains to a beam column subjected to a 


periodically varying axial compressive load P(t) such as depicted in 


figure a below: 


Figure (a) - Classical Beam Problem Governed by Hill's Equation 


The governing differential equation from Euler-Bernoulli beam 


à theory is: 

: x gr 24 + p(t) 31 + p 220. 0 (4) 
р х" ax? at? 

A : As Krajcinovic and Hermann? have pointed out, an attempt to 


; separate variables through the substitution u(x,t) = X(t)f(t) will 


result in the ordinary differential equation: 


@Bolotin, V. V., The Dynamic Stability of Elastic Systems, Holden-Day, 
1964; 22-23. 

Зреп Martog, 9. P., Mechanical Vibrations, McGraw Hill, 1940, 378. 

Skrajcinovic, P. P. and Hermann, G., Stability of Straight Bars 


Subjected to Repeated Impulsive Compression, АТАЛ Journal, Oct 68, 
2025-2027. 
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Since the right hand side of this equation is independent of x: 


iv 
E = const =a 


р 
апа и 

— = const = ag 
Thus f*o[l- gP(t)]f = 0 (5a) 
and EIX" - арх = 0 (55) 
апа ЕХ + БХ = 0 (5с) 


While equation (5a) is the desired Hill's equation for the system, 
the separation of variables approach is only valid when X(x) also 
satisfies equations (5b) and (5c); i.e., the modes of free vibration 
which solve (5b), must be identical to the buckling modes which solve 
(5c). The case depicted in figure (a) - a hinged-hinged support 
system - does in fact satisfy both of these conditions. ІП most cases, 
however, the boundary conditions lead to modes which do not satisfy 
both (5b) and (5c). Іп such cases an approximate Hill's equation can 
be obtained through a variational procedure, such as that due to 
Galerkin. Іп either case, therefore, the problem is reduced to khá 
analysis of equation (5a) where a and В derive from an analysis which 
is either exact or approximate. 

Another example - one which more directly leads to Hiil's 
equation - considers a system with timé-variant inertia, such as a 


child pumping a swing (figure b). Essentially a concentrated mass is 


raised and lowered periodically along a relatively massless rod 


(or chain, etc.) which pivots at 0. Тһе rotational inertia of the 


pendulum thus varies periodicaliy in time. The example is one where 


5 ес А MANO ID en NT t ыы 


the path taken by the mass through the gravitational field results іп 


a net amount of work per cycle of the motion. 


The equation of motion: 


| " ёс 
| -+)тд sind = E (m2?(t)8) 
- amp 4#40 22 920 
| = me ge dt * ™ Gt? (6) 
Approximating: sin 6 ~ Ө, 
a(t) гаа 9 
| Ge 
| 
% 
| 
| 


Figure (b) - Swing Problem Leading to 
Hill's Equation 


| 
| Defining # = хуул), T = wt, and о? = 9/% leads to the nondimensional 
i ^ А 
| equivalént of equation (6): 
Е | 
НЕ; 2: .. . 
Ч (1511) 95210-0-0-:()-4/4ф 
E % % 
% 


If h(t) = 156 COS 2t and only first order terms in е are retained: 


4 
! й : 
| | 0 - 4e sin 270 + (1 - e cos 2t)0 = 0 (7) 


Through the afore-mentioned transformation Ө = vw, the equation for 
v and w are: 
у + (1 + Зе cos 2т)у = 0 (Hill's Equation) 


and 


мее COS 2т 


6 


A great amount of consideration has been given" to cases where the 


'characteristic exponent' y, is purely imaginary and the periodic 


excitation Ф (t) is sinusoidal. Equation (2) then reads: 


X + (a - 24 cos 2т)х = 0 (8) 

This equation - a special case of Hill's equation - is called 
Mathieu's Equation (canonical form). Аз with any Hill's equation, 
Mathieu's equation yields periodic solutions (called Mathieu functions) 
corresponding to purely imaginary, rational values of the characteristic 
exponent y. With a view toward special armament applications, however, 
this report will deal only with the unstable solutions of Hill's 
equation, i.e., those cases іп which y is real. 
PARAMETRIC EXCITATION - ARMAMENT 

There are at least two possible sources of parametric excitation 
in gun tubes - that is, two ways in which periodic coefficients can be 
introduced into the beam equations of motion. The most obvious can be 
called 'multiple round excitation' and derives from the periodicity 
present in automatic weapons in which several time-variant forces 


operate at the firing rate of the weapon. А reasonably comprehensive 


aeee neem ee me merina н ne ma 


90 


мек 


$ 


дъ 


differential equation including these forces was derived іп а previous 
report’. Figure (2) shows a cantilevered beam model of a gun TM 
acted upon by several curvature-induced loads (constant projectile 
velocity is assumed for simplicity). Іп general one observes 

several time dependent coefficients multiplying the various displace- 
ment derivatives. Іп automatic weapons, these coefficients are 
reproduced periodically according to the firing rate and will appear 
in the Hill's equation obtained upon integration of the space variable. 
In this report the effects of only one such term will be investigated - 
namely, that corresponding to the periodic ballistic pressure applied 
axially at the breech. 

A second and less obvious cause of parametric excitation derives 
from the coupling between axial and transverse tube vibrations. The 
simplest equation incorporating the necessary nonlinear coupling terms 
was derived by McIvor and Bernard? in 1973. Essentially the idea is 
that a single impulsively applied load will set a column ringing with 
free axial vibrations. Nonlinear terms - oscillating at the frequency 
of these vibrations, couple with the transverse displacement variables 
through the stiffness coefficients. We can cali this 'single round 
excitation'. Thus kinetic energy from the axial vibrations can feed 


transverse modes and lead to parametric resonance. Тһе governing 


—— 


7simkins, Т., Pflegl, G., Scanlon, R., Dynamic Response of the М113 


Gun Tube to Travelling Ballistic Pressure and Data Smoothing as Applied 
to ХМ150 Acceleration Data, WVT-TR-75015. 


8МсТуог, J. K., and Bernard, J. E., The Dynamic Response of Columns. 
Under Short Duration Axial Loads, Trans ASME, September 1973, 688. 
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differential equations were solved by the authors through a Galerkin 
procedure for the special case of a simply supported beam subjected to 
an axial end load of short duration. [It should be noted, however, 
that there 1$ no guarantee that the variational quantity employed wil] 
indeed admit an extremum when the associated differential operator is 
nonlinear.] Since a good deal of energy is apt to be consumed in 
rigid body recoil in armament applications, fixed supports are to be 
avoided. Consequently a tube (beam) cantilevered from end supports 
which allow axial movement (figure 5) was chosen as the subject of 
analysis for this report. (Relative motion of the support is ignored.) 
Evidence of Parametric Resonance in Gun Tubes ` 

In order to minimize shot dispersion in automatic weapons the 
current design handbook? dealing with gun tube design advises that 
the ratio of the fundamental transverse frequency of the tube to the 
firing rate be kept greater than 3.5. The basis for this value is a 
plot of shot dispersion vs. frequency ratio Re appearing in the handbook 
and reproduced as figure 3 of this report. Referring to this figure 
three very prominent maxima are observed at successive integral values 
of Re = 1,2 and 3. The reference cited in connection with this plot 
is а 1955 report by Mente, Shoenberger and Quinn of Purdue University!?, 
Their results, shown in figure 4, are in marked contrast to those of 


figure 3, however. Absent is the maximum at Re 7 3.0 shown in figure 3. 


9диср 706-252, Engineering Design Handbook, Gun Series, Gun Tubes, 
February 1964. 


10 опе, В. E., Schoenberger, К. L., and Quinn, B. Е., An Investigation 
of the Effort of the National Frequency of Vibration of the Barrel 
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Upon the Dispersion of ап Automatic Weapon; Purdue U., 1955, А064132. 
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It is also noted that figure 4 contains no information below the value 


Re = 1.0. Thus the only features common to both figures are apparently 


the maxima at Re = 1.0 and Re = 2.0. 


Accepting these maxima as the 


only credible information to be gleaned from the reference publications 


one searches for an explanation as to their cause. 


While the maximum 


at Ке = 1.0 may be attributed either to parametric or to ordinary 


(forced) resonance, that at Re = 


2.0 cannot be due to ordinary 


resonance and may be evidence of parametric resonance - which, as 


previously discussed, can be expected to occur near nominal values of 


Re = 1/2, 1, 3/2,....п/2,.... 


Though parametric resonance should also 


produce a dispersion maximum at Re = 1.5 in Wente's plot, it may be 


that it has been missed due to the paucity of data points. 


Equations of Мо оп. 


The model chosen to represent armament applications is shown in 


figure 5. The equations of motion which include coupling between 


transverse and axial displacements are those of McIvor and Bernard?. 


Eliminating their dissipation parameter for simplicity, these are: 


oe tC 1 
ü-[u' + - 
! 2 
Уза 2ү! 
Boundary Conditions 
Р(т)/ЕА = ва (0.1) = (23 50 


0 = ва (Пт) 


MAS Kom mme m Ue tam atten 


2 (u'v!)' = 0 


x" 1, 


1 
552 2% — 


yr] = 0 


(9a) 


(9b) 


Be Ivor, J. K., and Bernard, J. Е., The dymie Response of Columns 


Under Short Duration Axial Loads, 


Trans ASME, September 1973, 


688. 
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0 = у(0,т) с 

0 = v"(1,1) 9 

0 = v'(0,1) e 

0-у"" (0,1) f 
where: u = n/L = dimensionless axial displacement 


v = E/L = dimensionless transverse displacement 


dimensionless coordinate 


$ = x/L 
а? = I/AL? = square of the reciprocal of the slenderness ratio 
t = at/L = dimensionless time variable | 

а = (EA/p) 1/2 = extensional wave speed 

E = Young's Modulus of Elasticity 


A 


Beam Cross sectional area 


р = mass per unit length 


I 


area moment of inertia 
P(t) = end loading, a ballistic pressure function of 


duration To 


сме axial strain including lowest ordered nonlinearity 


Multiplying (9a) and (9b) by би and бү respectively and integrating 
over the length of the beam: 


[ (йби " [u' + 5 v'?]'6u)ds = 0 (10a) 


Г (у - [и'у']'бу + озу!Убу)д5 = 0 (10b) 
0. 
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Using boundary conditions a and b together with an integration 


by parts, (10a) becomes: 
Г шш + [ut + Ъззувизв + ҢІЛ о) = 0 (114) 
0 


Similarly, boundary conditions b through f applied to (106) yield: 
[ бн + u'v'év' + a?v"6v")ds + Tete) = 0 (115) 
The last term іп (115) is an order higher than those retained and 
is therefore ignored. Except for the boundary terms, equations (11) 
are identical to those obtained by McIvor and Bernard for the case of 
a simply supported beam under end loading. Our boundary conditions, 
however, dictate a choice of completely different approximating 
functions in the Galerkin approach to solution. Since both ends of 
the beam in our problem are free to move axially, we must choose 
functions which do not constrain the function u at the end points (0,1), 
i.e., there are no geometric constraints such as are present in the 
problem solved by McIvor and Bernard. А set of functions which appear 
to satisfy these requirements: 


и = ја. (т) cos jms 5 ј = 0,1,2,... (12) 
3 


For the transverse motion, the eigenfunctions of а cantilevered beam 


satisfy the conditions c thru f. Hence: 


у = LT NLS) ыг m= 1],2,3,... (13) 


H 
4 
1 


> Ta rheme и rn а а аа i лды нім Рини. 7 2 _ 


о м жаүы ш нь сс 2 - —— ÁÁ— cE - 


where 


С05Ї р + COS8m 
М (s) = со688,5 - cos&,s - -------- (sinhg,s - 51085) 
п! Ва Bm 51018, + sin Ва Pm ^n 


and the В have values 1.875, 4.694, 7.855, etc.; further values can 
be found in any standard vibrations textbook (cf ref 11). 

Substitution of (12) and (13) into equations (11) and making use 
of the orthogonality of the trial functions. and the independence of the 
variational quantities ба апд 6T, leads to the following sets of 


nonlinearly coupled, ordinary differential equations: 


3=0: Ч„ = -Р(т)/ЕА (14) 
$ =1,2,... 9) + (тај + P Aim! mln = -2P(x)/EA (15а) 
т = 1,2,... T. ғаға T + |; Апта = 0 (15Ь) 


where the А mn are defined from the integration: 


П | 
12! шал гу 
| бу! 45 Ч Tr ША Dogs 5іпіт545 5 I Pim алб 


Table I gives the values of these coupling coefficients through 
Aggg: Equation (14) is decoupled from the others and being repre- 
sentative of rigid body motion is of no further interest. Equations 
(15) càn be solved numerically by any of several numerical integration 
programs 12 once о has been specified along with the nondimensional 


load function P(x)/EA. 


И Nowacki, М ‚ Dynamics of Elastic Systems, Chapman and Hall, 1963, 122. 


1 ват зћоп and ‘Milt, Mathematical Methods for Digital Computations, 
Wiley, 1960, 95-109.” 
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RESONANCE 

During parametric resonance certain transverse coordinates тт) 
become much larger than the rest. Thus the quadratic coupling terms сап 
be ignored except those expected to resonate. Іп single round resonance 
it is expected that the response to P(t) will mainly occur in the 4. (7) 
variable (Т.е. , the fundamental axial mode) and therefore only one 
such term need be considered. If m = M represents the particular 
transverse mode such that абу? = п/2, primary parametric resonance will 
result. That is, the natural frequency абм? is half the frequency of 
the exciting variable q = Аѕіптт, т > То» where To is the duration 
of the load pulse P(r). 

For the study of single round parametric resonance therefore, 
equations (15) reduce to: 


9 + паду = -2Р(т)/ЕА = -2Р*(т) ; т Ti (16a) 


Т, + (6888 + А а (t))Ty = 0 | (165) 


In multiple round resonance, transient axial vibrations are 
ignored and the 9; (т) are assumed to: follow periodic applications of 
the load function quasi-statically. Іп this case, if the firing rate 
is twice the Mth transverse frequency, parametric resonance will 
result. Since all of the 9; (т) are periodic according to the firing 
rate, it is not acceptable to retain onlv the term in 91 às in the case 
of single round resonance. However, the amplitudes of these quasi- 
static responses attenuate as 1/32 (neglecting the quadratic term in 


15a) and only a few need be retained for accuracy. Іп place of 
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equations (15) we therefore have: 


dj + (дт) а, = -2P(x)/EA = -2Р*(т) (17а) 
Ty + (tay? + ТА Оту 0 (17b) 


where ав” = (weapon firing га е)/2 
21 


The periodic character of the 9; іп either (16b) ог (17b) 
qualifies these as Hill's equations. Аз earlier indicated, the 
general solution to Hills' equation can be written as: 

Ти(т) = аф (т)е!" + Бфо(т)е Y" (18) 
where the ġġ are periodic functions having the period of qj. 

It should be mentioned in passing that when y is real, a plot of 
the solution (18) will always show oscillations near the natural 
frequency аву even though the ф; һауе the same period as а, i.e., 
approximately half the natural period ser . That is, the periodicity 
is not representative of the oscillatory appearance of the response. 

It can be shown (see Appendix A) that once a solution for Hill's 
equation is obtained over one period of the excitation, it can be 
extended analytically for all time by means of Floquet's theorem. 
Further, in the case of Mathieu's equation, analytical methods have 
been developed leading to the direct determination of ү, the character- 
istic exponent. А detailed series of curves for this purpose were 


13 


developed by S. J. Zaroodny ~ іп 1955. 


'3zaroodny, S. J., An Elementary Review of the Mathicu-Hill Equation of 
a Real] Variable Based on Numerical Solutions, Ballistic Research 
Laboratory Memo. Report 8/8, Aberdeen Proving Ground, MD, 1955. 
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EXAMPLE I - THE MCAAAC GUN TUBE 

It is of interest to assess the likelihood of encountering single 
round parametric resonance in the particularly long and slender tube 
planned for the Medium Caliber Anti-Armor Automatic Cannon* currently 
in the design stage. To this end equations (16) will be employed after 
first establishing the magnitude of Р*(т) and the mode M in which 
resonance might be expected. 

Equation (16b) always possess the (trivial) solution Ty = 0. 
This solution only applies when the 'initial' conditions of displacement 
and velocity following the application of the load Р(т) are identically 
zero in which case the response Ty will be null no matter how intense, 
the 'excitation' 9; (т). This is of little concern in armament 
applications since a good deal of transverse motion is certain to be 
excited by the firing of a round. For example the recoil of a slightly 
curved gun tube or the motion of the projectile therein will always 
excite some non-zero 'initial' motion. The axial vibration qı (1) іп 
response to the ballistic pressure pulse will generally result in 
amplification of these initial motions by its appearance in equation (16) 
if the parameter о happens to be 'tuned' for parametric resonance. 

According to results from the latest finite element (NASTRAN) model 
of the МСАЛАС tube (see Table II), the fundamental axial frequency 15 


very close to being twice the frequency of the fifth transverse mode - 


* The MCAAAC concept plans for a two or three round'burst' and is there- 
fore not an automatic weapon in the same sense as a conventional machine 
gun. Thus multi-round resonance is thought not to apply and the 
investigation is confinéd to that of resonance which might be induced 
from the firing of a single round. 


making primary parametric resonance of this mode a possibility if 
enough axial excitation is produced from the application of ballistic 
pressure to the breech. The parameters for a uniform beam model of 
this tube were chosen, therefore, so that the fundamental axial 

frequency of 580 hz corresponds to т in equation (16a) and exactly 
half this value corresponds to абс? of equation (16b). А summary of the 
pertinent parameters implied by these assumptions appears in Table III. 
The load function is approximated by a haversine shape. Thus (16a) 
reads: 

9 + mq, = -Р*(1 - с05 =) клр. 

The response following the termination of ballistic pressure is 


sinusoidal with amplitude: 
Sintto/2 
Deri 


ау (max) = ора ( 


Assuming negligable response from the other axial modes, equation 
(16) becomes (for suitable choice of 'initial' time zero): 
T; + 02864(1 + є cos тт)т, = 0 


where c = A15501 (max)/a* 84 


Using values from Tables I and III, е is evaluated at 2.07 x 107°, 


The solution for Ts is given by expression (18). In view of the small- 
ness of с and the precise state of tuning assumed, a very good 
approximation for y can be obtained by the method of strained para- 


meters 1“, The result is: 


Y = те/8 


14Кау еп, А. H., Perturbation Methods, John Wiley, 1973, 63. 


In real time the magnitude of this exponent (see Table III) becomes: 


2 1160 = 9.44 


In general the coefficient of the growth term in (18) depends on 
both the initial displacement and velocity of the Mth transverse mode 
at ‘time zero'. It is this quantity which is amplified, the remaining 
term of (18) becoming less important as time moves on. Аз a specific 
example it is notable that for certain initial conditions (see 


Appendix А), the general solution /18) degenerates to: 


TG) = Сф (е! 5 ухо 
In this case any transverse initial displacement Т5(0) 15 
amplified according to the multiplier еї". The real time computed 
value of 9.44 implies an amplification factor of nearly three orders 


of magnitude only 3/4 seconds after excitation. Іп practice, however, 


this build-up is unlikely owing to the attenuating effect ot damping 
and the improbable state of tuning and initial conditions necessary 
for maximum y. 

The probability of experiencing single round parametric resonance 
can be significantly increased if the duration of the ballistic cycle 
becomes briefer than that assumed. Actually, it is the ratio of the 
period of the ballistic pulse - whatever its shape - to the funda- 


mental axial period which is of importance. Figure 615 shows the 


Дре — — a! 


— = 


15цагг1в, C. M., and Crede, C. E., Shock and Vibration Handbook, 
Vol. I - Basic Theory and Measurements, McGraw-Hill, 1961, 8-24. 


ттт 


enormous influence of this ratio оп the value of y. For example, а 


хулд дэ афина а 


haversine pulse of ratio 0.8 will solicit an axial response [q, (max) 


which is about twenty-five times greater than the previous case 


КИА тесту erri: 
RA ee amen Sone лайды 


(where the ratio was approximately 3.5). Since y directly depends on 
| qi (max), an amplification of three orders of magnitude is realized in 
| less than seventeen cycles of axial vibration (about 30 milliseconds). 
In view of this potential for large y it is therefore important that 


the design of a weapon be such that axial vibration magnitudes be kept 


small - -principally by creating intentional mismatch between the 
fundamental axial period and the period of the ballistic cycle. 
Referring again to figure 6, a haversine ballistic period should be at 
least twice the fundamental axial period. For ballistic pulse shapes 


which deviate considerably from a haversine, a response spectrum 


similar to that of figure 6 can be easily derived via computer. 


3 Before moving on to a specific example іп multiple round resonance, 

| some consideration should be given to the manner in which the excitation 
differs from that considered in the single round situation. As 

|. previously stated it is not the free axial vibrations but rather the 

quasi-static responses of the axial modes which serve as excitation 

of transverse vibrations. For example if Р*(т) is a single haversine 


pulse of duration тө: 


i.e. Р*(т) = Р%/2(1 - с05 217/70) 


then the solution to (17a) is: 
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ар ешлык 
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2 2 2 


-PÈ х А 2лт ($) Е 
galt) = 1-———©5—= соз ШЕ + — J cosujt (19) 


цаас ит хил эл: 


If то >> 2/3, the natural period, then 
9; = -2P*(x)/ (іт)? (20) 
that is, the response is quasi-static. In all weapons of short tube 
length - typically automatic small arms - the ballistic period is much 
longer than the fundamental natural period of axial vibration and the 
assumption, То >> 2/j is justified. Thus the oscillatory terms in 
the solution (19) can be neglected with little sacrifice to accuracy. 
On the other hand while то тау be long compared to the fundamental 
axial period, it is very short when compared to the periods of the 
first few transverse modes. It is tempting, therefore, to consider 
replacing the 9; (т) - as they appear in (17b) - by impulsive type terms. 
It will be shown that such a replacement sacrifices little in the way 
of accuracy and leads to a very convenient consolidation of results. 
Multiple Round Parametric Resonance - Impulse Excitation 

In 1968, D. P. Krajcinovic and G. Herrmann published work? dealing 
with the parametric resonance of bars subjected to repeated impulsive 
compression. The equation studied by the authors can be obtained by 
substituting the quasi-static solutions of (17a) into (17b): 


" Ра - му РТУ, = 0 (21) 


ena ch m M хонь ме о ж-е яшын tae eet на нш 


SKrajcinovic, P. P. and Herrmann, G., Stability of Straight Bars 


Subjected to Repeated Impulsive Compression, АТЛА Journal, Oct. 68, 


= 


2025-2027. 
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where 


Oy? = ови" атй ww = му та) 
j 


The. load function considered by Krajcinovic and Herrmann: 

Prise Pra ги - кот) (22) 
where т is the period of Р%(т). Physically, (22) represents an 
infinite series of impulsively applied compressive loads superposed 
upon a steady load of magnitude Ра”. 6(z) represents the Dirac 
function and 6 is a parameter having the dimensions of frequency. Іп 
practice the authors did not have to deal with the full load expression 
(22) but only one cycle thereof, for example - a single impulse applied 
at t= t, This is possible because Floquet theory (see Appendix А) 
enables the solution over one period of the excitation to be extended 
indefinitely in time. Furthermore, questions of stability can be 
answered by considering whether the motion grows or decays as a result 
of a single load application. Thus the load function actually used 
for analysis was equivalent to: 

P*(x) = РАЧА (т = т)] (23) 
that is, a single impulsively applied load at t=T. 
Defining умро“ = ым» equation (21) becomes: 
Т + 0201 - иб(о(т - ӘЛІ = 0 (24) 
(The subscript М is implied throughout. ) 
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Now two linearly independent solutions to equation (24) which 
satisfy the unitary initial conditions (26) are: 
Ty(t) = COS От 


Ialt) = lsin от (28) 


„Тет 
In order to use the inequality (27), the values of T (17) and 
т (ғ) are required. While the functions themselves are continuous 
at t= т, their derivatives are not - owing to the application of the 
impulse at this instant. Thus the derivative, DS cannot be 
obtained by simply substituting into the derivative expression for То. 
The step change in the derivative, however, can be computed by а 
direct integration of equation (24) over a short time interval 
containing the point т = т. 
i.e. „| tte The | 
| _ = | gt [6 (0(т ~ 1)-1) T(r) de 
т-Є т-е 
Since T(t) is continuous at т, the term 027 contributes nothing 


to the integral as є is made vanishingly small. Thus 


i| 7. EE iig (29) 
Tre 19 


The right hand side of (29) derives from the relation: 


со 212 РА mS 
1 8(82)6(2)42 ща Г 8(2)0(292 "m ф(0) 


where $(2) is a test function. Since 0 is arbitrary it can always Бе 


chosen as positive and the absolute signs omitted accordingly. 
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Stability Analysis 


Floquet's theorem 6 guarantees the existence ọf particular 


solutions T{t), to equation (24) such that 

T(t + т) = pT(t) (25) 
where t is the period of the applied load. Ме are interested іп 
determining the conditions under which p may be real and have an 
absolute value greater than unity indicating a growth of the response 
amplitude after one period of the excitation. Bolotin / has shown 
that if two linearly independent solutions T,(t) and Т,(1) аге 
chosen which satisfy the so-called 'unitary conditions': 


т, (0) 


и 


1 T, (0) = 0 
(26) 


| 
о 

и 
- 


та (0) т, (0) 
then the equation Тог р becomes simply: 
p? - 2/01 = 0 


where 


А = Ст. (29) 415091 


The condition that a value of р exists with |o| > 1, therefore amounts 
to: 

ЈА| > 1 (27) 
It is also apparent that the two roots of the quadratic equation аге 


reciprocal - i.e., 0102 = 1. 
l6Meirovitch, L., Methods of Analytical Dynamics, McGraw-Hill, 1970,264. 


17ВоТоёіп, V. V., The Dynamic Stability of Elastic Systems, Holden-Day, 
1964, 14. 
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Thus, from (29): 


M. o 2 "E ce 2 Е 
т?) = В тт) + ТЯ = E ru) + cos ой 


Пепсе 
lA] = i 2cos пъ sin Пт 


Thus the instability condition (27) becomes: 
ІМ 125 sin пт + cos ot | > | (30) 


In the work performed by Krajcinovic and Herrmann, O is defined 
as being inversely proportional to т (8 = 2) which is the customary 
definition when treating continuous excitation functions. Adhering 
to this definition in the case of repetitive, discontinuous loads, 
however, leads to a load function which is physically improbable. 

For the load function (23): 

ise.  РА(т) = Ро*е[е(т - 2)] 

the impulse of this load under the above definition of 0 becomes: 


б, Р" рэг 
Ро“ f 6[0(т - т) ]4т = ~ 71, (31) 


ee 


that is, the impulse strength is seen to depend on t , the period of 
time between impulses. This is not the physical situation of interest 
in armament ~ and many other - applications which imply a sequence of^ 
equally strong impulses independent of their spacing in time. 
Fortunately, these cases can be handled merely by redefining 0, 1.е., 
let 0 = а » Where ту represents the duration of the ballistic load 


function as shown in figure c. 
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Figure (с) - Periodic Ballistic Pressure Function. 


Under this definition of 0, the impulse (31) becomes: 


о . = 
UB Po to = Io 


I 


о 1$ defined as an impulse conveyed by a load of average value Pot 


and duration ту . In practice Р*(т) in equation (21) is to be 
replaced by the load function Р Го (т-т)1 which has the same impulse 
as P*(t). Thus Ро“ must represent the nondimensional time average 
axial load on the breech due to ballistic pressure. 

The result of redefining 0 on the instability condition (30) is 
considerable. Whereas the expression for A in (30) is purely а 
function of и and the ratio of the natural frequency to that of the 


excitation, this is not the case when the meaning of 0 is changed. 


Substituting Ө = 1/то into (30) the condition for instability becomes: 
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ІМ = шан sin QT + cos Q| > 1 (32) 


Thus for the Mth equation (17b) we have џ = им and 9 = QM as previously 
defined so that (32) becomes finally, 


А; 1 
JMM о + = 2 ~ 
Aul 517 72——— — біп бұт + cos бұт | = 
| yl 1 (јтву) x Т 
шил NM 9м 
= | a snm a cos 2т "m | (33) 
where definitions for См and и, are inferred. Фе now represents the ‘ 


frequency of the impulse excitation instead of 9. Ay is seen to 

depend оп Ip/a - the product of the impulse and the slenderness ratio - 
and the ratio of the unperturbed natural frequency to that of the 
excitation. It is also apparent that in contrast to (30), Ay is now 
periodic in the frequency ratio implying equal stability criteria for 


Q 
all 'zones' of instability A 12; 1; 2225 PS уу 
e 


Тһе Characteristic Exponent - Maximum Value 
The general solution to Hill's equation (17b) is given by (18). 


This solution, having property (25), implies the following definition 


for y, the characteristic, or 'growth', exponent: 


ЕТТЕН 
= > Y 


For a given excitation frequency ше, t is а specified quantity and 


maximum values of |p| determine maximum y. In calculating the partic- 


ular frequency ratio for which |p| will be maximum, we first let 


M/W = n/2 + 6 


n designates the zone of instability while ба local coordinate to Бе 


varied in searching for a maximum value of |p| . Substituting in (33): 


Cul 
Ay = HO sin 216 + cos 2161(-1)" 
9 
и. 0 = (-1)" (о/а cos 216 - sin 216] 


$0 that — tan"! aro. бі» а value of 6 for which Ам is extreme. 
2T x 


From (26b): 
S Ам + “Ay? - 1 
For extreme values of р: 
ЗАМ -1/2 
38755 (tA - )=0 


Thus when 6 = 6] , o will also be extreme. Substituting: 


е 11:22: 
lolext = | с 2161 тетти | 
һепсе 1 + біп 216]. 
lol тах = | "cos 2161 | eu 


where the sign is chosen to agree with that of 61. Note that ІР! тах 

is confirmed in (34) to be completely independent of the zone number 
Cyl 

п. For practical ranges of M ‚ 61 is small and can be considered 


a linear function of this parameter. 


i.e. 216] = 14/0 


and (34) gives: lol = 1+ Mlo 
IINE? Pimax а 
or - то тах = Cyl /а , to a high degree of accuracy. (35) 
Ф 
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Figure 7 is а contour plot applicable to all instability zones. - 


The contours are curves 1п|о| = constant. Тһе plot shows that the 
instability becomes broader in band and that for larger values of the 
parameter R - Culo the values of In|p| become less sensitive to 
variations in $, i.e., the contour slopes ЧЕ become flatter. 

It still remains to determine the conditions under which a 
repetitive load function can be justifiably replaced in Hill's 
equation by a repetitive series of impulses. It is expected that these 
conditions will not strongly depend оп the particular shape of the 
function involved but rather its duration, tg and the frequency, Q ,. 
of the system on which it acts. For the sake of argument, therefore, 


a sequence of rectangular pulses Ф(т) is chosen as excitation to Hill's 


equation: 
f +R? (1 - po(t))f = 0 
where 
Ф(т) = 1, О<т<т 
= о 
= 0, то <т<т 
апа 


o(t + т) = Ф(т) 
Тһе córresponding expression for А іп this case turns out to ве 8; 
24.02 
| рү +07) 1122 
А = (sin Өт, COS рут, ` Crocs Өт, sin русо) їп RT + 
| (36) 


(Р) 2402) 
+ (cos рут, COS 070 + а 7 sin рут, sin Qr )cos т 


QP} 
where Py = Q/T-u 


"от, V. V., The Dynamic Stability of Elastic Systems, Holden-Day, 
» 18. и 
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It is easily verified that for small values of the quantity Ото > 


the expression for А above reduces to that in (32). Expanding the 
transcendental terms containing the parameter Qt, , and retaining up 


to third order terms in this parameter, (36) becomes: 


> 
1 


= #нт/? (1402ит,/6) sinQt + со50Т 


Cul Cyl) Qc 
= Ko q + — 0) sin Qt * cos Qt 
It is therefore concluded that if 
(37) 
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Culo 
the approximation (33) will be good. 
EXAMPLE II - M139 AUTOMATIC WEAPON 

The 20mm M139 at first glance (figure 8) would appear to be- 
vulnerable to transverse vibration excitation. It has the appearance 
of a long and slender tube - as compared with, say, a typical .30 
caliber gun such as illustrated in reference (9). Actually the 
slenderness ratio of the two are nearly equal having values of 
approximately 103 and 92 respectively. In spite of this our intuition 
is not in error. As previously demonstrated, it is not the slenderness 
ratio alone, but its product with the non-dimensional ballistic impulse 
which determines the strength of the exponential growth in parametric 
resonance. Аз it turns out, this impulse (10) for the 20mm round is 
nearly three times larger than that computed for the .30 cal weapon. 

А complete set of calculations follow - leading to the evaluation 


of the parameters С, and 19/9- The possible values of the growth 


M 
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exponent у are then determinable from figure (7). 


A uniform tube approximation is assumed: 


и 


0 1.5 іп - tube outer diameter 


0 


0; 


1) 


0.79 in - tube inner diameter 

L = 72 in ~ overall tube length 

Pay = 40,000 psi - time-average ballistic pressure 

tg = .0015 sec - effective duration time of ballistic pressure 

function 

а = 2.02x10° in/sec - extensional wave speed 

Е = 30x10° psi - Young's Moduius of Elasticity 

If the ratio of the unperturbed natural frecuency Oy to the 
excitation frequency шь is nearly an integral multiple of 1/2, 


parametric resonance is possible. 


afa . 
1.е., a = AU = п/2 n= 1,2,3.. 
е 
or t= nm 
ал 


2 is the time between rounds. In real time, t = tL/a, corresponding 
to a firing rate of 915 rounds per minute - a reasonable value in 


practice. From the previously assigned values: 


1 = L/T = 103.3 
а ~ the slenderness ratio 


If we choose M = 1, that is, parametric resonance of the fundamental 
transverse mode of vibration, then for n = 2, 


ЗЭ” Л” та 
T m 184 and t = .066 sec 


where we have used the value 8] = 1.875 - corresponding to the 
fundamental mode of a cantilevered beam. 
The nondimensional axial load (average)*: 


2 
_ TP дүд, 4 


рж = 5.12Х107 


о ДЕА 


The duration of this load in nondimensional time: 


Thus the nondimensional impulse is: 
4 


I =Р*т = 21.58x10- 
0 00 


Recalling the definition of См: 


А. 
Cy 25 Т jMM 
j (ітб,)2 


For M = 1, therefore: 
A. 
С, pcd эх = .234 
j Вт(1.875)12 


Тһе parameter бүт, must satisfy the smallness criterion (38); i.e., 


3 
T << X 


Q 
lo Cy! 


0 
Substituting values for the parameters: 


.0956 «« 57.5 
which would appear to be satisfactory. 


*Note that the real quantity of interest is the nondimensional impulse, 
Ig. If ballistic curves are available this quantity can be determined 
directly by а simple integration. 
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Expression (36), ог equivalently figure (7) shows that the 
greatest value for Лао пах is 052. The corresponding growth 


coefficient: 
inlelmx _ .052 _ 
max t 


This value of y can produce a vibration amplification of over 50 
in 5 seconds -of repeated firing. In other words if at any time during 
firing the deflection of, say, the muzzle is a given amount then 5 sec 
later this deflection can be over 50 times greater. 

It is not likely that the exact state of tuning will exist such 
that the maximum amplification will be realized. Furthermore, as 
previously shown, damping will reduce the amplification. Оп the other- 
hand there are other loads which have not been considered and which may 
be non-mitigating. Reactions from the moving prcjectile and the 
travelling propellant pressure as well as the relative movements of 
supports are synchronous with the load considered in this report and may 
add to its effect - possibly more than offsetting the reduction caused 
by damping. Адаіп it is mentioned in connection with figure (7) thet 
the state of tuning leading to large amplifications need not be as 
precise when larger values of the abcissa are encountered. 

Discussion 

The models assumed in this report are of course, somewhat 
idealized. It is always a question as to when more detail should be 
included. Ном much is gained, for example, by including the geometry 


of a variable cross sectional area when knowledge of the support 
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conditions is always so imprecise? Further, it is almost certain 
that the general character of the results shown in figure 7 will 
prevail regardless of the detail incorporated in the modeling effort. 
That is, no matter how detailed the model, parametric resonance will 
probably be confined to a narrow band of frequencies for the tensile 
loads likely to be induced on the tube through firing. The frequency 
is going to have to be 'just right' for it to occur. But given the 
proper frequency ratio our preceding analysis definitely suggests 
that ballistic forces are sufficient to create significant exponential 
growth. It is doubtful if any higher degree of confidence in these 
general findings could be obtained through the use of more refined 
models. Оп the other hand, the frequencies and even the particular 
mode which may resonate cannot be predicted with confidence unless an‘ 
extremely detailed model is employed. Even then, in cases where 
parametric resonance is suspect, field measurements should be made to 


determine precisely the frequencies of free vibration and excitation. 


As mentioned earlier in this report, there exists certain inconclusive 
evidence’? that dispersion maxima observed in tests with certain 
automatic weapons may be caused by parametric resonance. On the basis 
of the feasibility demonstrated herein, jt is advisable that such 
experiments be repeated in a more tightly controlled manner so that 


a conclusion may finally be drawn. 


ЗАМСР 706-252, Engineering Design Handbook, Gun Series, Gun Tubes, 
February 1964. 


Vente, D. E., Schoenberger, R. L., and Quinn, B. E., An Investigation 
of the Effort of the National Frequency of Vibration of the barrel 


Upon the Dispersions of an Automatic Weapon, Purdue 0., 1955, AD 64132. 
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HILL'S EQUATION - FLOQUET SOLUTIONS 


The general differential equation of interest (Hill's Equation) is: 


Y" + 02 [1 - ee(t)]Y = 0 | (А1) 


where 
e(t + T) = e(t) 


Since equation Al is a second order linear, ordinary and homo- 
geneous differential equation, its general solution can be written in 
terms of any two solutions f4(t) and #2 (4) which are known to be 
linearly independent. 

i.e. Y(t) = АТ, (t) + Bf, (t) (A2) 
where the constants А and B are determined by the initial conditions. 

Because equation Al is unchanged if T is added to t, fa (t+T) and 
ғ, (ет) must also be solutions. But from the fundamental theory of 
linear, homogeneous differential equations, any other solutions to А1 
must be expressible as a linear combination of the linearly independent 
solutions f(t) and f(t); 

i.e. ғ (ЕТ) = ату? (+) + ат (+) 
3150 + а 2 (Е) (АЗ) 


There are many choices for #100) апа ғ) and with each choice 


fo(t+T) = a 


one can expect different coefficients ay Floquet (2) has shown 

that among the choices for these solutions there exist those such that: 
Y(t+T) = Y(t) (A4) 

that is, the solution one period of the excitation later, is a constant 


multiple of the solution at time t. 
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Substituting into А2: 
Af, (Т) + Bf, (081) = e[Af, (t) * Bf(t)] 
Using A3: 


n (Aa, f, (t) + Ва, уЁ,(®)) = оГАЋ, (t). + ВЕ, (+) 


$1псе f and f» are independent: 


Аа + Ban, = Ар 


Aa, + Ba, = Вр (A5) 


A5 only has nontrivial solutions if the determinant of the 
coefficients of А and B vanish: 
i.e., a 
=0 (A6) 
812 522770 
Substituting into either of the equations A5, each root р, 
gives а ratio В/А such that the solution will satisfy the condition 
M. 
В Pj «B 
Decet (А7) 
Ј 21 
In particular, if f, (t) and f(t) are chosen to satisfy the so 


called ‘unitary initial conditions': 


then, from A2: 
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and hence the ratio B/A is the ratio of initial conditions such that 


A4 is satisfied. Further, from A3, definitions are given to the а: 


811 = fy (T) 
hence 
| ау = f,(T) 
E ат (T) 
| а, = fo (T) 
р: - # (7) 
and [Y' (0)/1(0)], --4---1--- (A8) 
j #2(Т) 
The quadratic equation for р (A6) becomes: 
о? ~ 2Ар+В=0 
where** 1 
А = > fF (7) + f2(T)] 
B= f,(T)FAT) - #(т)ғ (Т) (49) 


Multiplying the first of these equations Бу f, and the second by 


Ч and subtracting: 
(19) 


ffs" = fof," = 0% 


Integrating: 
В = 5,(959 - (ВЕ (t) = const 
Тһе constant has unit value in view of the unitary initial conditions 


employed. 
19Воусе, W. E. and DiPrima, В. C., Elementary Differential Equations 
and Boundary Value Problems, John Wiley, 1966, 89. 


*Note that this equation can be written М! = 0, where ЈЕ is the 
Wronskian of f(t) and f,(t). 1 Қ i 

**[f any of the f; have jump discontinuities at t = T, then А = A(t ) 
is implied. 
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Thus equation Аб becomes: 


p? - 2Ар+1=0 (А10) 


whereupon 
р = А+ Уд?” „ү 

Note that the two roots of this equation are reciprocal, Т.е. 0195 = 1 

Thus corresponding to real roots, A4 represents a solution which 
grows or diminishes (according to the choice of p) following each 
period of the excitation, T. The ratio of initial conditions which 
will lead to either of these solutions alone is given by A8. 
EXAMPLE - Delta Function Excitation 

Let со 
e(t) = у 6(t-kT) 

k=] 
From АТО, the roots P3 depend entirely on the quantity 


A = SLA CT) + FAT] 
where #1 (Е) апа +. (+) are linearly independent solutions of Hill's 
Equation (Al) satisfying unitary initial conditions. These can be 


chosen as: 


и 


f(t) cos Qt 
f(t) = g sinat (A11) 
Thus fi(T) = cos ОТ 
The expression obtained by a formal differentiation of f(t) 
above, is valid up to but not including time t = T since the 
application of the first 'impulse' will cause Zi (T) to be discontinuous. 


This jump discontinuity can be evaluated by an integration of Hill's 


Equation (Al): 
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В Телі 
fo (T) - 6 (T) = Tim /8 (є6(1-1)-116,(4)48 = єп2#,(Т) 
М0 Т-4% 


Тһи5 
ғ (Т) = єй51001 + со50Т 


ын А = - 51101 + со50Т 
whereupon the roots оу, ро may be evaluated. 

For any given finite value of e, intervals of the parameter QT 
exist such that these roots will be real and since their product must 
be unity, the following possibilities arise: 

(1) малаа 

(11) ру > 1, ро < 1 
Case (i) represent borderline situations, that is, the solutions M 
neither grow or decay with each period T of the excitation. Case (ii), 
on the other hand, produces one solution of the form A4 which grows in 


amplitude by a factor Ра > 1 and another which decays Бу the factor 


ро < 1» each period of the excitation. Тһе initial conditions which 
produce either of these solutions must only satisfy АВ, 

è ће. 10) = BM. [ps - созотјо/5 плот 

| Y(0) (Т) | 

Figure Al(a,b) shows the solution when this ratio is enforced. Іп 
general, however, the solution for arbitrary initial conditions is a 
linear combination of these special solutions of pure growth and decay. 
Figure Al(c) shows one such solution exhibiting early decay even- 


tually to be overpowered by the growing solution. 
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The solutions of pure growth or pure decay сап be represented авг? 


t 1n p. 
F(t) = wy(tyet ЛЭ (A12) 


where 
$: (ӨТ) = ф (4) 


so that indeed, t 
(т + 1)in Pj 
г. (НТ) Е 9 (Ве 


т 241, (5) 
as required. Іп general р is complex 
hence 
. = пр. | +1 : 

In р, Ди i агд(р,) 

Thus E то: | 
zi T J 

ғ) ġ;(t)e 

where rd P; (A13) 


it a 
$; (6) = (ет 


When the р: are real, e(t) = v(t) and are periodic in T. Thus 


the general solution to Hill's equation may be written 


t t 
= Inf py | = In|p | 
V(t) = суфу (Вет + с (Шет X 
ог, enforcing the relation 0105 = 1: 
t -t 
т In|ej = Inleil 
V(t) = Суф (tel + суде ТО! 


17вотойп, V. V., The Dynamic Stability of Elastic Systems, Holden-Day, 
964, 14. 
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TABLE I"- COUPLING COEFFICIENTS A 
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А 21 
А 22 
Коз 
А 
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А2: 


Маз 


Шү 
Aas 


*Certain symmetries are evident throughout the Table. No attempt has 
been made to make use of symmetry properties in order to shorten the 
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Ау = 9.78 A, = -48.6 
Аро = -48.6 А, = 84.5 
Ада: 26.3 Араз = 715 
А, 754 Rong = 45.7 
Кар 3:39 Asos = 92.8 
Aug? 5.94 А = 18.4 
Аза 5 26.3 Ад” 25.4 
Aygo = -115. Ayo = 45.7 
Араз = 94.5 Арда“ -247. 
Арад = -247. Арда = 89.5 
Аз, = 61.6 Ара = -433. 
Араб = 201. Аб = 68.9 
Арт = 3.35 Ang] = 5.94 
Аро = 92.8 Aygo = 18.4 
Аа: 61.6 Аобз = 201 

Asc, = -433- Арба = 68.8 
Ayes = 85.9 Аб = -670. 
Ар“ -670- Ас = 83.4 
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2.50 Mg * 183. 
-112. Аз] = 45.5 
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= -394, 
381. 
= -588. 
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Асар = 28.9 
Ao, = -80.1 
Ago, = 183. 
Ago, = -586. 
АвоБ = 390. 
Авоб = -512. 
Asp = 98.5 
Aca = -586. 
Аз: 401. 
Арад, = -324. 
А5 = 535. 
Ang = -542. 
Asg ^ 96-6 
Acco = 7572. 
Аз = 420. 
А-а = 7542. 
Aces = 575. 
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Ада = -24.7 


621 

Або = 101. 
Абоз = -130- 
Aeon = 270 
Або = -878- 
Agog = 539 
Авај = -56-3 
Асар = 271. 
Абаз = 1078. 
Reng = 556. 
Аа = 2432. 
Agag = 716. 
Ас = -456. 
Rego = 539 
Асса = 7459 
Абд = 716. 
As 7632. | 
Acgg = 836. 
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TABLE II - EIGENVALUE ANALYSIS (NASTRAN) - МСАДАС, 60ММ 


(Trussed Configuration) 


Mode Type Frequency (hz 

Recoil mode 1.81 

Fundamental Transverse mode 79.5 

2nd Transverse mode 100.5 

3rd Transverse mode 125.6 

n 4th Transverse mode 218.7 
Ї 

‚| 5th Transverse mode 296.2 

1 | 6th Transverse mode 412.7 

1 7th Transverse mode | 525.9 

| Fundamental Axial mode 580.1 

|| 2nd Axial mode 1189.2 

a 3rd Axial mode 1898.4 

8 4th Axial mode 2496.2 
* 
P 
H 
% 
|. | і 
# 
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TABLE III - PARAMETRIC VALUES, MCAAAC TUBE 


The parametric values listed below are based on the material constants 
Ер for steel, а peak ballistic pressure of 75,500 psi, and the NASTRAN- 
predicted frequencies for the fundamental axial vibration and the fifth 


transverse vibration modes. 


а? = 6.44107 

т/% = 1160 
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ABSTRACT 
The possibility for balloting-energy growth is examined, The basic 
equations are developed and the important parameters for balloting motion 
are obtained and discussed. It is concluded from the analysis that 


balloting-energy ‘growth can not occur for conventionally designed 


projectiles. 
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I. Introduction 

The energy contained in the shell's transverse motion directed toward 
a bore surface has supposedly become large enough on certain occasions to 
damage both shell and the gun tube, Аз Gay [1] has shown, the theories of 
Reno [2] and Thomas [3] do not predict that such large balloting energies 
may develop. Reno does not consider sliding friction but assumes that the 
plane of yaw rotates with the shell. Thomas [2] does not use this constraint 
but assumes that there exists sliding friction between bourrelet and bore. 
Chu and Soechting [4] extends Thomas! [2] theory to assume sliding friction 
between rotating band and bore and also assumes that the shell may have an 
eccentricity in its center of gravity; here the balloting energy should also 
decrease with time. 

More recently, Walker [5] has developed a theory which predicts that 


growth in balloting energy may occur. His theory extends Thomas! theory 


by further assuming friction between the bore and rotating band. According 
to Walker, the impact impulse generated by the bourrelet hitting a land 
is followed (due to the finite speed of the elastic wave) by a reaction 
impulse which occurs on the opposite side of the shell at the rotating band. 


This causes an added frictional force on this part of the rotating band 


and results in an impulse of torque that will possibly increase the total 
transverse angular momentum possessed by the shell. The magnitude of this 
added angular momentum is proportional to the effective coefficient of 
friction for the rotating band. The resulting theory is used to explain 
the breakup of the 8" XM 201 shell in the M110E2 gun tube (5, 61. 

Originally, it was desired to apply Walker's [5] theory of balloting 
to Chu and Soechting's [4] computer description of in-bore motion. In 


studying Walker's theory, however, it appears that the theory is formulated 


{ 
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incorrectly. А1зо the values used for the coefficients of friction ате 
thought to be in error by an order of magnitude. The revised theory 
together with more realistic values of the coefficients of friction result 
in a completely different picture of balloting-energy gestit and decay. 

It is the purpose of this report to present this more accurate picture 

and to establish upper-bound limits on the energy growth rate or decay 
that may be expected. 

One apparent error in the formulation of the theory concerns the 
magnitude of the reaction impulse at the rotating band. Walker claims 
that the reaction force at the rotating band is equal and opposite to the 
impact force on the bourrelet. Walker deduces this from his following 
statement: "Тһе force component Y is given by the requirement that the 
sum of the forces acting in the y direction is zero." Here У’ is the 
normal reaction force at the rotating band. If this were a statics problem, 
his approacb might be valid. Nevertheless, this is a dynamics problem, 
we must replace his requirement from statics with requirements about how 
the projectile is constrained to move. If this is done, it is found that 
the value of the reaction force depends upon the values for the shell of 
the location of the center of gravity, the distance between the rotating 
band and bourrelet and the radius of gyration. 

According to Walker's [5] theory, since the growth rate of balloting 
energy is a strong function of the value of the coefficient of friction 
at the rotating band, it is an important parameter. Walker used a rotating- 


band coefficient of friction of 0.55, a value that might be expected for 


slow sliding velocities under small normal pressures. In order 


| to arrive at reasonable values for these coefficients of friction, both 


EIE REP ААА DEF EUN ENTE T e UT HOT — 


the theory and experiment were investigated. According to a report [7] 
summarizing the Franklin Institute's experiments, the coefficient of friction 


decreases for both increasing values of sliding velocities and values of 


normal pressures. Herzfeld and Кооп [8] postulated that a hydrodynamic 
film exists between the rotating band and bore at the higher speeds; they 
found agreement with much of the experimental data available at the time. 
Bowden [9], however, describes an experiment that shows no hydrcóiynamic 
film being generated at typical in-bore projectile velocities. Nevertheless, 
the normal pressures for this experiment were much less than found at the 
rotating band and bore interface. Thus, although Herzfeld and Kosson's [8] 
theory agrees with experiment and appears plausible, the theory is not 
completely confirmed. 

ІІ. Тһе Differential Equations of Motion 

| In this section, the differential equations of motion obtained by “ 
Walker are developed to prepare the way for a discussion of balloting- 
energy growth or decay. The development is repeated here also for the 
sake of clarity. | 

Following Walker, ме will utilize Thomas! assumptions and іп addition 
| we will assume that friction exists between the rotating band and bore due 
| to the reaction forces. Тһе description of the motion will be given in 

| Eulerian angles. Тһе rotations defining the Eulerian angles are given 


according to Goldstein [10] in Figure 1. For more clarity, Figure 2 gives 


1 
| some of the axes in terms of the gun-projectile system. Тһе kinetic energy 
| of an axially symmetric shell with respect to the point C is 

| 2 2) ! 2 
T= ely ty) + Ам (1) 
| 
| | 
LA 
Г 
IE 
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Figure 2. 


Description of projectile's orientation given іп terms of 
Euler angles. The amount of yaw about the point C is given 
in terms of O and the plane of yaw is given by the angle 
between the line of nodes 5 and x. The inertial force Е 
along the bore line z is also given. Also shown is the 
distance between the rotating band and bourrelet a, the 
distance from C to the center of gravity CG and the radius 
of the bourrelet b. 
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where Ue is the angular velocity about the i'th axis and A is the axial 
moment of inertia about the line of axial synmetry. The transverse moment 


of inertia I about C is given as 
2 
I5 В+оА (2) 


Where В is the transverse moment of inertia about the c.g., м 1$ the mass of 
the shell, and h is the distance from the point C to the c.g. of the shell. 


Transforming to the Eulerian angle description, it is obtained that 
2 е 2 E | • Ж 2 
Т-11(607%%45һ2ө) + 1 А( + cose) (3) 


For the projectile having tie acceleration s, the potential energy is 


V= m Е} coso (4) 


Following Walker now, except to vary the presentation for clarification 
purposes, we have that the Lagrongian is 
L=T-V 


The Lagrangian equations are 


5 = Q; (5) 
Ч, : 
мһете 


8-914-0 ; q- y т 


and the Q. are the generalized constraint forces imposed upon the projectile 
by the gun tube, Тһе generalized force 0, іп the 9 direction is simply 


the torque about the line of nodes given by the 5 axis in Figure 1. Тһе 
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expression for 0, would be 


— ~ ~ ~ 
Q, = -= mE-R + 1, 2, о) 
where Қ and 2 are the forces on the bourrelet along п and 2 respectively. 
The subscript b refers to the quantities at the rotating band. These 


forces would be positive when they are pointing in the direction of increasing 


coordinate values. From the geometry of Figure 2 we have that 
Е = а соз Ө- - b sine 


(8a) 
9| z-bcos ө. — а sine (8b) 
L^ = | (8с) 
Z,= О | (84) 
Thus 
Ф=-(ас 9 -b sine) h-(bcos@-asins) + 8, i 


For the $ coordinate, the torque would be along the z direction 


ед ХОЛЫН Ё- n, 8, t Na cos Ө (10) 


Here М, is the torque оп the projectile transmitted through the rotating 


Бала, 


From Eqs. (8b) and (8c), ме have that 
. ~ ЯМ 
0,5 (Б соб © +аззле)Ё—Г$,+ No cos © (11) 


Here it is assumed that the rotating band does deform into a section of a 
sphere of radius т, Otherwise the expression would be somewhat more complex. 


For the p coordinate, the torque along he 2’ direction would be 


/ N! PU 
Q= -N Е -M Ч + № (12) 


- 


Неге we have that ту = b, m = т, Е = Е, апа By = Бъ: Thus we have that 


Фут -b -r8 + НА (15) 
The Lagrange equations іп Eulerian coordinates become, from Eqs. (3) 
through (13) 


19-1ф sinecose t A( 4$ cos ө)ф sine -m&hsine = 


4 ~ 4 Ped ~ (14) 
— (а cos e -b sin 9) И - (bcos e~a 5епе)г + Г =; 
E 19 sino + А(#+ф Cos &) cos ©] = 
Cb cos в + а sine) € — 6, + М соз e ка: 


8 ГАРА Ф соз өў] = -b ЁРЕ +h, (16) 


These are essentially'the equations that Walker [5] obtained also. 

We can now examine the generalized forces in greater detail. The forces 
n, 2 and E act on the projectile during the impact of the bourrelet. The 
details of the n force during impact will be discussed later, Тһе z and E 
forces are caused by the presence of friction during impact and adopting 
Thomas! assumption, 


| хїйс, 28 2-2 
5 +2 =K 1 (7) 


~ 


The direction of the ; force will be opposite to the direction of the Е component 
of velocity at the bourrelet's point of contact, Since the motion of the 

shell is in the positive z direction and 2 is a frictional component of 

force, the direction of 2 is in the negative z direction and z is 


a negative quantity. Thus, according to Thomas: 


ғ 2 
bU T$ соз ву + agsin e 


We 
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(18) 


The sign of the E may now be investigated. The quantity ф + ф cos 8 
is simply the angular velocity about the body symmetric axis & and is a 


known quantity from the relationship 


e 53727417 (19) 


Here п is the number of calibers traveled for the projectile to perform 


one revolution. Since sin 0 is a small quantity and it is expected that 


$might be similar in magnitude to 4, using Eq. (19) we can approximate 


Eq. (18) by 
Е = т?2/п (20) 


Since Z is а negative quantity, 5 is also a negative quantity from 


Eq. (20). Substituting Eq. (20) into Eq. (17) we obtain that 


~ 2 ! 
Ел ая (1+ пала) ^ (21) 


Now by similar reasoning as was applied before to find the frictional 
force relationships between the force components at the bourrelet, the 


force relationships at the rotating band are found to bc 


©, = T E,/n (22) 
Zu, / 0r mnm аз 
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III. Friction Coefficients 

Since the band coefficient of friction is found to be an important 
parameter for describing balloting motion, it will be discussed in more 
detail. Besides the experiments conducted at the Franklin Institute 
[7, 11] and results reported by Bowden [9], friction coefficients were 
obtained by Sauer [12] using a rocket sled. Тһе pressures, though high, 
were much less than experienced by a rotating band in-bore. Nevertheless, 
he obtained evidence that a molten metal film existed at least for their 
higher pressures. In addition, he developed a theory for wear and friction 
assuming molten metal at the interface [13]. Іп the present paper, it 
will be assumed that a molten-metal film exists at the rubbing interfaces. 

As mentioned earlier, experiments show that the coefficient of 
friction decreases for increasing values of both sliding velocities and 
normal loadings [7, 11]. With these data and in addition some data obtained 
for higher pressures by using a shell pusher, Pilcher and Wineholt [14], in 
a correlation study, have obtained the coefficient of friction as a function 
of velocity and pressure. These data were obtained for a steady-stato 
process; i.e., the temperature profile through the thickness of the traveling 
block changes rapidly shortly after initiation of the friction process and 
thereafter approaches a steady-state profile. Since the shell's travel 
through the length of the gun-tube is a transient process, there exists 
the possibility that steady-state conditions would not be approximated. 
Nevertheless, the application of an equation developed by Н. С. Landau [15] 
shows that steady-state conditions will be approximated for most of the 


projectile's travel in-bore. The application of llerzfeld and Kosson's [8] 


theory confirms the results obtained by Landau's [15] equation. 

The values of the band-friction coefficient for a large-caliber 
projectile may be obtained by using Pilcher and Wineholt's [14] 
formulation. Friction-coefficient values are calculated for the 8" XM 201 
projectile that broke up in-bore. Figure 3 gives these values as a 
function of shell velocity. Here it is seen that the coefficient of friction 
decreases with the distance that the shell has traveled in-bore. For 
most of the distance traveled, the friction coefficient is an order of 
magnitude lower than common handbook values. 

The friction coefficient values obtained are for steady pressures 
of the band on the bore surfaces. There exists the possibility that 
during the reaction impulse, the liquid metal film could become much 
reduced in thickness and essentially solid to solid contact could be 
made, This form of contact would tend to raise the effective coefficient 
of friction. Herzfeld and Kosson's theory will be used to investigate 
this possibility since the formulation is simple and there is some 
agreement with experiment. 

To investigate the extent of film thinning due to the impulse, 
consider a block of mass Mo with a liquid film separating the block from 
a plane surface, ‘The geometry is exhibited in Figure 4, The initial 
thickness of this liquid film is 5% Тһе width of this block is 2 а. 
If the block is given an initial velocity Vo? at some later time the 


velocity of the block will be V, and the thickness of the film will be 6. 


1 
А coordinate system may be constructed as shown with the origin of the 
coordinate system placed halfway between the plane surface and the 


surface of the block. The length of the block Zo is assumed large enough 
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Rotating-band friction coefficient of 8" XM201 
projectile as a function of projectile velocity. 
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Figure 4. Collision of flat parallel surfaces separated by 
a molten metal film of thickness 6. 
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so that fluid outflow travels essentially in а line parallel to the Х, 


coordinate. Тһе thickness of the film is assumed small enough so that 
the Navier-Stckes equations may be approximated with 
а 
эч _ | dp 


aye 74 ах, (24) 


with boundary conditions 


4-0;%- +6/2) Ро, да та 


Нете ч) is the component of fluid velocity in the direction SU 


pressure which varies only in the Х, direction and ү is the viscosity 


p is the 


coefficient. The part of the solution of interest here is for p: 


мен (47-32) en 


Now the block loses kinetic energy according to 
а Leni 
Me V, dV, = —F 45 (26) 
where 


о 
Е 26, | рах, (27) 
о 


Integrating Eq. (27), substituting the resulting expression for Е into 


Eq. (26) and integrating, it is obtained that 


3 
ЭР lé Zya [ | 
бен ш аы тае са (28) 
Ме $ 8, 
The final value of film thickness 5, is found when 2 = 0, Preliminary 


investigations showed that 5, was near in value to E Thus, one may 
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obtain the expression: 
de- 8 _ V Me &2 
o о / 
The expression for б may be obtained from Herzfeld and Kosson's report. 
When the projectile is somewhat away from the breech, the value of б пау 


be approximated as 


3 
$ 22228 Me A Е _ (448 2 
о 2 (Ре)? 7; k+ (30) 


Here от is the density of the tube material, ст is the heat capacity of the 
tube material, Ty is the melting point for the band material and к. is the 
thermal conductivity of the gun tube material. Now equating M LA with the 
expression for the reaction impulse given the rotating band at or after 
impact, rearranging the expression so it may be given in terms of the 


balloting energy A and substituting into Eq. (29), it is obtained that 


А 
55-96 _ (216.) (зема SS 
ó, 32 2,74 а7, 


2 (31) 


Нете 2, would be of the order of the radius of the projectile. 
The values for 6, and (6, - АДА may be readily calculated. Ап 
initial value of A * 5 joules was used by Walker. Тһе other data would 


be as follows 


a = 23,06 cm 
ay = 2.5 cm 
I = 6.171.107 gm en? 
2 = 10 cm 
о 
рр Су = 1.053 са1/сп?/К 
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= 8.104 cm/s 
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1 


= 0.105 cal/cm/s/K 


0.035 ро15е 


-2 
и 


[АЈ 0.5 
Substituting into Eq. (30) with the suitable value, it is obtained that 
сить 1074 ст. Substituting data into Eq. (31), it is obtained that 
(8, - $4)/6, $ 0.012. Thus it is seen that the liquid layer would be 
thinned only an insignificant amount. The effective coefficient of 
friction for the reaction impulse would be expected to approximate values 
obtained for land-friction coefficients. 
IV. Balloting-Energy Analysis 

If the 0 component of momentum can grow, the impacts of the bourrelet 
on the gun-bore surface could possibly cause extensive damage. It is of 
interest then to closely examine Walker's [5] mechanism for energy growth 
as discussed earlier. ЈЕ is also desired to obtain a closed form expression 
for the balloting energy if possible. 

The presence of axial torque due to gun-bore rifling makes the last 
objective more difficult. Аз will be seen, however, a measure of the 
balloting-energy growth can still be obtained. When the projectile is 
not making contact with the bourrelet and if there were no axial torque, 
Eq. (5-53) in Goldstein [10] shows that t depends only on 9, Thus the 
balloting energy immediately after impact would eoual the balloting 
energy immediately before the subsequent impact. With the presence nf an 
axial torque, whether | el increases or decreases for subsequent equal 


values of 0 may be examined by assuming the following relationsnip: 


А КА = А Uy + NT (32) 
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where T is assumed constant. Неге t is the elapsed time since immediately 


after impact, The quantity AM in the value of а, at the initial time, 


Likewise Eq. (15) may be integrated in the same way and with some substi- 


tutions between the resulting equation and Eq. (25), one can obtain that 


sin’ O; M 
=ф sini m T sinto. 4-2 (Scos odt - f cos ө) (33) 


а. Ва. (32) and (33) into Eq. (14), it may be obtained that 


18: 16, sin ө, еа sin? 
©, 38 а. 


СА oss = (34 
sin? o- sin o -m А sine- (34) 
Na Q, пө, 2co e 


sin ©- sinto 
= М Аш, И 
илэг гал ЛЕР 

Т sine 


(coso dt -f caso) - -4 
(fcos odt- Е cos e) 


+ № (fcos edt- #со5 ө) 
І sin © 


[ 82. (feos edt - t cos) -1] 


Now consider when 0 = 85 at а later time (but before the next impact). 
The first two terms on the right hand side may be added together to 
obtain a negative quantity; similarly the last two terms on the right hand 
Side may be added together to obtain a negative quantity. The sum of 
the terms on the right hand side of the equation is always negative, 
Compared to 9%, (Е) is seen to be а smaller quantity. Тһе torque 


then tends to align the axis of the projectile up with the gun-bore 


axis and results in softened subsequent impacts. Та this analysis axial 
torque will be neglected. By neglecting the torque, an upper bound 


value for balloting-energy growth rate will be sought and the analysis 


| 
| becomes much simpler. 
| 
| 
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As discussed earlier in the Introduction, Harris Walker obtained 

the reaction forces at the rotating band in terms of the impact forces 
on the bourrelet; he asserts that there is a time lag To between the 
application of the force n and the equal and opposite force m, to the shell. 
Walker asserts that the time lag occurs because the stress wave must 
travel from the bourrelet to the rotating band. Thus 

~ ~ 

7,00 = - 96-16) 
The amount of time lag is important in determining the amount of balloting >~ 
energy added. Certainly, if the reaction impulse occurred immediately 
before the next impact, the balloting energy could be decreased by the 


overturning moment caused by friction. Additional insight may be obtained 


from the following equation: 


Here AT is the increment of kinetic energy gained or lost by the shell due 

to the torque impulse. Тһе vector Nei is the torque applied about the 

center of the rotating band during the reaction impulse and is caused 

by the presence of friction, А is the angular velocity of the shell. 

The reaction torque is assumed to occur after the impacting process. Неге the 
integrand is integrated over the duration of the torque. At bourrelet-bore 
impact the corresponding impulse will be in a direction approximately 

parallel to the line of nodes if the friction coefficient at the bourrelet 

is small. According to a report of Gay [1] which gives a representative 


motion of the figure-axis of a shell, the angle between өү апа М would 


fi 


increase with time after impact so that the dot product of the two vectors 
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would decrease. Furthermore, the magnitude of Ui Will be smaller with 
smaller values of 8, Thus, the largest increment of energy given to 
the total energy would occur if the reactive impulse occurred immediately 
after impact of the bourrelet. 
Guided by these arguments and seeking an upper bound for the 
energy growth rate, a tentative hypothesis is made that the reaction 
impulse occurs immediately after the impact impulse occurs. А rigid- 
body model consistent with this time-lag hypothesis may be easily 
"constructed and treated. Іп this model, the bourrelet impácts against 
the bore and the rotating band is assumed to be free of any constraining 
influences. Immediately after this impact process, the reaction impulse 
is applied to the rotating band and the bourrelet is assumed to be free 
of any constraining influences. In this rigid-body approximation, the 
constraint that the axis of rotation must be in the plane of the rotating 
band determines the value of the reaction impulse. 
It is convenient for the analysis of the model to express the 
kinetic energy in coordinates about the center of mass of the projectile. 


This expression would be 


T= F hgt at Ea) + e^ ф sino) 
Asiri 2 (36) 
+ = (V * $ cose) 


The subscript cg denotes the values for the center of mass for the projectile 
and k is the transverse radius of gyration for the projectile. By the 
assumptions used to seek an upper-bound value for balloting energy growth 

and since the impact and reaction forces are of short duration, it is 


sufficient for the analysis to use the impulsive equations of motion and 
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focus upon the motions immediately after an impulse occurs. For impulsive 


forces, it can be shown that 
d T oT 
9%), 2%), 
Here р is the generalized impulsive force for the 9, coordinate, Тһе 


3 
first term on the left is for the value immediately after the impulsive 


(37) 
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force has acted and the term with the subscript o is for the value 


immediately before the force has acted, 


From Eqs. (36) and (37), the transverse momentum given by the 


bourrelet impact is 


то. ) —m (^., ) = Р, (38) 


Where ра is the impact impulse. Additionally, using Eq. (21), the 


impulsive torque about the center of gravity may be obtained: 


2. F bup 
mk е -mk е, = (a-h) p, + та va (39) 
(1+ Tm) 
The other impulsive equations of motion obtained from Eq. (36) are not 
pertinent to the analysis. The initial conditions are given as 
e 
( == — ћ W 
Meg), h (40) 
ы 41 
е, = Ww e 


In addition, it is postulated that the coefficient of restitution is 


known or can be estimated so that 


(Nes) = ehw (42) 


= ----- 


Жо 


where e is the coefficient of restitution. Immediately it is seen from 


Eqs. (38, (40), and (42) that 


p = тюАш(е+!) (43) 


Then substituting Eqs. (43) and (41) into Eq. (39), the following, 


equation may be obtained: 
• 4 2 
where 


G = !1/(и+т?/т®)** 


Now the reaction impulse process пау be examined, From Eqs. (36) and 


(37), the transverse momentum given by the reaction impulse at the rotating 


` 


en(n., ), CS P, ), Да 


Тһе impulsive torque is given as 


més, -mk = h P Л +bG УР, ), (46) 
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Іп addition, the condition that the rotating band must be the axis of 


rotatj." is given by 


Ле, = -h $2 


(47) 


Eliminating Pb between Eqs. (45) and (46) and then using Eqs. (45) and 


(47), one can obtain that 


д — _ WIhGVb-hth(a-GbulCeti)- k+] 


LDhO46vb) + k?] жа) 


a a a 


(48) 


The value of (Р Эъ may be found by substituting Eqs. (42), (47) and (48) into 
Eq. (45): 
2 
(B) = тЁш(е+)[А(а-Һ-СЬд)- К] ^ (4 
LS 


hth+Gvb) + К? 


Utilizing Eqs. (43) and (49), the following ratio can be obtained: 


Мун 
h(h t GVb) + К 
With the rebound angular velocity е, obtained, the effective» 
coefficient of elasticity may be obtained. From Eq. (48) it is seen that 


the effective coefficient of restitution is 


_ TehGvb-h*+h (а-сви) (ен) – К 1 


ЕИО + k? e 
The quantities A, h, k and b may be nondimensionalized by the quantity 
2b to obtain these quantities in calibers. Опе een obtains that 
ге GV *h(2a-GuY(er)-2h -2k'* J - 


ver дайте) 3 3k *7 

From Eq. (52), it is seen that values for н and v of the order 0,05 
will change the value of е. little from the value of A if the friction 
coefficients were assumed to be zero. Assuming the friction coefficients to 
be zero, a calculation of e, nay be easily made for the 8' projectile 
that was of interest to Walker. Неге 


= 1,135 calibers, h = 0.71 cal., 


e 
1 


= 1.066 cal., е= 0.7 


> 
1 


апа 


SP a EE NE 


the twist is п = 20 cal/revolution, Plugging these values into Eq. (52), 
it is obtained that Roms 0,155. Since ЗЕ is negative, this means that 
the resulting movement of the bourrelet is toward the bourrelet and not 
away from the bourrelet as might be expected, Here, with this simple 
modei, the impacting process continues after the first reaction impulse. 
Thus, the hypothesis that the impacting process is completed before the 
reaction process. is started is seen to be contradicted by the results 
from a model suggested by the hypothesis. Friction effects can not 
rescue the hypothesis from contradiction either since if и? v (as one 
would expect it to be), then e5 becomes a greater quantity in the 
negative sense. 

Certainly, these results do not rule out that part of the reaction 
process occurs after the impacting process is completed. Thus, there 
still exists the possibility that the presence of band friction might 
increase the effective coefficient of restitution. 

If the impact forces and reaction forces overlap in time, another 
simple model is suggested. Let us consider that the impact and reaction 
forces occur simultaneously. The impulsive Lagrange equations for this 


case are 


AOI.) eon Cn Жаа 


т, т Кё, = -(a-h) p 4 Gbu fy +В), 559 6,), 


In a similar way as before it is obtained that 


022254 жа 
[at Gb (y - 4) 1 


„= mw ure 


(53) 


(54) 


(55) 


| x | [hla-h-Gbu)— 1 
| (A), = m ware) а УС 


The ratio of Pp to Py? R, is seen to be that obtained earlier and given 


(56) 


by Еа. (50). The value of R does not depend оп the details of the impact 


and reaction processes; rather, it is determined only by the requirement 
that rotation must occur around an axis in the plane of the rotating band. 
Here the effective coefficient of restitution е 15 $1тр1у е апа по 
increment in balloting energy сай be obtained from the effects of either 
band friction oy bourrelet friction. Even though no possibility exists 
for balloting energy amplification, it would be desirable to minimize 
the magnitude of the impact impulse. Thus, according to Eq. (56), the 
distance from rotating band to bourrelet a should be as large as possible. 
It appears from the above results that z^ might possibly be 1655 
than ʻe for overlapping impact and reaction forces. Тһе present author 


cannot prove this, ћомеуех; instead an upper bound value for A will be 


obtained. Since large balloting energies may be possible according to 
some evidence, it is an attempt to explore these possibilities even though 
the dynamics of the motion may be complicated. Тһе maximum (Py 

| that might occur is given by Eq. (56), which is valid for simultaneous 


impulses, Now suppose that by some mechanism unknown to the author, the 


friction force were applied at the rotating band after the impact and 
reaction processes had occurred. Тһе value of e, would then be greater 
than e. Тһе expression for the maximum angular momentum due to this 


application of frictional force on the rotating band is 


TAe=bG (p) ЖЕНЕ) 


VERE, 5 
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where it is assumed that v = 0 in the expression for Pp 


The expression for A is 


2.=- S. „ -0Ө,)-12960 (58) 
LU То 


(А) 
Substituting Eqs. (56) and (57) into Eq. (58) and since I = m (h? + К^) 


С+е)с 2 R (59) 
2a/-GA 


where R is expressed by Eq, (50) and а' 15 the value of a in calibers. 


Gs = О - 


First, consider what 2 would be for accepted parameter values. 
If it is assumed that e = 0.7, и = 0.2 from the results of Bowden, v = 0.05 
and the values of a’, №’, and К’ are as given earlier for the 8" projectile, 
it can be calculated that 85^ 0.75. ТЕ Walker's values of и = 0.5 and 
у = 0,55 are used, Em 1.59. Тһе balloting-energy growth would then 
be rapid as Walker predicted. 

With the assumptions made in this paper, an upper bound value for 
energy growth rate can be obtained in terms of е. Neglecting torque, 


after n impacts © would be 


(60) 
? • 
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Now treating n as а continuous variable, n can be expressed as п = 0/ (24) 

where А = c/a. Тһе quantity c is the clearance between the bore and 

bourrelet when the shell is centered in the bore. Substituting the 


expression for n into Eq. (60) and integrating, the following expression 


сап be obtained: 


(61) 


: ] 2 | : . 
Since the balloting energy Е is є = ii 9 , nanipulation of Eqs. (60), (61) 


and the expression for n show that 


€= €,7LI- (е,/21) “у:12 


(62) ' 


where 
y = (4n ее) /А 
Equation (62) is the expression that Walker also obtained although the 
expression for y obtained here is completely different than what Walker 
obtained for y. 

Summary and Conclusions 

Since errors were discovered in Walker's report concerning the 
balloting motion of a projectile in-bore, it was decided to. attempt а 
correct development but using the same general approach, That is the 
projectile is treated primarily as a rigid body. The elastic character 
of the projectile was taken into account by Walker by assuming a time 
lag between the impact forces at the bourrelet and the reaction forces 
at the rotating band. Initially, a time lag between the application 
of the two impulses was hypothesized in this paper. То avoid numerical 
integration of the differential equations of motion and obtain ап upper 
bound to energy growth rate, it is postulated that the reaction forces 


occur immediatelv after the impact forces. 


The impulsive Lagrange equations of motion may then be used. 
Determination of the reaction impulsive force and the final motion is 
obtained by the requirement that the projectile must rotate about an 
axis in the plane of the rotating band. For tlie 8" XM201 shell and many 
other shells, the resulting calculations show that the final motion is 
toward the bore surface and not away from the bore surface as one might 
expect. Thus à model suggested by the hypothesis contradicts the 
hypothesis since the bourrelet contacts the bore after the reaction 
impulse. From these results, it appears that the impact and reactión 
forces are occurring with considerable overlap; i.e., part of the 
impact forces are occurring when the reaction forces are occurring. 

These results suggest investigating a projectile having impact 
and reaction impulses occurring simultaneously. It is interesting to 
examine the resulting expression for the impact impulse, Eq. (55), more 
closely for the possibility of obtaining large impact impulses. For 
conventionally designed projectiles the first term of the denominator 
is much larger than the magnitude of the second term. The second term 
will be negative since the band-friction coefficient might be expected 
to be of the order 0,05 while the bourrelet friction coefficient might 
be expected to be of order 0.2. Now, suppose by some accident or 
design flow, the effective value of a might be decreased considerably, 
even to the point that the magnitude of the first term would be 
comparable to the magnitude of the second term. Thus, the value of 


the impact impulse could possibly become large enough to damage the 


gun-bore surface even though the balloting energy might be small. 


With these dynamic models, it is still not clear if balloting energy 
amplification could occur. However, it does appear that the simultaneous 
impulse model would give the maximum reaction impulse for a given balloting 
energy. Ап upper-bound value for the effective coefficient of restitution 
should then be obtained by utilizing the simultaneous impulse model 
together with the assumption that the resultant torque impulse due to 
band friction is applied immediately after the reaction impulse. ТЕ 
the more correct values of bore friction are used, it appears that the 
онен coefficient of restitution would be only about 0.05 greater 
than the coefficient of elasticity, The effective coefficient of 
restitution will then be less than one. ТЕ, however, Walker's values 
for friction coefficients were used, the effective coefficient of resti- 
tution would be about 1.6. Thus, it appears that for conventionally 
designed projectiles, the balloting energy will only decrease and a 
more detailed analysis of balloting motion is unnecessary. Ап upper 
bound for the balloting energy growth may easily be obtained in terms 
of the effective coefficient of restitution. Since the presence of 
axial torque causes the subsequent impacts to be less and consideration 
of axial torque would require numerical techniques, the ignoration 
of this torque will give an upper bound value for balloting-energy 
growth. 

The main conclusion that the balloting-energy will only decrease 
from its initial value depends heavily on the values utilized for the 
coefficient of bore friction. These values are known approximately 
from experiment and it is asserted with some confidence that Walker's [5] 


values for friction coefficients are in error by perhaps an order of 


magnitude. 
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ABSTRACT 


The rising interést in low dispersion, burst fire guns 
for anti-armor applications has generated a class of gun barrel design 
which requires a better analytical prediction basis for transverse 
motion than a conventional simple contilever model. Inclusion of 
the effects due to inertia forces of barrel motion, Bourdon load, and 
travelling projectile load, etc., in the analytical basis appears 
necessary for useful prediction. Recently, а general model encompassing 
such effects was formulated [1]. However, no rigorous full solution 
has yet been obtained. 

One of the significant analytical obstacles for this class 
of barrel design is the multiple time varying supports due to barrel 
motion. In this paper, the transverse dynamic response of a barrel 
with a displacement norm for convergence, is established for the 
governing equations. 

A numerical example is given with a 60mm gun barrel having 
three supports. Transverse and angular deflections at the muzzle 
end during a single shot cycle are shown. The results indicate 


possible extended applications for burst fire and a barrel with 


discontinuous (gap/pad) supports. 


| 
| 
t 
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: 1. Introduction 


Conventionally, gun barrel analysis is done under the assumption 
that the barrel is either axially fixed or cantilevered at one end. In 
some recent designs for low despersion guns, the barrel is supported 
transversely Very small gaps exist between the barrel and the supports, 
and the barrel moves with respect to the supports during firing. A 
model of this complex system has not yet been well formulated. However, 
the beam equation for transverse motion of a cantilevered barrel appears 
in Appendix B of НУТ-ТВ-75015 1. This rather general model includes the 
effects of barrel weight, inertia force of the barrel motion, Bourdon 
load, and projectile weight and acceleration force. Іп this paper, the 
governing equations of the model are modified and utilized to analyze 
the transverse dynamic response of a gun barrel with three supports, but 
without gaps between the supports and the barrel. 

A combination of finite difference, modal analysis and.Picard's 
iteration scheme is adopted as the basis for the method of solution. 
Modal analysis is done in a short time interval considering the location 
of barrel supports fixed. The iteration scheme is employed to cope with 
forcing functions which are response dependent. Ву revising the modes of 
the barrel and considering the terminal and initial conditions of the 
problem, dynamic response is obtained in the next short period of time. 
Continuing in this way, a successive modal analysis in an iterative man- 


ner is established. 
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А numerical example with a 60mm gun barrel is considered. Аз а 
specific interest for precision, the transverse and angular deflections 
at the muzzle end during a single shot firing are shown. The results 
appear to indicate reasonable physical trends and magnitudes. 

The accuracy of the analysis is, in general, dependent on the time 
intervals and the associated axial movement. Initial estimate of time- 
space deflection is the prime factor for convergence. А norm for con- 


vergence based on deflection is found to be a good estimator of the 


solution, 


2. Problem Formulation 
Referring to Figure 1, the equations of the transverse motion of the 
barrel are [1] : 
(Ely")"#pA(x)9=-p9A(x) coso-p(x аи ~ , y" 20 уђу Часова, 5(&-х) 
-y'o9A(x) Go Cc) /o-sins)s[ — y'o9h G3) Os (C) /o-sina dk 
ру бекі, влее (1) 
y(0,t)*y'(0,t)-0 
о (2) 
У(х,0)=Уо 
у(х›0)=у(. 


where Е = modulus of elasticity 


I = moment of inertia of the barrel cross-section 


р = mass density of the barrel 
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Barrel with Three Supports 


FIGURE 1 


мақал далалы Bic qM EU. 


nem 


183 


| аан v en ern H9 — 
: де — MÀ 


A(x) = cross-sectional area of the barrel 
p(x,t) = bore pressure 
a = inner radius 
V = velocity of the projectile 
9 = gravitational acceleration 
а = inclined angle of the barrel axis 


m. = projectile mass 


= Dirac delta function 
Е = projectile travel distance 
X (t) = recoil and counter-recoil acceleration 


a = total lenght of the barrel 


P. = reaction of the second support 
n = recoil and counter-recoil distance 
= reaction of the third support 
с = distance between the last two supports 

In the right-hand side of Equation (1), the first term is gravita- 
tional force; the second term is Bourdon load; the third term is projec- 
tile inertia and gravitational force; the fourth and the fifth terms 
are recoil and counter-recoil inertia forces; and the last two terms 
are reactions of the supports. 

Bore pressure distribution p(x,t) is abtained by assuming that the 
charge is uniformly distributed along the barrel and its velocity is 
zero at the breech and increases linearly to the velocity of the 
projectile base. Other factor (e.9., friction) are neglected, so 


from gas dynamics: 
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| : т 
+ 1 
р(х, 5) ер |1-- “7 1! (3) 
where p is the breech pressure and m. is the weight of the charge. 


3. Method of Solution 

Since the recoil and counter-recoil distance n is a function of time, 
Equations (1) and (2) obviously defy a simple analytical solution. If 
one assumes, however, that n is constant, Equations (1) and (2) can be 
readily solved by finite difference, modal analysis, or any other suitable 
methods. It follows that for a short period of time one may attempt to 
seek an approximate numerical solution by considering n constant. The 
solution over the whole time interval of concern could be obtained by 
updating. the value of n through successive short time intervals. Futher- 
more, for a short time interval the barrel modal functions can be treated 
as fixed. Using several modal functions to expand the solution in the 
intervál would then result in an approximate solution. 

A difficulty arises in the right hand side of Equation (1), which 
involves the unknown transverse loads and must be calculated before the 
usual modal method can be applied. To overcome this, one may resort to 
an iterative method. First, one assumes the barrel is under the action 
of gravitational force, which is a multiple (starting weight factor) of 


the first term of the right-hand side of Equation (1). The solution of 


this load gives an amount of deflection, which is used to calculate 


"transverse load" for the next iteration. This is essentially an adopta- 
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tion of the generalized Picard's method. Use of modal analysis in such 
a manner with a finite elements model has two advantages. It avoids 
calculating the reactions Р, апа Pos and it takes account of any attached 
masses, 

Convergence of the iterative process can be determined by considering 


a displacement norm: 


5/47 % (АТ 
ПУП ,„/ Ы. уд MI yy, Чех (4) 


where AT is the time interval considered and the subscrips of y indicate 
iteration numbers. If ||y|| is less than some small number then itera- 
tion is terminated. Тһе solution at t=aT is taken as the initial con- 


ditions for analysis in the next time interval. 


There is another difficulty at the support points. Deflections at 
support points which are zero in the present time interval are not 
necessarily zero in the next time interval and vice versa. To over- 
come this obstacle, one may use revised modal functions to expand the 
terminal conditions (solutions at t-AT of the current time interval) as 
the initia? conditions for the next time interval. The connection 


between these two time intervals would then smooth. 


4. Example 
For a numerical example, a 60mm barrel with given material and 


geometric data at initial position in Figure 2 is considered. These 
data simulate an experimental test bed of the Army Medium Caliber Anti- 


armor Automatic Cannon Program. Breech pressure history, projecitle 


186 


уви х чайы ынак йр арЫ ЧЫН аА ЫЙ, Зе > саар анж те ee eg eS дажгүй и - 


10121504 1013101 39 194488 uuog jo езеп (6:4919)) pue 2r439u089 


3 pue р 5әлпбіз ut имоц$ — Oy*u 
$ әлпбіу и; имоцв 35494 


yout 48d 51 Z 840014 и! әлпѕёәш jo 3141 


2 341913 


Е 


чэәәл9 


ql 0079 -fw 


qt zà's = ош 


Ч /4|) | 658270 =69 
isd ОТ 08 = 3 


187 


^ 


travel velocity and distance: and recoil and counter recoil velocities 
and distances are shown in Figures 3, 4, and 5. The distance с was 
kept constant throughout the analysis. Тһе barrel has been divided into 
5] finite elements for analysis. The analysis lasted to a complete 
stroke of one fire. It started with zero velocity of the barrel and 
deflection due to dead weight of the barrel. Analysis proceeded with 
time intervals associated with barrel travel distances at 1.2 and 2.4 
inches. The projectile passed through the barrel in the first time 
interval from 0 to 0.0070 seconds. 

The first six frequencies at several recoil distances are listed in 
Table 1. The successive time intervals, time grid points used in the 
intervals, iteration number of each time interval, and ||у|| of the 


initial and final iterations are listed in Table 2. Time-deflection of 


the muzzle end is shown in Figures 6.1-6.3. Тһе muzzle end oscillates 
between -0.029 and 40.022 inches at the final stage of counter-recoil. 
The deflection of the muzzle end at the moment that projecitle leaves 
the barrel is у=-0.0058 inches and у'=-0.00014 radians. Total computing 
time for this problem is 5 minutes with a double precision computing 
area of 300 K bytes on an IBM 360/65 computer. 
5. Conclusions 

The results in Figures 6.1-6.3 indicate reasonable physical responses 
at the muzzle end during the firing cycle. The approximate method utilized, 
therefore, appears to be useful in the analysis of transverse motion of a gun 
barrel on multiple time varying supports with effects due to gravitational 
force, Bourdon load, projectile and charge effects, and recoil and counter 


recoil accelerations. 
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Table 2 shows the effects of the projectile inertia and the charge 
pressure in the relevant time interval. Тһе effect of the recoil inertia 
is small in each time interval, but the recoil distances accumulate the 
effect. Because of geometric changes, the recoil effect should be shown 
in successive time intervals. 

The method shows its computational effectiveness in the example. It 
needs very small amount of computing area because space dimension is 
shortened by modal analysis and time dimension is repeatedly used in the 
successive time intervals. Moreover, a solution for a burst fire 
may be obtained by simply applying the method for longer time period 
without exorbitant computing time. 

It appears reasonable to speculate that the method.may be extended 


further to determine the combined effects of the distance n in Figure ] 


and the supporting gaps upon the transverse dynamic response of a gun 


barrel at the muzzle end. 


TABLE 1 - Recoil Distances and the Associated Tube Frequencies 


101.5 51.1 98.4 266 334 
| 102.7 53.2 96.3 261 341 
103.9 55.5 94.2 256 347 
| 105.1 57.9 92.3 252 352 
| 106.3 60.5 90.5 247 357 
| 107.5 63.2 88.8 242 361 
108.7 66.1 87.3 237 363 
109.9 69.0 86.1 232 366 
111.1 71.8 85.5 228 367 
112.3 73.9 85.9 223 368 
113.5 74.9 88.0 219 368 
114.7 74.7 91.6 215 368 
115.9 74.0 96.4 211 367 
117.1 73.0 102 207 366 
118.3 71.9 108 203 364 
119.5 70.7 115 200 362 
129.7 69.6 123 197 359 
121.9 68.4 132 194 356 
123.1 67.3 14 192 352 
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TABLE 2 - Time Interval Information 


No. of 
Time Time Grid Starting Weight No. of 
(sec) Points. Factor —— 
0.0110. 23 1 5 
0,0180 15 1 2 
0.0240 13 1 2 
0.0300 13 1 2 
0.0370 15 1 2 
0.0430 13 1 2 
0.0500 15 1 2 
+ 0.0570 15 1 2 
0.0645 16 1 2 
0.0725 17 1 2 
0.0810 16 1 2 
0.0900 19 1 2 
0.1000 21 1 2 
0.1110 23 1 2 
0.1235 26 1 2 
0.1390 32 1 2 
0.1600 43 1 2 
0.1990 40 1 3 
0.2775 53 1 3 
0.3345 58 1 2 
0.3805 47 1 2 
0.4235 44 1 2 
0.4675 45 1 2 
0.5165 50 1 2 
0.5785 32 1 2 
: 0.6625 43 1 2 
: 0.8165 45 1 2 
1.0055 43 1 2 
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I. Introduction 


Fin-stabilized projectiles are widely employed as anti-armor, kinetic 
energy rounds. Since sabots are required to launch these projectiles from 
'guns, a unique set of problems is encountered in attempting to design a 
system with acceptable accuracy. Within the gun, the fins extend aft of 
the sabot and may interact with the propellant bed or gases and with the 
gun tube. Since the projectile is manufactured from a dense material, 
transverse vibration within the less dense and segmented sabot may occur 
in response to projectile or gun tube asymmetry. At ejection from the 
launcher, elastic decompression of the sabot, centrifugal, and gas dynamic 
loadings combine to rupture retaining rings and implement sabot discard. 
Asymmetries in the discard process may produce transverse loadings upon 
the projectile and resultant trajectory dispersion. This paper presents the 
results of an experimental study of the sabot discard from a 60mm fin- 
stabilized projectile. Particular attention is given to aerodynamic 
interactions between the discarding sabot components and the sub-projectile. 

While aerodynamic interference associated with components of aircraft, 
e.g., міпр-һоду, airframe-propulsion, and airframe-stores, has been exten- 
sively investigated!, similar interference associated with sabot discard 


2- 


from high speed projectiles has received limited attention T Gallagher? 


presents an experimental investigation of projectile deviation from the 
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desired aim point due to muzzle blast, sabot discard, and projectile 
asymmetry. Since he neglects any contribution due gun tube/projectile 
interaction, the value he assigns to deviation due to muzzle blast is 

orders of magnitude greater than that found in more recent investigations”’”, 
These show that muzzle blast does not contribute significantly to tra- 
jectory deviation and that the actual source lies with gun tube or sabot 


discard interactions. Gallagher notes that the sabot components open 


symmetrically, but the center of gravity of the grouped components does 


not lie along the axis of the projectile. He assumes that there will be 


a momentum exchange between the sabot and projectile in relation to their 
masses and the magnitude of the center of gravity separation. However, 
due to the limitations of his apparatus, Gallagher could not define the 
magnitude of this deviation which is generated by elastic rebound at 
muzzle ejection, Gallagher made no attempt to investigate the effects 
of aerodynamic interactions. 

Conn? investigates the effect of aerodynamic interference between 
sabots and projectiles fired from a light gas gun. His measurements 
show that a conical projectile launched with a two-segment sabot has 
periods of pitch and yaw which are dependent upon the orientation of the 
sabot plane of separation. Не uses oblique shock and Newtonian flcw 
theory to analyze the pressure distribution on a cone at arbitrary 
attitude relative to a symmetrically discarded, two-segment sabot. The 
results of his analysis show that aerodynamic interference differentially 
increases the restoring moments acting on the cone, thereby shortening 
the periods of oscillation. Не notes that by intercepting the sabot 


components at the point of maximum yaw, the free flight yaw levels are 
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minimized, 


Слаш“ uses oblique shock theory to analyze the side forces and 
moments generated оп a fin-stabilized projectile due to. a single sabot 
component flying in close proximity. Не assumes that when it intercepts 
the projectile, the shock wave from the sabot is planar, does not reflect 
at the projectile, and is not influenced by the projectile viscous or 
inviscid flow field. Іп a sample calculation, Glauz predicts a significant 
alteration of the trajectory of a small caliber flechette by this type 
discard process; however, his calculated value of discard induced angular 
velocity is an order of magnitude higher than actually isased”, This 
disagreement is due to both the simplistic nature of the model and the 
complex, mutually interacting flows established during discard. 

The present investigation was conducted to provide detailed information 
on the aerodynamic interference between sabot components and projectiles 
for actual kinetic energy round configurations. The results of measure- 
ments of sabot and projectile motion from the muzzle, through sabot discard, 
and into free flight are presented., Observed variations in projectile 
angular motion is shown to correlate with measured sabot discard asymmetry. 
A simple model of the interacting flow is used to estimate the projectile 
behavior. Like previous models, the agreement is not exact; however, the 
results do support the interpretation as to the cause of anomalous 
projectile angular motion, 

II. Experimental Apparatus and Test Procedure 


The test vehicle is а fin-stabilized projectile encapsulated in a 


four segment sabot. The round is fired from a 60mm gun with a twist of 


rifling of one turn in 200 calibers, Тһе launch velocity is 1310 m/s. Тһе 


projectile and test coordinate system are illustrated in Figure 1. 

Data was taken of the projectile launch and flight using a variety 
of techniques, Figure 2, Near muzzle motion was monitored at a series 
of six, orthogonal X-ray stations located at five foot intervals. Five 
smear cameras, set at fifteen foot intervals, provided coverage of the 
final, aerodynamic discard of sabot components,  Downrange motion of the 
projectile was measured in the BRL Transonic Range, 

To permit quantitative reduction of the X-ray data, ап in-sttu 
calibration procedure was employed, The technique was straightforward; 
consisting of stringing a calibrated steel wire along the line of fire, 
taking X-ray photographs of the wire just prior to the shot, removing 
the wire, and firing the test. In this manner, a double expusure is 
obtained at each X-ray station, Figure 3. Оп this X-ray photograph, 
the wire, with a known spatial location, and the projectile, whose properties 
we wish to measure, are clearly visible. The reduction of the data on 
the X-ray is direct for objects located near the calibration wire, e.g., 
the projectile. Тһе determination of the location and orientation of 
objects distant from the wire requires correction for parallax. 

1 пт. Experimental Results 

The measured yawing motion of the projectile gives the clearest 

| indication of the magnitude of aerodynamic interference. А plot of the 
projectile angles of attack and side slip for five typical firings is 
presented in Figure 4, Each data point is a separate measurement 


obtained at an orthogonal X-ray station. These stations are located 
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at approximately five foot intervals with the first station located 

two feet forward of the gun muzzle, Thus, this figure depicts the 
variation in projectile attitude as it travels the first 27 feet down- 
range. The period of yaw (interval between successive minima) for 

this projectile is 130 feet. ТЕ it were assumed that the muzzle 
represented the initial minimum yaw point and that the round was in free 
flight, its yaw should increase monotonically to a maximum at 65 feet 
from the muzzle and then decay to a second minimum at 130 feet, For 
three of the rounds in Figure 4, this type of yaw motion may be occurring; 
however, two of the rounds clearly do not exhibit this monotonically 
increasing behavior. 

Rounds 4 and 5 are launched with an angular motion in a given 
direction which reaches a maximum level at twenty feet from the muzzle. 
This location is well short of the free flight half period of 65 feet. 

To confirm the validity of this yawing motion, the X-ray data may be 
compared with the Transonic Range data, Figure 5. The range measurements 
cover 680 feet of the projectile trajectory commencing 130 feet from 

the muzzle, The projectile angular motion, recorded at orthogonal spark 
shadowgraph station, is fit to the equation of a damped epicycle using 

a least squares procedure, The comparison between the X-ray measurements 
and the range data extrapolated back to the muzzle is reasonable. The 
first plot of Figure 5 is the comparison for a well behaved launch, 

Round 3, The X-ray data shows similar trends to the Transonic Range 
data. The second plot is the comparison for Round 5. While the initial 


motion would not correspond to the extrapolation, the motion measured in 
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the final X-ray stations does agree with range data. This corroborates 
what might otherwise be interpreted as anomalous behavior in the X-ray 
measurements. 

When the location of the various sabot components with respect to 
the projectile is examined, the projectile angular motion may be 
correlated with discard asymmetry, Figure 6. This is a set of vertical 
X-ray plates taken for Round 5. Тһе view is that of an observer situated 
above the flight path and watching the projectile fly downrange beneath 
him. The X-ray photographs reveal an obvious asymmetry in the geometry 
of the sabot petals at the final two stations. The petal on the left 
is closer to the projectile than is the right hand petal. Тһе shock 
wave from the nearer petal impinges on the fins generating an overpressure 
and crossflow which would push the fins to the right and the nose to 
the left (the direction of increasing sideslip). This type aerodynamic 
interference loading and response is in agreement with the measured 


projectile motion, Figure 4. 


The angular acceleration induced by the aerodynamic interference 
is substantial, and the resulting angular velocity imparted to the 
projectile is equivalent in magnitude to the rates observed immediately 
following separation from the muzzle. For Rounds 4 and 5, aerodynamic 
interference produced loadings in opposition to the direction of launch 
angular velocity. This could decrease the level of free flight yaw; 
however, if the interference loads were in the same sense as the launch 


angular rate, yaw amplification would occur. Round 3 seems to show 


a growth in angular velocity during the discard process, Figure 4, 
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Such amplification is undesirable. To control trajectory deviation 
and dispersion, the designer wishes to reduce aerodynamic jump which is 
directly proportional to the initial free flight angular velocity. These 
results indicate an additional area of concern. To decrease the adverse 
impact of aerodynamic interference, it is necessary to either control 
discard asymmetry ог increase the rate of sabot separation. Since the 
source of the asymmetry is not immediately obvious, the latter course 
of action may be more advisable. 

IV. Analysis 

To determine if the measured angular accelerations could be 
generated by aerodynamic loading, a simple analysis similar to that of Glauz^ 
is performed. For Round 5, it is observed in Figure 6 that the nearest 
sabot component is at an angle of approximately 409 with respect to the 
projectile axis, Assuming the sabot component to be a two-dimensional 
body and reducing the angle to 38? (to give an attached shock at M = 3.91), 
the flow behind the oblique shock generated by this component may be 
computed. ТЕ the shock impinges оп the projectile fin surfaces, the 
reflected pressure level may be computed. For this type interference, 
the projectile would experience an angular acceleration of 0.15 deg/ft?, 
The measured angular acceleration for Round 5 is 0.022 deg/ ft^; thus, the 
observed motion is in agreement with that which might be generated by 
aerodynamic interference. 

V. Summary and Conclusions 
An experimental program is presented which defines the sabot discard 


process of a 60mm, fin-stabilized prcjectile. Тһе data indicate that 
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Strong aerodynamic interference occurs between the discarding sabot 
components and the projectile. A simple analysis of the magnitude of 
potential aerodynamic loadings shows that the observed motion of the 
projectile is well within the upper bound of theory. Since the 
aerodynamic interaction can adversely affect the trajectory апа 


dispersion of the round, it is advisable to provide for rapid sabot 


discard thereby decreasing the duration of interference loadings, 
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ABSTRACT 


A state space method of optimal design of dynamic systems subjected to 

transient loads is developed and applied. In contrast to the usual nonlinear 
programming approach of discretizing the time interval and constructing a 
high dimension nonlinear programming problem, a state space approach is 
employed which develops the sensitivity analysis and optimization algorithm 
in continuous state space, resorting to discretization only for efficient 
numerical integration of differential equations. Comparison of the state 
space method with the nonlinear programming method is carried out for a 
nonlinear test problem, in which the state space method requires only one- 
tenth the computing time reported for the nonlinear programming approach. 
The method is further illustrated through solution of a five degree of free- 
dom vehicle dynamic response problem, involving multiple input and multiple 
constraints. Application of the method to weapon dynamics with intermittent 
motion and to gun tube stiffening арегай гайтай for precision are presented 


in other paperc of these proceedings. 
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1. INTRODUCTION 


With the advent of affordable electro-optical devices, digital computers, 
and precision.controls; there is potential on the horizon for extremely pre- 
cise gun weapons. Such systems are typified by high recoil momentum, inter- 
mediate rate of fire, and by long slender tubes. Rational design techniques 
for recoil control, automatic mechanisms, and interaction of the various 
mounting and isolation subsystems are needed if one is to achieve the full 
potential for precision. The very sensitive nature of dynamic response of 
such systems precludes separate design of the recoil mechanism, mount, and 
the tube. It is imperative that parametric design techniques be employed, 
which can account for subsystem interaction and overall system precision, 
as a function of excitations that are characteristic of each of the sub- 
systems. A practical parametric desigi technique, theréfore, must include 
sensitivity analysis of the mathematical model of each interacting subsystem. 

The existing literature on dynamic effects on precision is reviewed in 
(11 and other papers of this proceedings, so it will not be repeated here. 
It suffices to note that analysis capability today is considerably ahead of 
state-of-art design methodology, the subject to which this paper and [2,3] 
are addressed. Prior to entering into a technical discussion of the state 
space dynamic synthesis problem, an important class of weapon design prob- 
lems involving intermittent motion should be noted.  Looseness in supports, 
the basic intermittent nature of weapon mechanisms, and moving supports 
render the weapon dynamics problem highly nonlinear [1,4,5]. An extension 


of the state space method for synthesis of systems with intermittent motion 


is presented in |61. 
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The field of mechanical syste:: optimization for dynamic response was 
advanced significantly in the late 1960's, through application of linear 
and nonlinear programming methods. А comprehensive summary of this work 
may be found in the monograph by Sevin and Pilkey [7] and the paper by 
Karnopp [8]. More recent applications of these programming techniques may 
be found in [9,10]. Optimal control approaches are suggested in [8] and [11], 
but no numerical methods are developed or applications presented. 

It is important to note that all the nonlinear programming methods 
presented in [7,9,10] involve placing a finite grid on the time interval and 
defining the response variables on the time grid as variables of the non- 
linear programming problem. The result is a problem of very high dimension. 
It is universally observed [7,9,10] that the resulting problem requires 
copious amounts of computer time and limits the size of engineering problems 
that can be treated. 

State space methods of optimization in the controls literature have 
been developed to a high degree and applied to numerous problems of optimal 
control, e.g. Bryson [12,13]. These techniques have not, however, been fully 
exploited for mechanical design optimization. Applications to structures 
and to some elementary dynamics problems have been treated by the writers [14]. 
This paper employs these methods and the related gradient methods of Miele [15] 
for efficient solution of transient dynamic response design problems. 

In both the state space approach presented herein and the nonlinear pro- 
gramming approach of [7,9,10], one must employ a discretization of the problem 


for digital computation. The fundamental difference between the nonlinear 
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programming and state space methods is the point in the algorithm at which 
discretization is employed. Іп the state space method, one develops an 
optimization algorithm that operates in the design parameter space and only 
discretizes to carry out numerical integration of the differential equations 
of motion and certain adjoint differential equations. The trade-vff is, р 
thus, high dimensionality in the discretized nonlinear programming problem 
versus numerical integration of differential equations in the state variable 
formulation. Following the development of the state space algorithm, example 
problems are solved and compared with results obtained with the nonlinear 


programming method. 


II. А DYNAMIC OPTIMAL DESIGN PROBLEM 


To be more specific, dynamic systems considered here consist of a col- 
lection of rigid bodies that are connected by combinations of springs and 
dampers. The system is described by a vector of design parameters 


Ь = NE where the b, include spring stiffness, damping coefficient, 


i 
element mass, or physical dimensions of the system. Тһе design problem has 
as its objective the choice of this design parameter vector so that the 
mechanical system satisfies performance constraints, under given excitation, 
and is optimum in some sense. 

In order to impose dynamic performance constraints, a state variable 
vector (generalized displacement and velocity coordinates) | 

22 Т 
z(t) = [z4 (€)... 2 (Е) ] is required to describe the system dynamics. The 


differential equations of motion are written in the form 
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P(b)z = F(t,z,b) , 0 


їл 
rt 

lA 
а 


(1) 


2(0) + 2 
where 2 denotes the time derivative of the state variable, P(b) is an 
п х n matrix whose elements depend on the design parameters, F(t,z,b) is an 
n x 1 matrix of forcing functions and support reactions, and 2) is a vector 
of given initial conditions. It should be noted that these equations are 
in general nonlinear. 

The specific class of problems treated here concerns minimization of 
extreme dynamic response, subject to performance constraints that must hold 
over the entire time interval of concern, [0,7]. Тһе cost function $o that 
is to be minimized is written as 

7 = max Е (t. 2 (t), b) : (2) 
:610,1) 
Cost functions of this form arise in precision instruments and weapon 
system design. Іп case fg does not depend on t or z(t), the max-value 
operation is not required and a much simpler problem results. 
Just as the cost function may be taken as the extreme value of a mea- 
( 
sure of dynamic response, constraints пау be written in a similar form. 
Such extreme value performance constraints may be written in the form 


9, = тах Е (t,2(t) ,Ь) - 0 


го, ЕЮ. (3) 
се [От] 


1 
Constraints of this form arise as excursion limits on the motion of mechani- 
cal components and as stress limits in structural members. In addition to 
these dynamic performance constraints, explicit bounds must generally be 


placed on allowable values of the design parameters. That is, 
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тт ен | 
# 3 


5 i-1,...,m , 


(4) 


where b and b? are lower and upper limits on the design parameters. 


It may be noted that pointwise constraints $(t,z,(t),b) - 0« 0, 


for all 0 « t « t, may be rewritten in the form of Eq. (3). That is, 
max $(t,z(t),b) - 0 < 0. 
te[0,1] 


in Eqs. 


In addition to the extreme value functionals 


(2) and (3), functionals of the form 


T 
у = | h(t,z,b)dt (5) 
0 


often arise. Such cost and constraint functionals may be used to represent 


a cumulative measure of performance over the time interval [0,1], and are 


readily incorporated into the state space formulation of the design problem. 


III. REVIEW OF THE NONLINEAR PROGRAMMING METHOD 


Discretization of the problem of Section II can be carried out by 


fixing a time grid on the interval [0,1], 0 = to < ta 56 = т. One then 
defines Е. ш z(ti), і = 0, 


...;8 and uses some form of finite difference 


technique to approximate the dynamic Eqs. (1), e.g. 


1 1 1-1 1 
Р(Ь) [n (27-2 )s F(t,,z ЗЭ” i= 58.3 (5) 
1 
where 2) 15 given by the initial conditions and hy = ta - tip 
One may now define a parameter d by the inequalities 
i 
£o (t2 b)-d«0, i = 0,1,...,5 , (7) 
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and replace the cost function of Eq. (2) by 
= 8 
$ = | (8) 


Finally, one may replace the constraints of Eq. (3) in the discretized 


formulation b y 
f (t 5 2 b) - 0 « 0 А (9) 
j i j = 


In addition, one has the design parameter constraints of Eq. (4). 

One may now solve the nonlinear programming problem of minimizing the 
cost function of Eq. (8), subject to the constraints of Eqs. (6), (7), (9), 
and (4). However, with the dimension of 2 being n, there are п5 + m + 1 
variables and (n + К + 1)5 + К + 2m + 1 constraints. Even for a single 
degree of freedom vibration isolator with n = 2, m = 2, К = 2, and only 
s = 50, there are 103 variables and 257 constraints. For more realistic 
mechanical systems with transíent response, there will be an order of mag- 
nitude more variables and constraints. As noted in [7,9,10] problems of 
such dimension require excessive amounts of computer time. Аз a result, the 
examples solved in[7,9,10] involve only one or two degrees of freedom and 
require in excess of one minute of computer time on third generation 


computers (IBM 360-65, CDC 6400, and Univac 1108). 


IV. А STATE SPACE OPTIMIZATION METHOD 


The formulation of the dynamic optimization problem of Section II is 


troublesome, from an analytical point of view, because of the difficulty in 
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treating the max-value functions of Eqs. (2) and (3). Іп this section, the 
problem is reformulated so that integrals replace the max-value functions. 
А state space sensitivity analysis method and ап optimization algorithm d 
then presented. 


First, following the idea of Eq. (7), one defines an upper bound, 


bal! on fg according to the inequality. 
Е (ts 2 (t) ,b) - [NI «0 , O<t<t. (10) 
The cost function that is to be minimized can, thus be taken as 


ы. (11) 


Next, note that for a continuous function n(t), опе may replace the inequality 


n(t) «0, О < t < т, by the "equivalent" integral constraint 


T 
| «ТОРЫ 44-0, (12) 
0 
where 
n(t) , n(t) > 0 
(n(t)) = | (13) 
0 , n(t) < 0 


ТЕ is important to note that, even through d/dt (n(t)) is discontinuous at 
points where the graph of n(t) intersects and absissa, d/dt(n(c))^ 
- 2(n(t)) dn(t)/dt is continuous there if dn/dt is continuous. 


One may now replace the inequality constraints of Eqs. (3) and (10) by 


t 
27 Е | (врба) = ba dt = 0 (14) 


me eae 
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and 
f 2 
ф - | (£ zb) - 8, ) dt=0 , i= 1,...,k . (15) 
i 0 1. 1 


Thus, the dynamic optimal design problem is reduced to the "equivalent" 
problem of minimizing the cost function of Eq. (11), subject to the con- 
straints of Eqs. (4), (14), and (15). This form of the problem йау 
now be treated by known optimization methods [13,14,15]. 

Before presenting the algorithm, another method of reducing the max-value 
functions to integral form may be noted. Presuming Ég 2; b) is continuous 


and greater than zero, which can be achieved by adding a fixed constant, then 


it is known [10,11,12] that 


1/р 
т 
тах Е (Е, 2(Е) ,Ь) = lim В [£5 (с,2,5317 " : (16) 
te[0,T] pe 0 


This fact suggests replacing the constraints of Eq. (3) by 


нін 


т 
| [£,(t,z,b)]P at - 0240 , і = 1,...,k (17) 
and the cost function of Eq. (2) by 
_ т 
Jag? =| (E (52b))P dae (18) 
One could then minimize J subject to constraints of Eqs. (1), (4), and 


(17) and then increase p and re-solve, until a limiting approximation is 


reached. This method has been justified on theoretical grounds in [11] апа 
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: applied in [16] and іп references cited in [7]. А comparative study [19] 
| of this approach and the "equivalent" formulation above showed that: 
| (а) the constraint formulation of Eq. (17) is inaccurate, for practical 
values of p, (b) use of the equivalent constraints of Eq. (15) and the cost 
i functions of Eqs. (11) and (18) yields equivalent results, and (c) convergence 
{ properties and computer time required favor the "equivalent" formulation. 

The key to solving any integral form of the design problem is to calcu- 
late derivatives of the constraint integrals with respect to the design vari- 
ables, using the state equation (1) to eliminate the dependence on z. То do 


this, one may introduce an adjoint variable A(t) through the identity 


NE M AERE Ааа чето en ео чбек ыл С ~ 


т T 2 
| à [Pz – F(t,z,b)]dt 50 . (19) 
0 


Perturbing b by an amount ôb results in а change 62 іп z. If ôb is small, 


3 опе can expand the left side of Eq. (19), to first order, as 


~, 


т 4 е 
тр 39) 1 лав Е 
| А G oz 62 + Эр 5b ЭЪ ») 4: 50 , (20) 


where 


Integrating the first term in Eq. (20) by parts, noting that because of the 


initial condition of Eq. (1) $z(0) = 0 and requiring that А(т) = 0, one has 


the identity 
T 
т Т T 5 
МА д ^ 
-| [LUE s) ace -330 2) ТЕ) вар. ом. 
92 0 ðb 


9b 


227 


One may now write first-order approximations for Eqs. (14) and (15), аз 


EXE | (С ~ Blot 


у af 
+2 (fy а О-ва | ас- 0 (22) 


and 


(а 85, ) 
+2 (8-8) зс d Sb 86-0, i-1,...,k (23) 


Тһе identity of Eq. (21) пау now be employed to eliminate explicit дереп- 


dence of Eq. (22) and (23) оп 62. Requiring the adjoint variables 


i, 1=0,1,...,К, to satisfy 


Т 
Т dE 
T:0 ок ‚0. ) = 
ЈЕ ЛЕТА Би 2, 
(24) 
Т 
Т of 
Tii ЗЕ d. _ ) 1 9 
РА tA Е, 9, zn i-1, ‚К 
and 
i 
T(t) #0 , 1, 2::0514:444Ю 4 
one may use Eq. (21) to reduce Eqs. (22) and (23) to the form 
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Т т 
0 ( Ж 
Wte »- | % bal dt b 0 
and (25) 
Т 
1 


where 


afi 
T -T T 
о_ ЫГ т о ә! о 
5 -Í |» (6 - Қ). m t» ap ` | dt 


and (26) 


T : 
= „је. - в un EOM ОЕ о eds dk 
0 1. 9b 


The terms % апа ^ in Eq. (25) are zero if the constraints are satisfied. 
If not, they play the role of errors that must be satisfied by the change 
ób in b. 


Completing the perturbation calculation, one has from Eqs. (4) and (11) 


е 
ЁЛ 

їл 
с 


b, + ob, 55, (27) 
and 


61 = бн. . (28) 


One may now define b= ТЕ gH and determine $ to minimize 60 
of Eq. (28), subject to constraints of Eqs. (25) and (27) and a stepsize 


limitation. То write all equations in terms of the augmented design para- 


meter b, one defines # = [2* ,- | (fo - baw dt] and & = (£^ ,0)] 
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The optimization method employed is the gradient projection technique 
of [14,20] which is patterned after methods developed by Bryson [12,13]. First, 
one notes that if (е, - ө) = 0 everywhere in [0,1], then а = 0. Thus, 
only constraints ^ > 0 need to be included in the iterative calculation. 
The reduced vector p= [Y], V. > 0, is employed. Defining d = rib), UA » 0, 


the constraints of Eq. (25) become 

T 
Ф+Л 6=0 . (29) 
The gradient projection algorithm of [14] may now be stated as: 


Step 1. Select an estimated design 59) (1 denotes the iteration number). 


Solve Eq. (1) for the associated state 209 (е). 


Step 2. Evaluate constraints of Eq. (15) and form the index set 


А= (1 >0: 4, 20). 


i 


Step 3. For each 1 Е A, integrate the initial value problems of Eq. (24) 


from т to 0. 


Step 4. For each 1 Е А compute gt from Eq. (26) and form the matrix 
АГ 


-11 
эү јин 
Step 5. Choose the desired reduction AJ in J, (normally AJ = -0.03J to 
-0.10J at the first iteration) and compute 


T 


Yy* 9 E [Eq TAY А а , 


where e = (01:2:20:311”, The parameter Yo is normally held constant 
for iterations beyond j = 0, but may be adjusted to accelerate 


convergence. 
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Step 6. Compute и = – (AM): [2790 - Ме] 


Step 7. Compute Sb = - == 6b 


0 


l 2 


+ 657, where 


6 = [I- АТА d A le 


sb? = МАЛУ ф 


апа рис 59-9 т 59) + ôb. 


Step 8, If all constraints are satisfied and TEST is sufficiently small, 


terminate. Otherwise, return to Step 1 with the new design estimate 
БО. 


This computational algorithm has been used to solve а wide range of 


optimal trajectory, control, and design problems. A comprehensive treatment 


of the version of the steepest descent algorithm given above may be found [14]. 
While there is some computational art involved in application of this algorithm, 
no real difficulty has been encountered in obtaining convergence. Further, 
efficient numerical integration methods can be used to solve the equations 
numerically. Based on experience in control theory, such methods are expected 
to be far more efficient than previously used discrete time approximations of 
[7,9,10]. 
The test problems solved herein are presented for the purpose of illustra- 

tion and algorithm evaluation only. For more realistic and weapon oriented 
applications, the reader is referred to [8,9,12,14,19]. The computational 


efficiency of the algorithm illustrated herein and in [8] illustrates that it 


is capable of treating problems of the complexity encountered in weapon design. 
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V. EXAMPLE I, А NONLINEAR ТМРАСТ ABSORBER 


In order to evaluate the effectiveness of the state space method 
presented herein, a single degree of freedom impact absorber problem is 
first solved and results compared with a solution obtained by the nonlinear 
programming method [10]. The nonlinear single degree of freedom system of 
Fig. 1 has a fixed mass M and two design parameters bi and b, that repre- 
sent spring and damper coefficients, respectively. The exponents n and m 
are held fixed for each design. 


The system impacts a fixed wall at time t = 0, so the equations of 


motion are 
.. ет е п 
Mx + b,|x| sgn(x) + |х| sgn(x) = 0 


х(0) = 0, х(0) = v : 


- 


where sgn(a) 50/| | if a #0 and 0 if a = 0. Defining 2) = x and z, = х, 


one may write the equations of motion in the form of Eq. (1) аз 


1 0 24 5 Zo 
+ m n 
0 M| 12, = ГАРА sgn(z,) - bilzl sgn(z,) 
г. (0) И 0 
z, (0) у 


It is desired to minimize the maximum acceleration, so an artificial 


design parameter b, is defined by 


3 
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Figure 1. Nonlinear Impact Absorber 


.- 


1 m n 
= = < < < 
М ь 2. | sgn(z,) * bi [zi] sgn(z,) b, < 0, 0<с<т 
and the cost function is 
J= b. 
Because it is clear that acceleration will be high at impact, t = 0, an 


additional constraint is imposed as 


(бум) - 9450, 


where the initial conditions have been employed. Finally, a constraint 


on extreme displacement is imposed, as 


[24 (©) | Е 


< «t«t. 
21 рах © 9, ША Ы 


Тһе problem is in the form treated іп Section IV. It may be solved by 
direct application of the iterative algorithm of Section IV. Та order to 
compare results with [10], numerical data are taken ав M = 1, v = 1, 

2) пах о 1, апат = 12 sec. А time grid with 0.15 seconds between points 
was used to solve the above problem for п = 2 and m = 1,2,3, and 4. А 57 
reduction in cost function was requested and a constraint error limit of 

0.2% was used as stopping criteria. 

Numerical results nre presented in Table l. These results agree with 
those presented in [10]and were obtained in 6.6 sec, or 10% of the CPU 
time reported in [10]. Further, calculations presented herein were carried 
out on an IBM 360-65, which is slower than the CDC 6400 used in [10]. Con- 
vergence was obtained in six to ten iterations, in all cases. The regular- 


ity of the iterative process is Lllus.rated by the plot of bis b,, and b 


2 3 


versus iter^tion number in Fig. 2. 
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Figure 2. Design Variable Histories 


VI. EXAMPLE II, А VEHICLE DYNAMIC RESPONSE TEST PROBLEM 


Тһе idealized, two degree of freedom model of a vehicle shown in 
Fig. 3 is used here to illustrate the method. Design parameters for this 


simple system include spring constants ki and k, and damping coefficlents 


2 
2 T : 
Cy and с» SO b= к, kos 2D cjl . Vehicle dynamic state variables are 


the vertical displacement and velocity of the center of gravity, г. (е) апа 
357 


= : 3 E T 
and 2, £5 the state variable is z - гү» 2)» Z4 2,1 . The equations of 


г (Бу and the pitch angle and roll rate z(t) and г. (Е). Defining 2 


mation may be written in first-order form as 


z(t) = Q(b)z(t) + F(t) , (30) 


T 
where F(t) = 10, 0, F,(t), F,(t)]" = р o, SE, ме | 


0 0 
Q(b) = =k] ~k, к 7 1, 761799 С ~ cob, 4 
m m m m 
к-к -k.L, - k,L? cL L L -cL 
1 5295 17127722 111-7929» 7294477595 
I 1 І 1 


Here, m is the vehicle mass and I is its moment of inertia about the mass 


center. The cost function in this example is taken as 


тай max |2 (| +A, max |2, (|, 
1 te[0,T] 4 2 се[0,7] : 


where 3, апа ro are nonnegative weighted parameters and z, (Е) is sub- 


stituted from Eq. (30). 
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Figure 3. 
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Extreme value constraints аге placed on excursions 24 апа Zo» 


velocities z, and ZU and accelerations 2 апа 2 іп the form 


3 3 4? 


ф = max |2,(60| -0,<0, i = 1,2,3,4 
1 ке[0,7] i * 
$5 = пах ОЈ - 6. < 0 
се |0,Т) 
$g = пах |2, (е) | - % < 0 


te[0,T] 


where the ZEE are bounds on acceptable performance and ЛО апа 2, (Е) 
are evaluated fios Eq. (30). Finally, physical design constraints limit 
the range of admissible stiffness AEN as in Eq. (4). 

For purposes of computing example solutions, a forcéd motion vehicle 
optimization problem is solved. А forcing function simulating firing of 
a high impulse weapon from a light vehicle was chosen as 319) = 0 and 
F, (t) as shown in Fig. 4. Homogeneous initial conditions are specified. 
Other numerical data for the model were selected as: Li = 6l in., L, 7 59 in., 
W= 4,500 1Ъ, and 1 = 40,200 15:481:466, Тһе weighting parameters in the 
cost function were chosen as 3, = 3, = 1. 

Table 2 shows pertinent data and results for the equivalent formula- 
tions and the p-norm approximation of the cost function of Eq. (18). Both 
formulations converged to the same optimal solution. However, there was 
significant difference in the computing times. Average computing time was 
21.4 seconds for the p-norm formulation and 9.2 seconds for the equivalent 
formulation. Thus, for a system with a large number of degrees of freedom, 


the equivalent formulation is formed. 
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VII. EXAMPLE III, OPTIMAL DESIGN OF А ҮЕНЇСЬЕ SUSPENSZON 


k A larger scale vehicle suspension design problem with five degrees 


of freedom, 6 design parameters, and a number of extreme value con- 
straints is now solved. Figure5 shows the model, which was used in [21] 
to minimize the maximum steady state response, over a given range of excita- 
tion frequency. The purpose of this section is to design the vehicle 
suspension system to minimize the extreme acceleration of the driver's 
seat, for different combinations of vehicle speeds and road conditions, 
while satisfying constraints on dynamic response and design parameters. 
Spring constants and damping coefficients are chosen as the design parameters. 
Referring to Fig. 5, m represents the mass of the seat and driver, 
which is supported by a spring ky and damper Cy that are attached to the 
| main body of the vehicle. Тһе mass of the main body of the vehicle is m» 
| апа m, and mg are the masses of wheels and axles. The main body of the 
|. vehicle is supported by springs ky and к, апа dampers с, апа сз, which are 
к. attached to the axles and wheels. Тһе parameters к, апа ks represent the 
р stiffness coefficients of the tires and с, апа 2 represent the damping 
coefficient of the tires. The moment of inertia of the main body about its 


| mass center is denoted as I and 1, is the total length of the vehicle. Тһе 


displacement functions Е (6) апа Е (t) represent undulations of the road 


surface as the vehicle is traveling. The state equations that govern the 


motion of the vehicle are derived by an energy technique [19] and are 


z(t) = Q(b)z(t) + F(t) , 
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Five Degree of Freedom Vehicle 


] Тһе 


where z(t) = (а ар апа 06) =[0 


11710510” 
non-zero elements of Q(b) and F(t) are: 9,6 = 1; 9% 7 - 1; 93,8 = l; 
21% 107 15 0,17 "Кулу % 7 Круп; 0, „ = Le / 42. ); 
06,6 77917545 9,7 = e; m; 96 а = Ley (2m; 0, ү = Куа); 


= -0 + k, + kj) /т,5 9 3 ш (к + ак, - 8k4) / (12ш, + 97,4 = к/а; 


9,5: Kami 97,6 = ef Q5 7 = (сү, + cy + са); 


97 g = (еу + 46, - 8с))/ 02»); 0) g = з/т); 0, үр = з/т; 

Ово = 10/021); 0д,у = -Lik + 4k, - 8k)/Q2D; 

% 3 = ч.к, + 16К, + бак.) / (1441); Qs 4 - Lk,/ (31); 06 5 = 21. / (31); 
Qs 6 = Lc,/ (121); 98,7 = -(с| + ёс, - 8c,)L/ (121); 

dg. = (6) + 160, + бас JL (1440): % = Le5/ GD5 % 10 = "12,30; 


% 2 = Купу % 4 = Le / Gn; Qg , = (ky + Къв Qg у = с/т; 
Qg g = Le5/ Gm); % = -(с„ + ems Qo ә = з/т; 


960,3 = -2Lk,/On.)i Qj = -(k, + Е) тоз 00,7 = с/шт; 


910,8 -21с,/ (3и); 910,10 7 (ез + ста; Fy = КЕ (Е) + сЁ (t)]/m 3 


Во” [kg E, (е) + с.і, (t)i/m,. 
Since this is a transient dynamic response problem, the input road 

conditions are quite important. The dynamic response depends strongly on 

the displacement history of the wheels on the road surface. Referring to 

Fig. 6, road conditions are defined as a sinusoidal undulation, with constant 


amplitude хо and variable half-wavelengths 2 The tire displacement is 


17 


defined аз 
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^ ых 


| 1-1 ! 
Xo | - cos өэ у“ l <у< yl , 1 ода 
1 
у(у) = 1-1 
"(y - y ) 1-1 А 
x, |1 + cos D 5 у 337. 1 еуеп, 
1 
1 і 
where у is a coordinate measured along the road, and y = 2 “р 
jel 


If the speed of the vehicle is a constant S, the elapsed time between 
front and rear tire encounter of the same point on the road surface is 


Е № L/S. Since $ is the speed of the vehicle, у = St, and 


i-1 i 


1A 
с 
л 
с? 


1- cos w(t - в | ; t : i odd 


Хо 
v(t) = 


LA 
LA 


х Е + cos o, (t - zu] : ct t tÍ А 1 еуеп, 


чһеге ш, = 15/4, and = 3/6, Тһе vertical displacement history for 


the road surface at the front wheel can, therefore, be defined as 


v(t) , O<t<T, 
Е. (Е) = 
о , otherwise , 


where Ті is the time at which the road undulation ceases. Тһе vertical 


displacement of the road surface at the rear wheel has the same value as 


| the front wheel, but with a time Тар to" That is 


£, (t) = Е (Е - to) 4 t St<T +t 


ыы P ee 


define the optimization problem. Тһе design problem is to minimize the 
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With these displacement functions and equations of motion, one may now 


p 


maximum passenger acceleration, such that certain relative displacements 


do not exceed established limits. The cost function is thus chosen as 


where а is the number of road condítions treated and z (tsb) is the 


acceleration of the passenger seat for the i-th road condition. One may 


define 


with the additional constraints 


` 


$i = пах PACOI - b7 <0 , i = Тезу 24 
te[0,1] 


The performance constraints are 


% = max СЕ 0, «0 , 1=а+1,...,2а (31) 
ке (0,7) 
where 9, is a fixed maximum allowable acceleration. Тһе motion of 
the vehicle must be constrainted so that the relative displacements between 
the main body and the driver's seat, the front wheel, and the rear wheel; as 
well as the relative displacements between the road surface and the front 
and real wheels; arewithin given limits for each road condition considered. 


These constraint equations may be written as follows: 


Е i. | „Зеу ~ „Вн - 
$244 = пах [25 (tsb) + су 23 (tsb) z; (t3b) | 950, (32) 
te[0,1] 
i = 1,2,3,...;,d , 
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_ ТН к Ер РЕ ИЕ 
(ui^ max [2,(ЕЗЪ) - 25(tsb) 5 23 (35) - 0,30 , 
te[0, 1] 
і = 1,2,3...,0 (33) 
= і ћу > і . 2L i . = 
Фон. = max Iz: (tib) г (55Ъ) + 3 24059) | Ө, «0 , 
te[0, т] 
15€ 1,273... 50:3 (34) 
Veer, = так |а (ы - f| - 6 <0 , 
te [0, т] ` 
i = 1,2,3,...,0 , (35) 
ф = max 1: (:5) - се) | ~ 6, <0 
бо+і Se? 2 6 - : 


te[0, т] 


i-1,2,3,0 , (36) 


where ө, through 9% are the maximum allowable displacements. Equations (31) 
through (36) are (36) are transformed to the Еокт of Eq. (14).  Bounds must 


also be placed on the design parameters as follows: 


bi <b, <b 


U А 
459) > 1:5:2:2,3,:5548: 9 (37) 


чһеге Ъ = ЕЛ АЕ 

For ап example calculation, numerical data are mg = 290 ib, 
тор = 4,500 lb, m,g = п.р = 96.6 lb, 1 = 41,000 55 вав: 1, = 120 іп., 
к, = ks = 1,500 1Ь/іп., and с, = с; = 5 lb-sec/in., lower and upper bounds 
are for b are (50, 200, 200; 2, 5, 5]. and 


[500, 1000, 1000, 50, 80, 8017, respectively. Тһе units for Z1» 22, 
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5 are inches and for 23 are radians.  Bounds for the constraints 


in Eqs. (38) through (43) are Ө = [400, 2, 5, 5, 2, 211. Homogeneous 


za and z 


initial conditions are used in all calculations. 


Two different road profiles (a = 2) are imposed as shown in Fig. 7. 
Profile (1) is a combination of two sinusoidal curves with different 


half-wavelengths 4, = 360 in. and 2, = 144 in. and an amplitude x, = 5 in. 


1 2 0 

This profile represents а severe bump conditioü that may be encountered 

at moderate speed. Profile (2) is a continuous sinusoidal curve with a 
constant half-wavelength hy = % ш 2 - % = 480 in. aud an amplitude 

х = 2 in. This condition is typical of а high speed highway condition. 
For the design problem, two vehicle speeds associated with these two road 
conditions are considered. The second displacement function is determined 
by Profile (2) with a vehicle speed of 960 in./sec. This results in 


ty = 0.125 sec and o, = 21, i = 1,2,3,4. The first displacement function 


i 
is determined by Profile (1), with a vehicle speed of 450 in./sec. This 


= 1.257, and o 


results in to = 0.2667 sec, w = 3.125 . The cost func- 


1 2 
tion is chosen to ђе the maximum driver acceleration in the highway 
condition, of profile (2) only, 
“1 
Ј = max |2 (ез) | : (38) 
te[0, т] 
Constraints of Eqs. (32) through (36) are imposed for both road conditions. 
The requested cost function reduction was one percent in the first 

iteration and the initial design was as shown in Table 3. This resulted 
in ||5ЫҢ | = 0.8131 апа ||6Ъ2|| = 12.78. Тһе initial cost function 


value was 198.6. Maximum value of я was 332.6. Тһе constraint оп z 
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(b) Profile (2) 


Figure 7. Test Road Conditions 


248 


муулах ete reap AA aiii До тиреоидит дее. СТ 


was active and constraints of Eqs. (32) and (33) were violated for 
Profile (1). After 3 iterations, a constraint of Eq. (34) was violated 
for Profile (1). For all iterations after the seventh, Eqs. (36) were 


satisfied, and Eqs. (33) and (34) remained active. At the optimum design, 
2 


> 


after 44 iterations, | = 0.4147 x 10 ^, въ || = 0.9584. x 107 
and the optimum cost function was 103.5. The maximum value of zl was 


258.5. The design parameters bi; bo, and b4 reached their lower bounds. 


The average computing time was 35 seconds for each iteration. Numerical 


results are given in Table3. 
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VIII. CONCLUSIONS 


The state space method cf optimal design of dynamic systems compares 
favorably both theoretically and computationally, with direct nonlinear 
programming methods. in the shock isolator example of Section V, the 
state space method required only one-tenth of the computing time employed 
in a nonlinear programming formulation[10]. Аз the dimension of design 
problems increases, it is expected that the ratio of computing times will 
still further favor the state space approach. А larger scale, five degree 
of freedom vehicle dynamic optimization problem with multiple input con- 
ditions was also solved with the state space algorithm, with good results. 
This problem involved twelve max-value constraints, a max-value cost 
function, and six design variables. 

Numerical results for each of these problems indicate that the cost 
function reduces rapidly in the first few iterations. Although the rate 
of convergence slows when the cost function is within one to two percent 
of the optimum, this is not seen to be a practical hindrance of the method. 
Further, a more sophisticated optimization algorithm may yield fine 
convergence more rapidly. 

The steady performance of the state space method on the example prob- 
lems solved herein and the authors' experience with such methods in problems 
involving up to 41 degrees of freedom [ 2] lead them to conclude that the 
method can be effectively applied to practical dynamic system optimization 
problems. Improvements in the algorithm пау be made by (a) employing more 
efficient numerical integration techniques, such es stiff integration 


methods, (b) constructing a modular program to allow rapid problem set up 
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and solution, and (c) use of methods such as the augmented Lagrangian 
for constructing the descent aspect of the algorithm. 

Experience obtained with the algorithm on the problems presented 
herein, on larger scale problems [2,3], and on the Importane propici of 
dyanmics of systems with intermittent motion lead the writers to conclude 
that the state space method is practical for the type of design problems 
encountered in advanced weapon design. It is suggested that the advances 
in dynamic analysis of precision weapons presented in these proceedings 
can be employed, with the state space sensitivity analysis and optimiza- 
tion method, to practically carry out parametric design of systems such 
as the Anti-Armor Automatic Cannon.  Advancements needed include algorithm 
development for larger scale nonlinear systems that incorporate intermit- 
tent motion. Further, user oriented codes may be developed for classes of 
applications that will allow the designer to determine sensitivity of 
dynamic performance to design variables that аге at his control. This 
will aid him in deciding on needed design changes based on his experience, 
or in proceeding with automated iterative optimization. The writer recom- 
mends the former approach, to take advantage of design experience, prior 


to launching into a large scale effort in automated optimal design. 
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Final Design 


TABLE 1 


RESULTS FOR NONLINEAR IMPACT ABSORBER 


0.453 0.597 0.682 
0.531 0.597 0.682 


3 0.531 0.597 0.682 


6 6 6 


Ивъ | 0.57x10- 0.57x10 0.83х10” 


0.752 
0.752 
0.752 


0.51х1076 


TABLE 2 
DATA AND RESULTS FOR TWO DEGREE OF FREEDOM SYSTEM WITH DAMPING 
Lower Bounds оп В = (10, 10, 0.5, 0.5]! 


Upper Bounds on b = 1000, 1000, 50, 5017 


8. = [0.007, 0.005, 0.5, 0.5, 0.15, 0:577 


Optimal Values Optimal Values 
P-Norm Equivalent 
Formulation Formulation 


Starting 


Variable 
Values 
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ТАВЬЕ 3 


RESULTS FOR THE 5-DEGREE OF FREEDOM VEHICLE 


Starting Values Optimal Values 


50.00 


200.00 


200.0 


46.58 


78.44 


26.21 


103.50 
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I. Introduction 


Recent emphasis on precision in the development of automatic weapons 
systems with high impulse has led to the need for а well designed automatic 
mechanism with intermittent motion. While design craftsmanship has served 
well in the past in development of such automatic weapons, their design 
has not received the level of analytical support it deserves. Typical of 
this situation is the lack of literature on mechanisms with intermittent 
motion. Reference [1] presents a survey and explanation of the functioning 
of mechanisms occurring in clocks, process machinery, and' weapons. It is, 
however, not at all analytically oriented. A survey of the literature on 
dynamics of mechanisms quickly reveals that, while intermittent motion is 
acknowledged as an important mechanism problem, virtually no literature 
is devoted to this subject. 

The purpose of this paper is to present an analytical design formulation 
of a specific automatic weapon mechanism, characterize its motion with piece- 
wise smooth differential equations, and employ methods of optimal control 
[2] to obtain the sensitivity of its dynamic performance to design variation. 
A dynamic model is developed and the sensitivity of several measures of 
dynamic performance to design variation are calculated. A computer program 
to carry out the dynamic analysis and sensitivity calculation is described 
and numerical examples of design sensitivity analysis are solved. In addi- 
tion to a dynamic analysis the program generates sensitivity coefficients 
that tell the designer what the effect of design changes will be consistent 


with the performance constraints that he has imposed. 
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The logical analytical extension of this capability for automatic 
iterative optimization of weapon dynamics is then presented. Ап optimization 
algorithm is derived and numerical results presented, which determine optimum 


performance of a 75 mm automatic weapon. 


II. Description of the Mechanism and Definitions of Special Times 


The 75 mm mechanism shown in Fig. 1 consists of three main masses: 
the barrel assembly P the sleeve 5, and the зеаг SR. А camming action is 
used to move the sleeve over the telescoped cartridge so that one can safely 
ignite the charge during each cycle of system operation. The B-cam path is 
fixed in the barrel assembly B, while the R-cam path is fixed in the receiver 
В. 'The base of this receiver makes an angle а with the horizontal. The 
seleeve S is connected by a rigid bar РО to a pin at point P that is соп- 
strained to slide without friction along the cam paths. 

Two forces, bip and bii drive the barrel during its forward (counter 
recoil) and backward (recoil) motions, respectively. In order to slow the 
barrel assembly during extreme motion, a front buffer Di and a real buffer 
р, are added to the system.  Botli front and rear buffers are designed to 
produce constant retarding forces when the barrel is in contact with them. 

Special times Ч, ас which impact or some other irregularity of inter- 
mittent motion occur are introduced as an integral element of the dynamic 
model. Between these times, the motion of the system is quite regular. АС 
these times, however, discontinuities or changes in system configuration 
can occur. Special times will now be defined for two modes of weapon 


operation: 
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Firing from run-out. 


1. 


to = 0: At this instant, the barrel assembly В 
leaves the séar position 0 with velocity ъв: (Ғір. 1) 
ty: At this instant, the pin Р starts to move along 
the R-cam path, and the rigid bar PQ connecting P to 

$ starts to move the sleeve $ forward. (Fig. 2) 

t5: At this instant, P reaches the flat portion 
of the R-cam path and the bar PQ becomes parallel 
to the z-axis. The sleeve S then moves with the 
barrel assembly B at the same velocity, and the 
charge is therefore ready to fire. (Fig. 3) 

t4: At this instant, B contacts the front buffer 
V (Fig. 4) 

2, At this instant, the charge is ignited 
(impulse = bg). (Fig. 5) 

t, + At: At this instant, В and 5 start to move 
rearward. (0 « At << 1) 

ts! At this instant, contact between B and р, 
ceases. (Fig. 6) 

te: At this instant, S starts to move forward 

relative to B (i.e., the pin P reaches the 

curves portion of the R-cam path). (Fig. 3) 

tj: At this instant, P reaches the lower cusp | 


of the R-cam path, and the sleeve S comes to 


rest relative to К. (Fig. 2) 
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10. Е 


8: At this instant, B passes the sear position 0 
and starts to move rearward with the sear SR, both 
moving with the same velocity while compressing the 
rear buffer р, (Ғір. 1) 

11. tg: At this instant, B reaches zero velocity 
prior to its forward motion due to the driving 
force big: (Fig. 6) 

12. tio: At this instant, B returns to the sear 
position 0. This completes one cycle of system 
operation. (Fig. 1) 

B. Firing from in-battery position. 

1. to = 0: At this instant, B rests at x = bi and the 
charge is ignited. (Fig. 5) 


2. to + At: At this instant, B starts to move 


rearward. 


K 
ES 


3. ty: At this instant, contact between B and the 
| front buffer Di ceases. (Fig. 4) 
4, со: At this instant, S starts to move forward 
relative to B. (Fig. 3) 
5. t4: At this instant, S comes to rest on R. 
сэр (Fig. 2) 
| 6. ty? At this instant, B passes the sear position 


Q and starts to move rearward with the sear SR, 


both moving with the same velocity while com- 


pressing the rear buffer р,» (Fig. 1) 


7. сег At this instant, В and SR reach their rearmost 


position. (Fig. 6) 


8. tg: 


` 0 and SR comes to rest on В. (Fig. 1) 


At this instant, B passes the sear position. 


7: At this instant, Р starts to move along the 


R-cam path. (Fig. 2) 


9. t.t 


10. te: At this instant, P reaches the flat portion 
of the R-cam path. (Fig. 3) 


ll. Е: At this instant, В first contacts the front 


9 
buffer Di. (Fig. 4) 
12. tio: At this instant, B comes to rest on R, and 


one cycle of system operation is completed. (Fig. 5) 


111. Formulation of the Design Problem 


In this section, the design problem is formulated first for the specific 
75 mm automatic ТЕТИК under consideration. This problem is then embedded 
in a general formulation that will lead to a sensitivity analysis and opti- 
mization algorithm. 

А. Тһе 75 mm design problem. 

Let the design parameters 2 and the state variables 2 be defined as 


follows (see Fig. 1): 


c 
| 


firing distance measured from the sear position 0 


= 
и 


2 barrel assembly mass 


c 
Ш 


3 sleeve mass 


b, = seat mass 4 


b, = coustant front buffer contact force 

bo - constant rear buffer contact force 

b7 = distance between the sear position and the front buffer 
bg = initial velocity of the barrel 


b, = imposed impulse 


bio = driving force acting on the barrel during its 


forward motion 


bii - driving force acting on the barrel during its 


rearward motion 
Z4 = z~coordinate of the barrel 


го = velocity of the barrel (21) 


Optimal design problems for the two distinct modes of weapon system 


operation are formulated as follows: 


1. 


Firing from run-out. Minimize the objective function 


Js tg 7 tio (i.e., maximize Е. ~ t,, the time avail- 


10 8 
able to feed the charge), subject to the following 


constraints: 

а. equations of motion: 
dz/dt = f(z,b,t) , О<Е< tio? tft, 10 1,299595 
with initial conditions, 21 (0) = 0 апа Z, (0) = bg: 
The equations of motion are listed in Appendix A. 

b. definitions of the special times ti (see Fig. 1): 


2 (t) - 5, -0 , 


21 (t3) = $4 - S, - 5. = 0 , 


z, (t4) -b,=0 , 


z(t.) -b #0 , 


1 
(2?) 
! 
an 
! 
22) 
И 
© 


zlto) - 847 5, - 55 , 


21127) - 5, = 0, 


21 (tg) Es 0 , 
2, (Ед) = 0 , 
zi (t9) =0 


c. constraints on the design parameters: 


«0 and ъ-ъхо, 1:5:1:2:2:541156 


where 60 апа bl are the upper and lower bounds on b 


i 1 
! 

4. 412 Е tio - hy < 0. This constraint requires that 

the cycle time not exceed hy: 
е ШЕ Е ty - te t hy < 0. This constraint requires that 

the time during which the sleeve is in its functional 

position be not less than ho. 
Е. Фа F БООМ ~ №; < 0. This constrains the rearmost 


position of the barrel assembly. 


2. Firing from in-battery. Minimize the objective function 


ЈЕ t, - te (i.e., maximize the feeding time te 7 с), 


subject to the following constraints: 
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[c 


lọ 


equation of motion: 


dz. f(z,bt) , О<Е<Е 


dt 10? 17 


with initial conditions, г. (0) = by and 
г (At) = ь4/ (5, + ь • The equations of motion 
are listed in Appendix A. 


definitions of the special times 54: 


! 
с 


2109) - 5,70, 
210) - 5 - 5, - 5, = 0 , 


2, (14) - 5, =O , 


2 (t,) = 0 э 
2565.) = 0 , 
z (to) - 0 , 


г. (tj) - 5, #0, 


1 
(22) 
| 
mn 


214) - 53 - 54 - 55 


200610) = 0 


а 


constraints оп the design parameters: 


L 
< 0 and by - Ы, 


272 


ка doe d cos » 


іс. 
= 
[ 

rt 

! 

2 
^ 
e 


( 


z = < 0. 
13 74 tig hy < 0. This constrains the location | 


of the barrel assembly at t19* 


is usine lem n 
B. General Formulation. 
From Section A, one can see that the general mechanical design problem 
of intermittent motion can be restated as follows [3,4]: Determine the 
design parameter vector beR™, the state variable vector z(t)eR?, and the 


special times ti» tyres - to minimize the cost functional 


tn 


J= 8, 5,5,2) + | Е [t,z(t),b]dt А (1) 


T T : 
= (#(є,)›®(®„),...,›®(® )) + Subject to 


Nt 


where t - (t potresti) and 


the following conditions: 


l. State equations 


dz, 
"dt. Е: Е (t, z,b) , i 


Ш 
= 
~ 
~ 
- 
К 
е 
~ 
2 
~ 
о 
^ 
ст 
^ 
с? 
з 
~ 
rt 
+. 
et 
~ 
~ 
~ 
~ 


зэл жа ес мини ин 


2. Initial conditions 
2(0) - иб) 50 . (3) 
3. Equations defining the special times 


Q,(z(t,),b) = y uU -w()20, 14 = 1,2,...,п (4) 


where 1 < hs $n 


4. Functional constraints 


il 
о · 
е 
| 


Ренье" 
2 < (5) 
<0 , a= r'+1;...,r 
where 
t 
. tn | 
| Yy = 806,2) + | L [tz (t) sblae (6) | 
5, Pointwise constraints 
#0 , ОЗЕЗЕ, , В = 1,...,Ч' 
$g tu) (7) 
«0, О<Е< 2E 8-4 %1,...,4 
E 22 vs 1 


If there is а constraint of the form H(t,z,b) < 0, 0 < t < Е) 


it can be transformed tó the functional form of Eq. (5); 1.е., р 
t n | 
| {H[t,z,b] + |H[t,z,b]|}dt = 0 (8) | 
0 


IV. Sensitivity Analysis 


In order to solve the design problem, it is necessary to determine how 
changes in tlie design parameters effect the cost functional J, the constraint 
functionals vy and the constraint functions Фа Неге, ап initial sensitivity 


analysis is made, and the result is then applied to both firing from run-out 


and firing from in-battery. р 


| 
| 
| 


From Eqs. (1) and (6), it can be seen that J and $. have the same form. 
"ence, results obtained for the functional J can be immediately applied 
| го Vo 
The change in J that is associated with first-order changes in the 


variables b, ty and z(t) is given by 


95 n 9% n 0g 
25220, zuo. —2 
= %+ 1 gey 4204) + à $c. 55; 
ізо i =]. 1 
| па 
- = + — 
#4 [£ (t; 0) £C. + 0)16t, + £ (ta Обе, 
ізі 
tn af ЈА 
+ | 3z ба + ур Sb dt , (9) 
0 
де af af 
where Az(t,) is the total change in z at point EL and z 7 92070734, з 
etc. ТЕ z(t) is continuous, then it follows that at the times t» 


Да (с. - 0) = ба (с -0) + f(t, - 036, = бг (t; + 0) + f(t, + 0)6t, = Az (Е +0), 


(10) 
where óz(t) and бе, are independent first-order changes іп z(t) and tu 
| If 2(с) is discontinuous ас ta» with jump S(b), then 
Az(t, - 0) + 25 6b = az(t, + 0) (11) 
1 db i Ч 
Taking the first variation of the state Ед. (2) gives the following 
relationship among the independent changes óz(t) and ób: 
NET ва + 36 
Хү? 62 = oz óz 4 5b бъ, О << 5, 5 t # ty > (12) 


Thé initial conditions of Eq. (3) require that 
| az(0) - 2 = 0. (13) 
і 1 db 
Further, Eq. (4) requires that 
до 


1 Е i n 
ir p за. =0 . (14) 


ТЕ is desirable to express óJ solely in terms of ób. То reach this 


goal, the adjoint equation 


T 
Е po ee - (15) 
dt 92 92 
is introduced, where ACC) eR is an adjoint vector variable corresponding Е 


to the functional J. Integrating the equation 


T 
d „т,. [а T 4(62) 
ác О 62) = (в) аа ae | (16) 


from с, to Е, with 0 < i < n - 1, and using Eqs. (12) and (15), one 


obtains 


T т 
= z Xt 
A (Ер - 0)62(Е - 0) А t, + O)óz(t, + 0) 
t 
itl of 
+ о a T of Е 
E | - Зэ» = 2 dt . (17) 
Ч 


Summing terms from Еа. (17) over i = 0,1,2,...,n - 1 yields 


5, af n-i T : 
| = ба dt + (- AT (0+ )62(0+) + {; [А (t, - O)éz(t, - 0) 
0 2 1 1 1 


ta 
T T 5 T Of 
- А (t, + O)óz(t, + 0)] + А (t, - O)éz(t, - J - Ё (5% Е) ae : 


(18) 
Here, only the case in which z(t) is continuous іп (0,5) is treated. Тһе 
case in which z(t) is discontinuous at some points t, can be treated in a 
similar way using Eq. (11). This is done in the example. 


Substituting Eq. (10) into Eq. (18) gives 


t 
ra af п-1 т T 
22 bz dt = X (s) } Lo (tj - 0) - X (t, + 0)]Az (t) 


10 і=1 
+ (Xe, - E(t, - 0) : a(t, 0) ЕСЕ 8016: | ? X (t, - 0)az (t, - 0) 


t 


n 
T T of 
+ Л (t. 2 0) (6, - 0)6е. + | ( 3b 8) dt . (19) 


Substituting Eq. (19) into Eq. (9) leads to the following expression. 


98, 


98, net 98, Т Т | 
ава Ае у^ (0+) 142 (0) + à (С^ (t£, 70) +r хэн наг 


ЈА Ж n=l | 38, 
4 EIN) - X (t, 70) он“ зе, * foty - 0) - £ (tį + 0) 


ч 9g 
T Р _ Jib 220 " Ч 
О (БОЕ ЛО (s «ore, to lse, + к + £ (t, 0) $ 
с 
т DEL: 2t) ја 
+ А ЖОО бе, + | КЕЗ + 5b Я (20) 
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Substituting Eqs. (13) and (14) into Eq. (20), one obtains 


де де п-1 og + | до 

о о т ди о 1 

= = Daa —— Wed 2, (с. + === 

63 3b t ЕЗ FA оз ob p за (t) ка, C47 0 +, (t; +0) | > 
1-1 А 1 1 1 


38, 90. u j | 98, 
+ - Л. (t-0)| — > êb + -À (t, — 0) 
92, (Е) % 9b i=l gl д2 (tj) есі 
п 229 


п 385 
+ Х t4 + oan + à ЕЯ - Ao А - 1 42 (t) 


RFR 
ин" 


2 


Пе 38, T T с 
+ 7 orc £ (t, 7 0) -f ttOo * X (t, -0)£(t, - 0) -А (t, +0) Е(Е, 40) St, 


ta әғ 
о T ДЕ 
+ | [s +} ЭГ 4: . (21) 
0 
Thus far, the initial and intermediate conditions for the adjoint 


variables have not been specified. It is desirable to specify these con- 


ditions in such a way that Eq. (21) is independent of Az(t,) and ôt; i.e., 


п-1 n 88, 
à 2 az, (ty) - Ap(t, - 0) + А, (Е, + 0) де (t,) 


n 98, 
+ à ACA - LA - 0) Az, (tb) 
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ns 28, T T 
+ l [apt £,(t,= 0) Е (6,0) +А (t, -0£(t, = 0) -Х (t, +0) £(t, +0) |ót, 


ot 


28, T 2 
- Еак + е, -.0) + (t - 0)£(t, - 0) ЦЭ 20. (22) 


Since all Az(t,) and бе, іп Eq. (22) are independent, it is necessary that 
oo -0)-0 , Q=1,2,...,n , ХЭ (23) 


апа 


9g 


о | T Е 
T * Е (t, - 0) +A (е, - 0)£(t, - 0) = 0 (24) 


For each i= n - 1, п ~ 2,...,2,1, 


9g 
[e] 
Bz, (tj) - Х, (ts - 0) + ‚бс, + 0) =0 , &#1,2,....n, 2 $ ha (25) 


and 


9g 

_20 2 E T E < - T Е 

at, + folti 0) Е (tt 0 + А (t, DISC 0) À (t, +0) £(t, +0) =O . 
(26) 


Equations (23) through (26) are used to solve for the adjoint variable A(t). 


As a result of Eq. (22), Eq. (21) becomes 


98 98 
6300-2234 юэ Төө | Зи 


8b 9z (0) 3b 

n-l 9g aw 
+ P [e - Х, а. - 0) +а Ce, +0)| —® 

151 да, А) Ын 3. Re i ob 


f 
€ 


мей hae E? A Janis LEER рова ол а 


Pd 


Aes жш 


n 
dg до p 
M) n o T of 
+ 22, (5) - E (t 0) ЕТЕ + |, Эъ + А ЭЪ dt> ôb . (27) 


As noted іп the foregoing, Eq. (27) сап be applied со both J and Де Еог 


convenience, де пе 


T og 9р Т 
27% то 4 ди 
іст сэн e| 3b 


п-1 9 
во 2 1 ди 
+ я = А (Е. - 0) +, (с, + 0) | —— 
141 ил, 5 і £i i др 
9g 90 tn of T 
о Ј n о Ј of 
нА, (t 0) ~ + | (5. a) dt ; (28) 
dz (t) а n 9b 0 9b db 
and 
Т Т 
ф 9g 
а а а а ду 
db E ша on | 3b 
1-1 др ф ф до 
а л а 1 
к) |А (Е, - 0) +o M(t, + 0) | —* 
451 (93, С) hy i сі ab 
t Т 
98 ф дш п | 9L ф 
„ы RE nth _@ a of : 
5 [9z, (537 Cn 7 9 | эь + | (s Еј 3 ed 9) 
2n n n 0 


Here, ҒЫ and g © are the sensitivity coefficients of J and yg with respect 
to the design parameter b. 


With this notation, 


T 
(30) 


MORAN STE RE 


ума ај нева 


апа 


бф = ® * 6b. (31) 


Thus, 9J and бу are now expressed solely in terms of 5b, аз was desired. 

One can now proceed to find the sensitivity coefficients for the cost 
functional J and the functional constraints Vio? 913 апа 19 defined in 
Sections III А(1) and (2). Only the sensitivity coefficients for the cost 
functionals of both modes will be given here. Those for the functional 
constraints are given in Appendix B. 

A. Firing from run-out. 

Let Л. and А 


1 
with respect to the cost functional 15 tg - tio: Equation (27) becomes 


2 be the adjoint variables of the state variables 24 апа 2, 


6Ј = [~A (6,7) + A, (t,+)]6b, + ГА (6,7) + Мб) РА Ст) 43459165, 


Е 


b 10 T 
9 E SE 22220 
+ A, (0+) bby + А (е 6 6; + 2 + | A др ЗЫКА” Sb 


Т 
Неге, 7 = (42, isum Po is the desired sensitivity coefficient vector 


of the design parameters, with 


Ч 
d. _ Ta 
0 1 
Е 
b 10 
У = у — 9 5 + | at = dt, 
(b) + b4) 0 2 
t — 
b 10 
8--2,69 — «| A at dt, 
(5, + 54) 0 3 
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стека о 
Гай 


j | 10 т ә 
D =- А (t, -) + А (t, +) - à (t; -) + А (Е; +) 4! | А 3b. dt , 
+ 10 
= A, (0+) + | 17 at dt , 
0 8 
Х (в +) tio 
J 27% T əf 
9^ БОБ тъ + А 3b. dt , 
2 3 0 9 
t 
10 
np aE. ae i = 4,5,6,10,11 
i б ab, 


The end conditions and jump conditions for the adjoint variables are 


(Eqs. (23)-(26)): 


(92 = 0 

- 3, (Е. -) + At; +) 5*0 , j = 8,7,6,5,4,3,2,1 , 

- MG -) + Х| (ty +) =0 , 

2 

2, [Ay (tj 2 £ (6 -) - А ВА EH] 0, 39765921, 


2 
1 + à (3, (tg -) Е (tg -) =A 9 Е (е #1 =0 


2 


із По ща #0, 


With these conditions, one сап solve the adjoint equation backward іп the 
time variable t, where this equation is 
art 


ее 


2 


d 
dt = 4 сє (0,511) 2 


The procedure used to solve for the adjoint variables can be found in 


Section 2.5 of [5]. 


B. Firing from in-battery position. 


Proceeding in a similar manner, one obtains 


6Ј = 100+) бъ. + СА (t, 7) + A, (Е; +) - X (tg 2 + А (ty +) 1 8b, 


J 


where again, 63 = ~ ôb. Тһе end conditions and the jump conditions for 


the adjoint variables are: 
- MC =0 , 


1 - Mt, -) + А (+ «0, 


I yt; =) + Mets +) =0 , іс 9,8,7,6,4,3,2,1 , 

1 

: 2 
E D СЕ, =) Е (с, ~) - Ay (t, +) Е (с) =0, j= 9,8,7,5,3,2,1 , 
2 


" E (А, (Е. -) £,(t,, 21] =0 , 
+ 1-1 + 10 10 


3. 


2. . 
1 + PLE £9) = A (Е, +) f(b) =o, 


2 
SL) [Ait ht (е = A СЕ (в) #0. 
ізі у 


V. Numerical Results and Discussion 


- With the sensitivity coefficients developed in Section IV апа 
Appendix B, one can apply the algorithm given in Section 3.4 of [5] or 
Section 8.2 of [4] to obtain the solution to the optimal design problem. 
Тһе numerical results presented here utilize inches as length units, seconds 
for time and slugs/12 for mass. The following input data were used. 


а. Physical dimensions of the system: 


2.5357 | 6.0 | 16.0 | 1.6198 


b. Approximate cam path shape functions: 


3 


R-cam: ур(п) = 1.7038 - 0.798812 + 0.33551 


= 0.0769n* + 0.00711? 


В-Сат: УБ (5) = 2.5357 - 5.6869Е + 0.90071 Е? 


| - 8.8329Е3 + 4.31078" - 0.81548 


с. Values of hi in the functional constraints: 


hy hy ? 


% On-Battery Case 28.0 inches | 3.0 inches 
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d. Friction coefficient: 


3 н = 0.17 


The optimal solution for the run-out case is 0.19 seconds (compared 


with an experimental result of 0.13 sec) as shown in Fig. 9. The program 
converges within six iterations, and the history of IET is shown in 

Fig. 10. The optimal design and the sensitivity coefficients at the optimum 
point are given in Table I. This table shows that the design parameters bi 
(firiug distance), b, (mass of barrel), b, (mass of sleeve), b; (mass of 
sear), b- (distance between sear position and front buffer) and be (initial 
velocity) have more effect on the feeding time than the other design para- 
meters. The solution of the equations of motion is shown in Figs. 7 and 8. 

The optimal solution for the on-battery case is 0.29 seconds (compared 
to an experimental result of 0.12 sec) as shown in Fig. 13. Тһе optimal 
design and the sensitivity coefficients are given in Table II. Again, the 
design parameters bi: ZU 5» b; and b. have more effect on the objective 
functional than the other design parameters. Тһе corresponding dynamical 

+ solution is shown in Figs. 11 and 12. 

The dynamic equations and the adjoint equations are solved by the 
fourth-order Runge-Kutta method. The solutions of the equations of motion 
are compatible with experimental results. 

The results which follow show that the optimal design in both cases 
satisfies the basic requirements. The number in parentheses is required 
value. 

А. Run-out case. 


l. firing point 20.75 inches in front of sear position 


; (20.5 inches), 
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Figure 7. Displacement Curve of the Barrel for 
the Run-Out Case at the Optimal Point 
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Figure ll. Displacement Curve of the Barrel for 


the On-Battery Case at the Optimal Point 
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2. firing to sleeve unlock time of 38.5 milliseconds 
(30 ms minimum), 

3. recoil velocity at sear position of 9.17 fps 
(4 to 10 Ерз). 

B. On-battery case. 

1. firing point 25.19 inches in front of sear position 
(25 inches), 

2. firing to sleeve unlock time of 62 milliseconds 
(30 ms minimum), 

3. recoil velocity at sear position of 6.33 fps 


(4 to 10 Ерз). 


The optimally designed front and real buffers produce constant forces 
of 6900 1b and 12,100 1b, respectively. Тһе optimal fore and aft driving 
forces bio and bui for the run-out case аге 1600 lb and 2000 lb, respectively. 
For the on-battery case, these forces are 1970 lb and 2175 15, respectively. 
These values are satisfactory because their ratio is between l and 2 as 
desired. 

The foregoing solutions are obtained for the case when the elevation 
angle о = 02, For any other angle o in the range -10° to 40°, one сап 
obtain the corresponding driving forces simply by adding or subtracting 


the component of the gravity force that is parallel to the barrel axis. 
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VI. 


Appendix A: Equations of Motion Y 


А. 


Firing from run-out. 


< 
0 <Е ti 


bz, = bip - b,g(u + 1) sina , 


where н is the friction coefficient. 


a 


"CM А 6 M 2 
by24 bio b,8(u + 1) sina + а, ери Ini + г.) 


(a, 8100 + созд) . 


RIEGO rc ED [bazo + 236 + 1) з 


This equation of motion (for the cam reaction interval) is 


derived in [5]. 


(b, + b4)24 = bio - (b, + ь 8 (u + 1) sina 


(b, + b4)24 = Б - (b, 4 СЭНС + l)sino - be 


27 + At < Е < ts 


(b, + b4)z4 = bii - (b, + 5,0801 - и) sina 


293 


(b, + b4)zi = bai - (b, + b,)g(1 - и) sina 


! а 
PP 2 ЖЕМЕСЕ; Se AA 
222 = bii 5.5 (1 и) sina CEN ат ши + Žo) 


(а 5100 + cos0) Т 
а == (-ъ 2 - b4g(l - y)g sino] 


t..« t.« = 


7 78 


рог = bai - ь,841 - и) sina 


1 (b, + 5,224 ш bi - (b, + b,)g( - u) sina + be 


(b, + 5,224 ш bio - (b, + bg + и) sina 
E B. Firing from in-battery position. 
1 


åt < Е <Е 


(b, + 5,224 = bii - (b, + 55) 5 (1. - и) sina 
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Р ыз ж ашы MERECE LY 
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(b, + ь 21 =Ъ 


17 (b, t ь 801 - y) sina 


1 
t << t4 
.. M: m .. 
2 = bii - ва = р) 5100 - FREIEN ша + г) 
(ор sind + cos6) 5 
ere age ен Г-542, - bag (l - u) ны! 

t4 << ty 

bo, ba^ bg - и) sina 
t, <t< ts 

(b, + 5,2 = bu - (b, + b,)g(1 - №) sina + bp 
ts <t< t 

(b, + ЈА = bo 7 (b, +Ъфва + и) sina 
te «t« t7 


b.z -b,.- bg (1 + и) sino 
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к=з © 
е а E А 
Буг, = big - 5,801 + и) sina + a a, М (apy, + 2) 
(о $110 + cos0) 
- ee SEE c c d Para + bg + и) sina] 
tg € t € tg 


(b, + 53) 21 = bio - (b, + Боје sina 


(b, + b4)2 = bio 7 (b, + ГАР sina - b, 


VII. Appendix B: Sensitivity Coefficients of 


the Functional Constraints 


A. Firing from run-out. 


бро = [HA (t, -) + X, (Е, +) 166. + [-A, (t4 -) + МО 


- A, (ts -) + A, (t, +) 1657 + A, (0+) bbe 


t 
Е b 10 
| 9 T of 
+ dy (t, +) § 535 те =) + | \ Эр ób dt 


2 


ав ee ee 


тр р Le TE EN TE 


The end conditions and the jump conditions for А, and А, are 


1 2 
TAXE 70-3 

E А (tg -) + A, (ty +) =0 , 

-э›®Э +060 то а PR 87465443201 , 


2 
1+ йн ГА Суу? ЕДЕН =0 , 


2 
L D, (t, -) Е, (Е, -) - A. +) AG +] =0 , 


j = 9,8,...,2,1_. 


5%; = [-A, (t, 7) + A, (Е, +) 1 5b, + [- (t3 -)+ A, (t, +) 


- A, (ts =) + A, (66540165, + A, (0 +) Sbg 


t 
b 10 
9 T of 
6 | ——— LE 
+ Ay (t, +) Ё D ) + | Хз ôb dt 
The end conditions and jump conditions for 3, апа 3, аге 


- dy (E49 7) =0 , 


2 


[A,(t,,-) £,(6,, 2] 50 , 
à i' 10 i' 10 


1 
| 
\ 
ү! 
| 
| 


rege. ies hie 


- Aj (ty -) + A, (ty +) =0 , 

= (6, -) + Хе, +) #0, 1 = 8,7,6,5,4,3,2,1 
2 

L ГА Ce -) ЕС. ey du Ж +) Е (е, +] #0, 


j = 9,8,7,5,4,3,1 


и 
о 


2 
A à шон Е (=) - XE OD Е (е +)] 


2 
1 + L [ (t =) Е (t, -) - А Се, +) Е Сеч ps 


© 


бр, = [-A, (t, -) + МЕ, +)] бъ. + [-A, (t3 -) + Met, +) 


- A, Cts -) + 116591 ôb- + A, (0 +) бы 
Е 
b 10 
9 T of 
өз (5256) «| А = 64 . 
2*4 b, + by 0 ab 
The end conditions and jump conditions are 
- А 


210 -) T 0 3 


2 


р [4.902 5,607) во, 
i=l. 
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? 


В. 


-1- Х (ty 7) + Х| (ty +) 0 , 


эь - г = ( 
Хе, ) TA SES 0 , 


2 
à Аба E (9 - GEG) =O, 


j = 9,8,7,6,5,4,3,2,1 . 


Firing from in-battery position. 


6912 = A, (0+) $, + [- (t -) + A, (t, +) - A, (ty -) 


b 
9 
* A, (ty +)] ôb, + \„@ +) 6 = + 5) 


~ 


2 
+ J [a (t,,-) £,(t,.-)] во, 
12123710 1010 


А, + ЕЮ =O, 7 37 9,8,7,6,4,3,2,1 
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3 = 8,7,6,5,4,3,2,1 


М 


НЕН КАРТАНЫ ЫНА ИА ЕКА хайлшин 


3 


xm AT 


ПЕ, = А ФЕ (Е +] = 0 


3 = 9,8,7,6,5,4,3,2,1 


2. ф (с) -Һ,<0 


13 7" 16 2 


| 6015 = А (0 +) ЈА + (-21 (t, – + A, Со +) - Aj tg -) 


b, t b 


b 
9 
t Aj tg +) ] ôb, + Х (0+) ô (=>) 


The end and jump conditions for 3, апа 3, аге 


2 


4: 2 А Со) 5,6 >] 50, 
i 1-1 


- Mts =) t Mts +) BOUT a 


j = 9,8,7,6,5,4,3,2,1 * 


- Арубе =) + Хе Фоно, 1 = 9,8,7,6,4,3,2,1 
2 
Pa [A, (t, =) £k - dg (ty +) (ЮГ =0 , 


М 


3. фр" [z (5) | -h <0 


бі, = A (O+) 9b, + СА? 93,069) - А (ер) 


b, tb 


b 
9 
+ Aj (tg +)] ЈЕ + A, (0+) 9 (535) 


Тһе end and jump conditions for the adjoint variables 


3, and A, are 


2 


- dj Со?) =0 , 


2 
à Diy egal 89.5 


= ја А (t5 =) + 411527) =0 , 


- A Ct; =) % 69-0, j = 9,8,7,6,4,3,2,1 


2 
| И. (Е; ве? - G9 (601 #0 


3 = 9,8,7,6,5,4,3,2,1 


[4] 
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Table I. Optimal Design, Upper and Lower Bounds, Sensitivity 
Coefficients, and Weighting Functions of the 
Design Parameters for the Run-Out Case 


b; | bs | be 


| Upper 3.1702 | 0.2872 | 0.2044 | 7000 12300 
f bounds 

! 

} 

} 


optimum 


design 

0.2356 | 0.15128 | 6800 11900 
bounds 
sensitivity 


coefficients 


-0.2654 | -0.1586 | 0.3991 
| 


0.5111 |1.0 1.0 


weighting 0.2596 
functions х10 


| 
а 


иррет 
bounds 


optimum 
design 


lower 

bounds 
sensitivity 
coefficients 


weighting 
functions 


Table II. Optimal Design, Upper and Lower Bounds, Sensitivity 


Coefficients, and Weighting Functions of the 


Design Parameters for the On-Battery Case 


bounds 


optimum 
design 


lower 
bounds 


sensitivity 
coefficients 


weighting 
functions 


upper 
bounds 


optimum 
design 


lower 
bounds 


sensitivity |0. 2209 -0. кр -0.3274 | -0.4546 
coefficients | х10-2 х10-3 х10-4 х10-3 


weighting 
functions 


-0.8226 | 0.7328 | -0.6291 
х10-1 Е х10-1 


0.2253 | 0.2006 А 12100.0 


0.2250 | 0.1528 | 6600.0 | 11900.0 


|: 55 5, bg bio | b 


18.75 0.0 -1600 2200 БЕ 


18.27 0.0 -1910.0 | 1970.0 | 2174.7 


18.25 . -2200.0 | 1950.0 | 1000.0 


0. aces 
х102 
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ABSTRACT 


This paper presents а method for optimal desizn of elastic structures 


that are subjected to transient dynamic loads. The finite element method, 


modal analysis, and a generalized steepest descent method are employed in 


developing a computational algorithm. Structural weight is minimized sub- 


ject to constraints on displacement, stress, structural frequency, and 
member size. Optimum results are presented for a cantilever beam model of 


a gun barrel, subjected, to shock input. 


У У ЕР. 


ети 


ХОРТ 


faa cms d Ph ANS акорди, 
———— ? 


С ЛӘ онт SS Ro PUO i ана ns arit ers c 


I. INTRODUCTION 


Design of a weapon for precision is a problem of current interest in 
modern weapon design. This paper integrates the finite element and gener- 
alized steepest descent [1] methods to develop an algorithm for optimal 
design of structures under dynamic loads. To date, this problem has 
received very little attention, due to its complexity. Complexity in the 
problem arises from the fact that stress and displacement constraints for 
the structure are functions of both the space and the time variables. 

Literature in the area of optimal structural design under dynamic loads 
is quite scarce. Ріегвоп [2] presented a survey of optimal structural de- 
sign under dynamic constraints in 1972. In this review, dynamic constraints 
are classified as constraints on structural frequency and on transient 
dynamic response. А minimum of literature exists on the latter class of 
problems. Brach [3] considered a class of simply supported beams of con- 
stant total mass and minimized the maximum dynamic deflection at the center 
of the beam. Plaut [4] and Yau [5] also dealt with optimal design of a 
simply supported beam of given total mass, minimizing an upper bound on its 
dynamic response.  Icerman [6] апа Mroz [7] presented optimum designs of 
Structures that were excited by a single harmonic load. Both of these 
treatments, however, are limited to harmonic excitation and cannot be used 
to solve the general transient response problem. 

Fox and Kapoor [8] used a bounding technique to obtain approximate 
peak response of planar truss-frames, subjected to shock loads. They 
employed a feasible direction technique of optimization. Levy [9] presented 


fully-stressed designs of a rod and beam, subjected to impulsive loads. He 
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determined maximum stress by setting the derivative of stress with respect 
to time equal to zero and checking the total energy of the system at these 
time grid points. 


In the present paper, a general method for optimal design of elastic 


LASER CAL лр NIAE о SENT око 


structures under dynamic loads is presented. Constraints are imposed on 
stress, displacement, natural frequency and design variable magnitudes. 

The well known modal method of dynamic structural analysis is used to 

obtain the dynamic response of the structure. А design sensitivity analysis 
method is developed and the Kuhn-Tucker conditions of nonlinear programming 
[10] are employed to define an iterative algorithm. The method is then 


applied for optimal design of a long barrel cannon. 
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II. STRUCTURAL ANALYSIS 


Considering the entire structure as a free body and neglecting damping 


effects, its dynamic response can be described by the following general 


matrix equation [11]: 
й(5)200 + КЕ 00) = 66), (1) 


with initial conditions 


200) = 20, 200) = 20, (2) 


where M(b) and K(b) are mass and stiffness matrices of the structure, 
respectively, Q(t) is the vector forcing function, b is a vector of design 
parameters, z(t) is a state variable vector of displacements, and t is time. 
In all subsequent equations, the stiffness and mass matrices are understood 
to be functions of the design parameter vector b, and the argument b will be 
omitted. If some of the components of z(t) are known, the solution of the 
dynamic equations can be obtained by solving a subset of Eq. (1). Further- 


more, the reduced initial conditions can be transformed to homogeneous form 


[12]. After reductions and transformations, the dynamic equations may be 


written as 


My z(t) + Ко Z(t) = Q(t) (3) 


and 


2(0) -0 , 2(0) =0 , (4) 


where z(t) is an n-dimensional relative displacement vector corresponding 


the independent degrees of freedom of the structure and Mo and Ko are the 
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corresponding n x n mass and stiffness matrices. Q(t) is a subvector of 
Q(t) and is a function of b if the structure undergoes a prescribed boundary 
motion. 


The eigenvalue problem associated with Ec. (3) may be written as 


My VQ - Ky у+0 , (5) 


where V is an n X m matrix, whose columns are m eigenmodes of the structure 
and 2 is an m x m diagonal matrix of the corresponding eigenvalues. The 
number of eigenmodes necessary to obtain an approximate solution of Eqs. (3) 
and (4) is frequently less than the dimension of these equations, so m < п. 
To reduce the dimension of the analysis problem, one introduces a transfor- 


mation 
z(t) = v(t) , (6) 


where ¢(t) is a generalized coordinate, or reduced state variable, of 


dimension m. Premultiplying Eqs. (5) and (3) by vi. one obtains 
мо - К= 0 (7) 


апа 


М Е (Е) +K g(t) = S(t) , (8) 


"ERA му, (10) 
ЛТ 
KEV Ko у, (11) 
_ h 
S(t) 2 V Q(t) (12) 


are m Х m mass and stiffness matrices end a reduced m-dimensional applied 
load, respectively. The effect of this substitution is to decouple the 
equations into m separate equations. Each equation represents à modal 


response to the factored input, yt Q(t). 


ІІІ. OPTIMAL DESIGN PROBLEM FORMULATION 


The weight of a truss-frame structure is to be minimized. Thus, the 


objective function is 


N 
J() =>) o, ЦА Ф) , (13) 
1=1 


where a is the density, #, is the length, A, (bi) is the cross-sectional area 


i 
of the i-th element and М is the total number of elements. 
It is required that displacements and stresses at critical points of 


the structure be within specified limits, throughout the time interval 


under consideration. These constraints can be expressed as 


|z) -z0 , for allt , i = 1,2,...,К (14) 


1 


апа 


КЕЛІ - 9; <0 , for allt , j= 1,2,...,k (15) 


2 › 


1 


constraint inequalities (14) and (15) сап be combined and expressed іп а 


where 2, and с аге specified bounds оп displacement and stress. The 


vector form аз 
h(z,b,t) <0 , for allt , (16) 


where the inequality applies to each component of the vector function. The 
inequality constraint (16) may be transformed to the equivalent vector func- 


tional equality 


312 
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Т 
| []h@,b,t)] + в(2,Ъ,Е) 1456 #0. (17) 
0 


б, (2,5) 


Since h(z,b,t) is а continuous function of t, the integrand іп Eq. (17) is 
continuous and is non-negative. ТЕ any constraint in expression (16) is 
violated, the corresponding functional constraint in Eq. (17) is violated 
and vice versa. Finally, frequency and design parameter constraints are 


expressed as 


U ; 
w, < ө, < о, 5 ј = 1,2, 12 (18) 
ап4 : 
| 
1, U 
b. < b. < Ж : r= 1,2, 17 Р (19) 


where al and Y are lower and upper bounds on the j-th eigenvalue and ыг 


3 


апа by are lower and upper bounds on the r-th design parameter. Expressions 


(18) and (19) can be further combined and written in vector form as 


0,095) 50. (20) 


The dynamic optimal design problem may now be defined as follows: 
Find a design parameter vector b that minimizes the cost function of Eq. (13), 
Subject to the constraints (3), (4), (5), (17), and (20). Let this problem 


be denoted by ODPn, where n is the dimension of the state variable. Using 


Eq. (6), the constraint functional of Eq. (17) can be transformed into 


" #1 
$1 (gb) = | Пһ Сс, + в" (вр, е) 146 = 0, (21) 
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The problem ODPn can now be transformed into an approximate problem, vith 
a state variable g(t) of reduced dimension m. One now wishes to find а 
design parameter vector b that minimizes the cost function (13), subject 
to the constraints (7), (8), (9), (20) and (21). Let this problem be 


denoted by ODPm. 


IV. А COMPUTATIONAL METHOD FOR OPTIMAL DESIGN 


To take advantage of the structure of the problems ODPn and ODPm, a 
state space steepest descent method is employed [10]. The method is related 
to the gradient projection technique of nonlinear programming which seeks a 
descent direction in the design space. Sensitivity analysis is first em- 
ployed to approximate the effect of small variations in design on the cost 
function and constraints. Direct relationships between changes in the cost 
and constraint functions and a design change ób are established, by elimi- 
nating 92(Е) (or 55(Е)) and бо from linearized forms of these functions. А 
reduced optimal design problem for ób is then obtained and solved, using 
the Kuhn-Tucker conditions of ЕС programming. 

Analyses of five possible methods of optimization for the solution were 
considered in [12]. A method was selected to obtain a balance between 
accuracy, effectiveness, and computational efficiency. The basic idea of 
this method is to use the modal matrix V to transform the transient analysis 
problem, the eigenvalue problem, and the system sensitivity problem to lower 
dimensional spaces. The solution of the original problem is then obtained 
by back substitution. Тһе method is briefly described as follows: Аза 


result of a design change, denote 


My + 6M) 


Since V is found from Eq. (5), it is not orthogonal with respect to the 


perturbed matrices ЫН апа К. Define the m X m matrices 


м' = У му (24) 


апа 
K' V KV, (25) 
the reduced eigenvalue problem is 


M'v'o-x' Vv = 0, (26) 


where V' is an m x m matrix of eigenvectors and 0! is an m-dimensional 
diagonal matrix of eigenvalues. The solution of this m-dimensional eigen- 


value problem gives the modified eigenvalues and eigenvectors 


= ! 
1 , У = У (27) 


of the original problem. That is, 


Ny mode X то „ (28) 


The matrix V' can serve as a transformation to uncouple the state Eq. (8 
P q 


after a design change. 


After several design cycles, V may loose its effectiveness as a trans- 
formation matrix, because the design has changed significantly. The criterion 
for recomputing the transformation matrix V is determined by considering the 


rate of change of the eigenvalues, 


lot T ө, | 


А i21,2,...,m , (29) 


“ 


ааа 
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where ЫН апа w, are diagonal elements of Q' and 9, respectively. If any 


ei exceeds a prescribed limit, a revised matrix V is found from Eq. (5). 


Ас a given design point, one or more constraints may be violated or 


€-active [13]. Since design changes cre required to be smail in the 


13 

р 

| А А : : 

г iterative algorithm, only these constraints are treated in the determination 
| 

| 


Е & design change. Denoting the active constraint functionals in Eq. (17) 


; as $1 (z,b) and active constraint functions in expression (20) as %Шш b), 


one may combine them in vector form as 


T 
$(2,0,b) = q(w,b) + | p(z,b,t)dt , 
0 


(30) 
where 
0 
q(o, b) (31) 
АСАУ 1 
апа | 
! 
| | p(z,b,t)dt 5 | (32) 
: 0 0 
А typical element of Eq. (30) is denoted by 
| Т 
i P(z,w,b) = G(u,b) + | F(z ,b,t)dt (33) 
5 0 


The first variation of Eq. (33) is 


T 
TM 9С (ю,Ь) ái dk 8 G(u , b) bb + 9F(z,b,t) Sz + 9F(z,b,t) 6 
дш ЭБ 5 dz ab bj dt. 


(34) 


| 
| 
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In order to eliminate z(t) from Eq. (34), one takes the first vari- 


ation of Eq. (3), to obtain 


= 


peer cov 


Mo z(t) + Ky àz(t) = ЗЕФЕ) бр, (35) 
: db 
H 
1 
3 in which 
i R(b,t) = Q(t) ~ My z(t) - Ko Z(t) > (36) 
t | 
62(0) 20 , 62(0) = 0, (37) 


where the notation "^"^" above ап argument indicates that argument is held 
constant for the calculation.  Prenultipiying Eq. (35) by the transpose of 
an adjoint vector A(t), integratiug by parts over the time interval, and 


using Eq. (37), yields the identity 


AL (т) My 620) - M T) My 6=(т) 
Т1 ` 
+ | (А) Mo + X (t) Ко! 62 dt 


(38) 


The adjoint vector A(t) is now defined to be the solution of the following 


equations: 
M (е) +K, A(t) = [amo] 3 
0 0 92 3 (39) 
Мт)=0, MT) = 0. (40) 
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Solutions of Eqs. (39) and (40) can be obtained by modal analysis using the 
same eigenvectors employed in solving Eqs. (3) and (4). Once ЖЕ) is 
obtained, 


T T 
| ХЕ (е) aR(b,t) dt pôb replaces | ЗЕ (z,b,t) 62 dt | 
0 др 0 92 


іп Eq. (34), which eliminates 62 from the linearized form of Eq. (33). 


In order to eliminate бо from Eq. (34), one takes the first variation 


of Eq. (5). For the i-th equation, one obtains 


21м Vi w] до ам, (7 о] "— ЭМ, Vi 4.1 ” 
ob db db 
ак У.) 9(К, У.) 
0 1 A 0 i Ж 
wee ангийн (41) 


Premultiplying Eq. (41) by v and using symmetry of М апа Кр one obtains 


I^^ ж 


quo T 
до. У. К, V, iV. M. V 
р ий дэр eg, T 
i ob ob др 3 


Collecting all би '5, опе пау form the vector equation 


_ 9 
бы =, b . (43) 


The first variation of the functional P(z,w,b) can пом be written in 


terms of ób alone, as 


сс | Әс(ш,Ы) 99 , 3C(w,b) 


до 9b ab 
T у 
| Ла) Rt) p Elba) | Z о. (м) 
0 


From this result, the first variation of the constraint functional of 


Eq. (30) is written as 
$2 A ôb , (45) 
where 


АТ : 94(9,5) до + да(о,ђ) 


до ob ðb 
T T 

4 | К (t) эх + зь) а а (46) 
0 


Similarly, the variation of the cost function of Eq. (13) may be written as 


jt 
6J = 2 6b , (47) 
where 
T. 9У 
gl Е Эр 5 (48) 


А reduced optimal design problem for 6Ъ is пом stated as follows: 


Find 66 to minimize 6J of Eq. (47), subject to the constraints 


$$, = M ЭЛЭГ for all 460 , (49) 


õp, = к ôb < - 9, Ё Еог а11 јер , (50) 


апа 
ôb” Wob < M (51) 


where C and D are the index sets of $1 (2,5) 11 Ед. (32) апа $, (ub) іп 
Eq. (31), respectively; Е 15 a small real number; апа W is a positive definite 
weighting matrix. The constraint of Eq. (51) is used to ensure a small de- 
sign change, as required for validity of the linear approximations employed 
in the foregoing sensitivity analysis. 

À state space, generalized steepest descent method [10] is used to 
derive the algorithm. If the matrix AT in Eq. (46) is of full row rank, 
the gradients of all constraint functions in Eq. (30), with respect to design 
parameters, are linearly independent. Then, there exist a vector multiplier 


u, where 2 > 0 for all јер, and а scalar multiplier v > 0, such that 


T 
е _ Ј T T Tn: 

3(55) ^ Г/ +y А *2vóbb W=0 , (52) 

uy +o) =0 , for all jeD , (53) 
and 

T 2 

“(697468 - 5) = 0, (54) 

чпеге 


НЕ бъ (AT 4540) + объ неђ - £2) 
Тһе solution of Eqs. (49), (52), (53), and (54) is as follows [1,10,13]: 


1 2 
н =н + 2уџ (55) 
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апа 
[ 6Ъ = - nb! +652 я (56) 
f 
: чһеге 
! 1 1 T 1 J 
: uw --BOACWUE , (57) 
% 
2 
f Шы Ди (58) 
| | 
| nex, (59) 
|| 
3 бб а wt (07 + АШ), (60) 
1 ње CMM (61) 
апа 
i WE а (62) 
$ Here, 51 is the projection of the gradient 2 onto the tangent hyperplane 
of the constraint surfaces and 6b? corrects constraint violations. The 
quantity 
Ї Т 
4 | а || = abl w sb? (63) 
3 must approach zero as the algorithm converges [1], so it can serve as a соп- 


vergence criterion. A computational algorithm, may now be stated as follows: 
Step l. Estimate b, and assemble My and Ko» as in Eq. (3). 


% Step 2. Construct ODPn and solve Eq. (5). 
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Step 9. 


р ть 
чеси - 


=. = WIE > 
2 И РУАНО de Иремне евро 
на а 


Use V to transform Eqs. (3) and (4) into Eqs. (8) апа (9), 


respectively. 


If control comes from Step 2, let all ei in Eq. (29) be zero and 


go to Step 5. Otherwise, solve Eq. (26), calculate е, from Eq. (29), 
1 апа Ч, 
S(t) in Eqs. (10), (11), and (12). 


and compute 0 іп Eq. (27) as new 0 and V. Compute М, К, and 


Calculate z(t) from Eqs. (8) and (9), z(t) from Eq. (6), and 


stresses at various points of the structure. Check constraints. 


Form $(z,w,b) in Eq. (30). Calculate эх їп Еа. (35), 


T 


дш їп Еа. (43), апа "y 


ob 
tively. 


and i in Eqs. (48) and (46), respec- 
Eliminate dependent constraints from $(z,w,b) and remove 


the corresponding rows from КЕ, 


Сһоове п - = > 0, compute по цо and y from Eqs. (57), (58) and 


(55), respectively. 


Check the sign of each component of и, corresponding to the constraint 
$5 (o, b) in Eq. (31). ТЕ any of these components are negative, 
remove the corresponding rows from $(z,w,b) and AT and return to 


Step 7. 


Compute óbl from Eq. (60) and | [ae] | in Eq. (63). If IET is 
small enough and all constraints are satisfied, terminate the pro- 


cess. 


4 
) 


Step 10. Compute 6b? and 6b from Eqs. (61) and (56), respectively. Calculate 
b + ôb as а new b. Assemble М, and к, in Eqs. (22) and (23) аз new 


My and Ko respectively. 


Stepll. If all е, obtained in Step 4 are less than a prescribed value, 


return to Step 3; otherwise, return to Step 2. 


The choice of n in Step 7 is made to seek a given reduction in the cost 
function, normally AJ = -0.01J to -0.10J. With the desired reduction AJ 


selected, and ignoring constraint error correction, one may calculate бъ} 
Т 
from Eq. (60) and substitute into Eq. (47) со obtain кръсти быт. Thus, 
T 
one obtains n asi 861). In effect, one is requesting а given percent- 


age reduction in the cost function as the basis for step size selection. 
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V. | NUMERICAL EXAMPLES 


A computer program based on the algorithm of Section IV for minimum 


weight design of beam and truss-frame type of structures was developed in 


Ахан ж-ға 


раан о асч сұл Тана атату таар 


FORTRAN IV(H) on ап ІВМ 360-65 computer. Тһе method of subspace iteration 


[14] was used in frequency analysis of the problem. 


Example 1: A Uniform Tubular Cantilever Beam Subjected: 


to a Shock Input at the Fixed End 


A uniform tubular cantilever beam is tipped up at an angle of 30 degrees 
to the horizontal. The fixed end is forced to rotate in a prescribed manner, 
as shown in Fig. 1. The beam is divided into four elements of equal length 
for analysis. Axial deformation is considered, so the system has 12 degrees 
of freedom. The design constraints are listed in Table I. The modulus of 
elasticity and material density are 30 x 10° psi and 0.28 num respec- 
tiveiy. Тһе initial conditions of motion are zero, and the mean diameter 
and the wall thickness are considered as design parameters. 


The first five of nine eigenvectors, from subspace iteration, were used 


in the analysis. Тһе starting design weight was 4.354 lb with frequencies 
of 67.20, 419.8, 1,175, 1,706, and 2,294 cps. This design resulted in 
| | so" | | = 6.225 in the first iteration. The stopping criteria were satisfied 


1 | = 3.182 х 107% and по constraint 


in the nineteenth iteration, where || 
violation occurred. Тһе final design weight was 2.723 lb with frequencies : 
of 46.36, 290.1, 814.9, 1,600, and 1,706 cps. Тһе fifth frequency of 1,706 


cps corresponds to axial deformation. At the optimum, the maximum vertical 


and angular displacements of the free end were 0.582 in. and 0.0308 rad, 
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1 Fig. l. Structure and Load for Example 1 
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respéctively. Тһе maximum stress at the fixed end was 44,700 psi. Тһе 
total computing time was 22.50 sec for 20 iterations. Numerical results 
are shown in Table II and Fig.2 (Solution he 

This problem was also solved by starting from a different design point 
with an initial design weight of 3.958 lb and initial frequencies of 45.25, 
283.0, 795.1, 1,561, and 1,706 срв. This design resulted in ||éb"|| = 4.082 


11| = 2.413 x 107%. 


in the first iteration. At the fifth iteration, ||ób 
The final design weight was 2.671 lb with frequencies of 45.48, 284.6, 799.5, 
1,570, and 1,706 cps. At the optimum, maximum stress at the fixed end was 
45,200 psi. The total computing time was 9.65 sec for six iterations. 


Numerical results are shown in Table II and Fig. 2 (Solution 2). 
Example 2: Dynamic Optimization of a Long Barrel Cannon 


The problem of design of a precision long barrel cannon is considered 
|“ next. Тһе cannon is assumed to be а cantilevered tube with eight radial 

{ ribs of rectangular cross-section evenly space around the circumference to 
dissipate heat and stiffen the barrel (see Fig. 3). Heat transfer and 
stresses due to barrel pressure are not considered in this analysis. When 
the саппоп is fired, the impulsive load on the vehicle causes a pitch motion 


|: that occurs at the fixed end of the cannon. ТЕ is assumed that the mass of 


the vehicle is much larger than that of the cannon, so the dynamic response 
| of the vehicle is not altered appreciably as a result of a small change in 
| design of the barrel. Тһе pitch at the base of the gun has both translation- 
| al and rotational components of motion. Тһе design objective in this problem 
is to bound the angular amplitude of motion of the muzzle end of the cannon, 


since this amplitude correlates with the accuracy of the cannon. Numerical 
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Fig. 2 


0 5 10 15 20 
ITERATION NUMBER 


SOLUTION 2 


Weight-Iteration Curves of Examples 1 


328 


| 
| 
| 
г 
} 
i 
f 
г 


data for this problem are associated with the RARDEN 30 mm, long tube, 
precision automatic cannon developed by the British, and the initial con- 
ditions of motion Ge) are taken equal to zero. 

The width of the ribs is constant, but the depth of the ribs varies as 
a quadratic polynomial along the barrel as shown in Fig. 3. Design para- 
meters are then taken as the coefficients of this polynomial. Two design 
configurations have been studied. One design considers ап additional con- 
centrated mass of fixed magnitude attached to the muzzle. The other design 
considers a similar concentrated mass of variable magnitude attached to the 
muzzle as an additional design parameter. 

The finite element method is used in the optimization algorithm, and 
the constant depth of each finite rib element is taken equal to the actual 
depth of the real rib at the middle of the finite element. The barrel is 
approximated by ten finite beam elements of equal length, and axial defor- 
mation is ignored. The discretized system has twenty degrees of freedom 
shown by the arrows in Fig. 3. Design constraints are listed in Table III. 

The first six of ten eigenvectors, оБса1пед from subspace iteration, 
were used in the dynamic analysis. The problem set-up required 0.41 sec on 
an IBM 360/65 computer. 

The first design has a four pound concentrated mass attached to the 
muzzle. The cost function is the total weight of the tube plus the weight 


of the ribs. Тһе fixed weight of the concentrated mass has no effect on 


the optimum design, so it is not included in the cost function. The algorithm 


was started at a point with a design weight of 46,521 lb. The natural fre- 
quencies were 12.02, 64.27, 174.8, 343.6, 571.7, and 860.1 cps. The cost 


function reduction ratio AJ was 0.04. The convergence measure ІС! мав 
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19.12 at this point. Тһе measure of convergence reduced to | [55] | = 3.677 

х 1074 at the eleventh iteration, where the maximum constraint error was 2.87. 
This design is selected because further computation showed constraints were 
more severely violated and weight reduction was small. Тһе dynamic response 
constraint was active throughout the design process. The final design weight 
was 42.16 1b (muzzle mass of 4 lb is not included), with natural frequencies 
of 12.21, 62.39, 168.0, 330.0, 549.5, and 827.2 cps. Total computing time 
was 30.15 sec for 11 iterations. Numerical results are given in Table IV 

and Fig. 4. 

The second problem treats the concentrated mass as an additional design 
parameter. The system therefore has a total of 4 design parameters. The 
design weight is the total weight of the barrel, the ribs, and the concen- 
trated mass. The starting design weight was 38.636 lb, with frequencies of 
11.93, 66.10, 178.4, 346.4, 570.4, and 851.0 cps. with 
АЈ = 0.08 and the first calculation yielded ||65 || = 18.28. The 
dynamic response constraint was active in some of the initial iterations 
and was active in every iteration after the eleventh. The convergence 
criterion was satisfied in the twenty-first iteration, where 116571 | = 4.75 
х 107 and all constraints were satisfied. Тһе final design weight was 


37.464 lb, with frequencies of 12.11, 66.12, 178.0, 345.3, 568.4, and 847.9 


cps. Total computing time was 55.34 sec for 22 iterations. Results are 


Shown in Table IV and Fig. 4. 


h(x) 


0.7874 
0.4652 


hx) = 1.577 (108) -2.266 (125) + 07874 


0.2238 
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УТ. DISCUSSION AND CONCLUSIONS 


The state space steepest descent method, with the modal method of 
structural analysis and the subspace iteration method for eigenvalue analysis, 
has demonstrated an ability to optimize design, with constraints on dynamic 
response (stress and displacement), natural frequencies, and design parameters. 

The algorithm developed is applicable for general dynamic loads applied 
to nodal points of general structures. ТЕ does not presently account for 
static loading, dynamic buckling, and. some other important design factors; 
but it can be extended to include them. 

Numerical results for two simple examples are presented to show appli- 
cability of the method. These results should be considered as preliminary. 
The effect of moving masses, thermal loads, time dependent support, and 
initial bending of the tube are additional factors that remain to be included 
in the analysis. 

Numerical results of some additional examples of elastic structures are 
presented in [12] and [17]. Recently Cassis and Schmit [18] have also treated 
the problem of optimal design of elastic structures under dynamic loads. They 
have used the Davidon-Fletcher-Powell method for exterior penalty function 
(SUMT) formulation of the problem. Comparisons of the present method with 


the Cassis and Schmit technique are not yet available. 
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TABLE I. DESIGN CONSTRAINTS FOR EXAMPLE 1 


The verical and angular deflections of the free end must be 


less than or equal to 0.6 in. and 0.04 rad., respectively 


Оо] < 45,000 рві for all t and i 


< f, < 400 cps 


0.1 < b, < 0.15 іп. 


2 
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TABLE II. INITIAL AND FINAL DESIGNS OF EXAMPLE 1 


Solution 1 Solution 2 
Initial Final Initial Final 


1.500 1.032 1.000 1.012 
0.110 0.100 0.150 0.100 


Wt. lb 4.354 2.723 3.958 2.671 


тіле ton 
sec 
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TABLE III. DESIGN CONSTRAINTS FOR LONG BARREL CANNON 


Design No. 1 


[2,(0) | < 0.0004 гад. 


0 < h(x) < 0.7874 іп. 


Design №. 2 


[2.0 (Е) | < 0.0004 гад. 


0 < h(x) < 0.7874 іп. 


0 <b, < 12.015 


4 


Брези, 


TABLE ТУ. INITIAL AND FINAL DESIGNS OF THE LONG BARREL CANNON 


Design Design No. 1 Design No. 2 
СЕЛЕН? Initial Final Initial Final 
b, біп.) 1.500 1.577 2.200 1.875 
b, -2.000 -2.266 -2.200 -1.965 
Ы; 0.780 0.7874 0.560 0.515 
| У ete 0.100 0.000 
i wt. (lb) 46.521 42.160 38.636 37.464 
i 
! ур = 0.0278 
violation ЫН = 0.0336* MI = 0.0199 ----- 
Vo = 0.0264 
Time/It. (sec) 2.74 2.52 


* уу = 0.0336 implies a constraint violation of 3.36% 


-— 
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ABSTRACT 


This report discusses the use of the NASTRAN finite element program 
in, the dynamic analysis and modeling effort associated with the Medium 
Caliber, Anti-Armor, Automatic Cannon (MCAAAC) development program. 

The finite element method (FEM) has been used in the analysis of both 
individual components and a simplified version of the entire weapon. 
Results range from the static analysis of the barrel to determine 

normal rest configuration, to direct dynamic analysis of the entire 
weapon over a three-round burst in order to determine muzzle orientation 
at time of shot ejection. 

The discussion includes the reasons for selecting this method of 
modeling, the significant problems encountered in this approach, and 
the current status of the effort including results of the analyses. 


Also included are present plans for further development of the model 


and its uses. 
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DISCUSSION OF MODEL 


The first thing that must be determined when forming a model is 
what actually is to be represented. In this particular case the desire 
was to be able to model the basic configuration of the weapon as it 
existed at the time of initiation of the effort. This was to include 
the receiver with its feeder housing; barrel with its breech coupling, 
bolt and bolt carrier; and the barrel return spring with its housing. 
But since this was at an early stage of development it was also 
necessary to have a model which could readily adapt to changes in 
geometry, stiffness, damping, etc. Along with these design variations 
in the basic structure, the model would also have to account for 
changes in requirements. 

Changes in modelling requirements were envisioned to include 
increased complexity (such as the cam actuated bolt carrier), provision 


for gun - vehicle interaction (requiring the ability to simulate a 


vehicle) and changes in the operation of the weapon (such as a constant 


recoil force mode). These are certainly demanding specifications for 
a model, especially one that is supposed to be able to describe muzzle 
motion throughout a three round burst of fire. At our particular 
installation these various requirements appeared to best be met by 
using а finite element method (FEM) approach implemented with the 
NASTRAN computer program. 

NASTRAN was chosen because it seemed to fit most of the require- 
ments. It appeared that it could be used to develop the basic config- 
uration with little difficulty and then permit changes in any of the 


components and their characteristics without altering other portions 
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it also appeared that the model could be developed sequentially to 
include the envisioned changes in complexity, operation and mounting. 
Also in favor of NASTRAN was the fact that it was very general with 
six degrees of freedom for most points. This would permit the 
analysis to include the vertical and transverse motion of the muzzle 
of the barrel and thus provide input for a program used to determine 
weapon accuracy. 

Since the NASTRAN program is so very general in nature and uses 
the direct integration of the equation of motion that it has set up, 
it can handle changes in the prescribed time variant loads, as well 
as linear and non-linear loads based or. the deflection and motion of 
the structure. Such loadings permit relatively good modelling of 
contact conditions.  NASTRAN also allows for various types of damping 
and permits eigenvalue (fundamental modes) analysis of the structure 
and its individual components with various support conditions. 

NASTRAN has another feature which was seen to be of considerable 
importance early in the modelling effort. This is the fact that 
NASTRAN is essentially the same at the approximately two hundred and 
seventy locations which support the program. Because the program is 
50 very general, more data is generated, transferred, manipulated, 
and stored than in a program written for a specific problem. This 
means that any reasonable model would quickly outgrow the capabilities 
of Watervliet Arsenal's computer, which is the smallest of those 
having NASTRAN, and a larger machine would be needed. However, since 


the code is the same all over, all of the development and ground work 
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for the model could be done at Watervliet and the outside computer 
would only be needed for extended timeframe (full- or multi-cycle) 
solutions. 

The acronym "МАЗТВАМ" has been used many times in the last few 
paragraphs with little explanation other than that it is a finite 
element method computer program. This title is derived from the 
origin and basis of the program - NAsa STRuctural ANalysis. Іп the 
mid 1960's, NASA saw the need for a generai purpose, all inclusive 
program based on a unified finite element approach. This program 
was to use the best elements and computer methods to solve problems in 
the research and development of aerospace and related structures. The 
program was to be of modular construction such that at regular intervals 
parts of it could be updated without requiring a re-write of the entire 
program. Тһе first public version released іп 1970 is the result of 
five years of work headed by реср1е at Goddard Space Flight Center. 

In a most general and simpiistic explanation of the program, the 
user specifies an array of points (called grid points) in the structure 
to be analyzed. Тһе nature of the connection between adjacent grid 
points is specified on element cards. The program then uses numer- 
ical methods to determine the stiffness between the grid points of 
each individual element and the mass associated with each such point. 
These values are set up in matrix form. The matrices for all the 
elements are then combined to form the set of simultaneous equations 


of motion of the defined points in the structure. This system of 
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equations is then modified to account for damping, added stiffness, 
constrained degrees of freedom and degrees of freedom which are 
defined es linear combinations of other remaining degrees of freedom - 
that is the boundary conditions. 

Given this reduced set of simultaneous equations, the program 
can then find the displacements of the grid points for specified static 
loads. From the displacements and the individual element matrices it 
can find the element stresses. Or from the set of equations it can 
determine the normal modes of vibration including complex modes if 
damping is present. Or, if a time variant load is given, it will до 
double integration in the time domain to determine acceleration, 
velocity, and displacement for each degree of freedom. Further interest 
in the operation of the program should be directed to the NASTRAN theroy 
manual or a text on the method. 

Having introduced the intent of the model and the method of 
affecting it, it is now possible to go on to discuss particular features 
of the model. There are actually five different areas of consideration 
in the model; they are 1) loading and constraints, 2) the barrel, 3) the 
receiver, 4) the bolt, bolt carrier and cam, 5) the deflection compen- 
sating truss and 6) the shock absorbers and dampers. In each of these 
sections the requirements on the model can be determined from looking 
at the proposed weapon design,while the ability of the model to meet 
these demands can be assessed from the features of NASTRAN that were 
employed in the model. To aid in this assessment some description of 


the NASTRAN features will be given without, however, going into the 
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the theoretical development ог the computer implementation. Те 
NASTRAN Programmer's Manual are available to provide this information 
in the depth that it requires. To include a detailed explanation in 
this presentation would only serve to bore some readers and confuse 
others while not adding materially to how the model was made and 
performed. 

The first area of consideration is that of the loading and the 
constraints (i.e., boundary conditions) to be applied. Since this 
is a recoil actuated weapon, it is essentially the breech pressure 
acting on the net bore area which causes barrel motion. Тһе time 
variant values of breech pressure during projectile inbore travel come 
from the computer program used in the weapon design. А gas dynamics 
program provides data оп the breech pressure during blow down. This 
project is not designed to assess radial and longitudinal motion 
within the tube wall (although that has been shown to be possible) so, 
therefore, the pressure distribution within the tube is not used. 
Torsional motion of the barrel is not considered, either, since the 
relation between projectile acceleration and the loading of rifling 
is still unknown. 

This loading is accomplished in NASTRAN by the use of a TLOAD 
card. This card references a TABLED card and а DAREA card such that 
at any time in the solution the tabular value as determined from the 
former is applied to a degree of freedom specified on the latter 
multiplied by the coefficient there stated. This procedure allows the 


breech pressure versus time data to be defined as a table to any degree 
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of precision required; that is, the increment of time used in the table 
can be made as small as necessary to define the bheavior. During the 
solution, the NASTRAN program will do linear interpolation between the 
specified data points as necessary. By use of the coefficient on the 
DAREA card, the definition of the net bore area can be kept separate 
from the definition of the breech pressure allowing easy alteration of 
either one. For the simulation of a multiple round burst of fire, the 
table entries are just repeated with the addition of the appropriate 
time interval. Since the ballistic pressure is the only outside force 
driving the weapon, these free items are all that are needed to define 
the loading. 

It is envisaged that the weapon may be mounted on several different 
vehicles and most likely in a constant recoil force mode on one of 
them. The structure which transmits the forces of the gun to the 
vehicle (and the vehicle forces to the gun) have not been designed and 
therefore have not been included in the model. To provide some form 
of constraint to the model, all the grid points on the bottom of the 
receiver were held fixed in all six degrees of freedom. These single 
point constraints, as they are known in NASTRAN, lock the тете to 
the frame of reference. It is then possible to have tne program print 
out the z^action forces at each such point as a function of time. This 
information will be useful in designing the vehicle mounts. 

пе most important component of the weapon is the barre!, vince 
all other items are there to support the barrel as it guides and 


launches the projectile. It ^s the barrel which undergoes the largest 


deflections. А150, the intent of this modelling effort is to provide 
values of muzzle motion to be used in an exterior ballistics program 
in an attempt to assess weapon accuracy. It is because of these 
requirements that considerable effort was expended to determine the 
extent to which NASTRAN would be able to approximate the behavior of 
the barrel in a dynamic response situation. То assist in this evalua- 
tion and in the preparation of rhe model itself, an auxilliary program 
was created (using FORTRAN IV) which would generate all the necessary 
cards for a finite element representation of the gun tube based on 
NASTRAN's BAR element. 

The BAR element is а metric element which encompasses extension, 
torsion and bending properties. (The ROD and TUBE elements were not 
chosen as they fail to include bending.) Тһе BAR element is the most 
mathematically complete element of the NASTRAN program, a fact that 
has been demonstrated repeatedly. This completeness is based on three 
assumptions (1) the element is initially straight, (2) it is unloaded 
ехсар at its two ends, and (3) its properties (cross section area, 
area moments of inertia, etc.) are uniform along its length. Because 
a gun barrel is designed to be essentially straight and because there 
is no attempt at an interior ballistic analysis which might demand a 
distributed pressure load, the first two criteria are met. The third 
assumption is accounted for in the FORTRAN program by integrating the 
properties of the element over its assigned length and then normalizing 
with respect to the length rather than simply averaging the properties 


of the element at its two ends. Using the output of this program as 
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input, NASTRAN was used to generate results which were compared to 
experimental values for an M68 Tank Cannon. 

The comparison was of both a static and a quasi-dynamic nature. 
The static portion was accomplished by adding to the tube elements the 
lumped masses (complete with offset centers-of-gravity) for the breech 
ring and the bore evacuator assembly and executing NASTRAN's Grid 
Point Weight Generator. The NASTRAN results were a total barrel weight 
of 2521 pounds and a center of gravity of 54.80 inches forward of the 
rear face of the gun tube. This compares very well with average measured 
values of 2492 pounds weight and 54.83 inches for the c.g.. These are 
errors of only 1.2% and .05% respectively, when compared to measured 
values. The quasi-dynamic analysis involved the comparison of calculated 
normal modes of the barrel with those measured during actual gun firings. 
The first frequency of vibration had a measured value of about 26.3 cycles 
per second and the calculated value was 26.7 cps. This is an error of 
only 1.5%. Later in the recoil cycle the barrel has an altered support 
condition such that its frequency becomes about 8.4 cycles per second. 
When these support conditions are applied in NASTRAN, the result is a 
frequency of 8.6 cps. Тһе closeness of these results were sufficient 
to encourage the modelling effort and to provide confidence in the output 
of the FORTRAN program. 

As a further check on the expected performance and as a test to 
determine the number of BAR elements required, two models of an early 
gun tube design were made - one using sixteen elements and one using 


sixty-four elements. The two models were constrained in cantilever 
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fashion. from the breech end and had a static load applied at the muzzle. 
The muzzle deflections varied by less than four percent. The eigen- 
values were extracted for the two models with the one having four times 
the total number of modes as the other. For those modes which were 
\ 

present in each model the correspondence was remarkable - within two 
percent (and usually less) at almost every frequency. Since it was 
known at the start that this model was to be a rather loose approximation, 
the sixteen element Yopresentation was chosen. Later it became necessary 
to locate two additional grid points on the barrel so that two of the 
elements were each divided into two parts with the element properties 
recalculated. This eighteen element representation is the way the 
barrel model has remained. 

The receiver is the second most massive portion of the weapon. 
It is basically a rectangular structure fabricated from steel plate. 
Fine features of the model such as weld fillets, bearing blocks and 
surfaces, attachment lugs, etc. were not considered for the model. 
Such refinements could be added at a later time if the behavior of 
the model indicates that such items could show up in the results. With 
the exclusion of such details it becomes relatively simple to represent 
the receiver as a collection of quadrilateral and triangular plate 
bending elements - NASTRAN's QUADZ and TRIAZ elements respectively. 
These metric elements are designed to handle inplane tension, compres- 


sion and shear and out of plane bending of a homogeneous, isotropic 


material (Fig.1.). 
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Attached to the side of the receiver is а structure which contains 
the feeder mechanism which itself contains a three round clip of 
ammunition. The external configuration was somewhat defined at the 
start of the model construction but with the interior details not only 
vague but of questionable value to the model, just as the interior 
details of the receiver. 50 to account for the additional mass of the 
feeder and ammunition, a non-structural mass density was specified in the 
definition of the top and bottom plates of the feeder housing (Fig. 2.). This 
parameter specifies an area mass density to be included with the normal 
calculation which is based solely on the thickness of the element. The 
value of the coefficient was set to reflect the total mass of two rounds 
plus a percentage of the basic feeder housing. 

Bolted to the front of the receiver and coaxial with the barrel is 
a cylindrical steel sleeve surrounding the barrel return spring which 
is also coaxial with the barrel(Fig. 3). АС the front (muzzle end) of the 
Sleeve is a rather massive steel collar which acts as a bearing surface 
during recoil motion of the tube. Thus the sleeve not only covers the 
barrel return spring but also acts as a barrel support. Тһе sleeve 
itself is modeled as a series of Bar elements because the BAR element 
can be defined to have the same properties (area, moments, etc) as the 
sleeve which is acting primarily in a bending mode. The mass of the 
collar is accounted for by a concentrated, lumped mass (CONMZ) at the 


end of the series of BAR's representing the sleeve. 
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Тһе support condition between the weapon barrel and the steel 
collar is modeled by a NASTRAN constraint feature - the MPC or multi- 
point constraint. This feature provides that the motion of a degree of 
freedom is directly related to one or more other degrees of freedom 
according to the coefficients defined by the user, Using this capability, 
a point that at rest is slightly forward of the collar position and at 
full recoil is slightly rearward of the collar, is defined to have the 
same vertical and horizontal displacement as the grid point representing 
the location of the collar. А point at the rear of the barrel is 
similarly associated with points on the sides of the receiver where 
support railS are located in the real weapon. It is obvious that such 
a definition of support conditions does not account for the accumulative 
effect of tolerances commonly referred to as play. То include such 
non-linear behavior would have added undue complexity to the model and 
would have required a measurement of the play which was not possible. 

The barrel return spring is actually a large coil spring which is 
around the barrel with one end compressed against the receiver and the 
other forced against a collar locked to the gun barrel. Іп the normal 
rest position there is a considerable preload іп the spring. Тһе spring 
itself is modeled by a series of NASTRAN elastic spring (ELAS) elements 
with concentrated masses at the modes between the elements. The 
elastic elements represent simple scalar springs which act only on one 
degree of freedom to resist the rigid body motion of the gun barrel in 
recoil. These elements were chosen because they are not metric elements 


and therefore have no material representation which in NASTRAN is 
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based on small displacement theory. А series of elements is used so 
that the lumped masses at the series of modes will provide some sort 
of distributed mass for the barrel return spring. This effort was 
deemed necessary in light of the fact that the real spring weighs 
one-hundred and twenty-five pounds. 

The preload in the spring is modeled by simply specifying its 
reaction forces on the receiver and the barrel. This is accomplished 
by requesting а time dependent load (TLOAD). This load is defined by 
a Table which specifies a value constant in time and a DAREA which 
directs the load to be applied to the receiver and barrel with the 
correct magnitude and directions. 

Another portion of the weapon which received considerable attention 
is a part of the internal workings of the receiver comprised of the 
bolt, bolt carrier and cam. Тһе breech closure of the barrel is 
accomplished by an externally threaded cylindrical plug (the bolt) 
which is inserted into the opening in a cylindrical coupling affixed 
to the rear of the gun tube. This coupling behaves as part of the 
tube and is included in its representation. This bolt is supported 
and controlled in rotation by a bolt carrier which recoils in the same 
line of action as the barrel. Та the actual operation of the weapon, 
when the barrel recoils, a lever on the carrier engages a cam on the 
side of the receiver forcing the bolt to rotate and unlock and then 
accelerating both the carrier and the bolt rearward away from the barrel. 
The acceleration forces the carrier rearward against a compression 


Spring until it is latched and held awaiting release. Upon release, 
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it is driven forward, advancing a round of ammunition into the chamber 
and locking the bolt. Since this is a recoil operated weapon, energy 
is transferred from the barrel to these moving parts through the 
action of the lever and cam and it was wondered if NASTRAN could model 
this energy transfer. 

A model of this action was constructed by using a NASTRAN multi- 
point constraint (MPC; described previously) between a point with 
lumped mass representing the carrier and bolt, a point on the breech 
end of the barrel and a third point separate from the physical repre- 
sentation of the model. Since the design of the cam had determined 
a table of values relating barrel recoil distance and carrier - 
barrel separation, this tabular data was entered directly into NASTRAN 
via a TABLE card. А non-linear load was then defined which applied a 
load to the separate point (which was supported by a scalar spring) to 
enforce the desired deflection. Тһе МРС thus caused the displacement 
of the carrier to be the total of the barrel and the separate point 
displacements. Since the scalar spring of the separate point was 
several orders of magnitude greater in stiffness than either the 
barrel return spring or the bolt carrier spring, the interaction and 
energy transfer between these two parts was effected by this use of 
the МРС. Іп spite of this success, it was decided that this phase 
was too complex to be incorporated into the early multi-round model 
and so only the lumped mass of the bolt and carrier was retained 


along with the carrier spring. 
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А very prominent portion of the weapon, the deflectión cómpensating 
truss, was actually very simple to model as a coliection (Fig. 4.) of BAR 
elements. Once assembled, its stiffness at possible points of forward 
tube support were calculated with a single NASTRAN run. The affect òf ` 
these support conditions on the normal modes of the barrel were then 
evaluated in an attempt to determine the best locations and the final 
modal behavior of the weapon. 

The final portion of the weapon to be described seemed very trivial 
at the start and end of the effort but in the middle caused considerable 
anguish and delay.  NASTRAN provides for the direct specification of 
viscous type damping (DAMPi card, i = 1-4) between degrees of freedom. 

It is very easy to thus represent the main recoil buffer (Fig. 5.) which is 


attached to the rear of the barrel and the front of the receiver and 


works in both recoil and counter recoil modes. However, a very impor- 


` tant part of the operation is the counter-recoil buffer which only acts 


over the last five inches of counter recoil motion. This prevents the 
barrel from slamming into the receiver at high speed and yet allows 
rapid cycling of the barrel. А detailed scheme was devised to define 
the model equivalent of this real life situation. 

The intent was to use a non-linear load which is a linear function 
of the product of two displacements (NOLIN2). One of these would be the 
displacement of a separate point supported by a scalar spring which 


would be deflected to unit value when acted upon by a tabularly defined 


non-linear load (NOLIN1). Тһе table would only have non-zero value 


жалады са PRU Ae: 


for barrel displacements of less than the required five inches. Тһе 
other displacement would be of a separate point, too, but one where the 
displacement would be proportional to the positive velocity of the 
barrel. This would be accomplished by loading the separate point with 
a third type of non-linear load (NOLIN3). This type defines a load as 
an exponential function of the displacement of a degree of freedom but 
only when it is a positive displacement. The displacement used to 
define this load must then be equal to the velocity of a point on the 
breech of the barrel. And NASTRAN has a very simple means of defining 
this equivalence called the transfer function. 

The transfer function (TF) allows the user to define a linear 
relationship between the displacement and/or higher order time 
derivatives, of it for a grid point and the displacement of an extra 
point (EPOINT) added for just this purpose. This procedure was tried 
on Watervliet's IBM computer with disasterous results as large 
oscillations of barrel motion built up. Several variations of the 
same arrangement were tried with the same results. The NASTRAN office 
at Langely, AFB could give no explanation. A test deck with twelve 
different combinations of derivatives defined by twelve different 
transfer functions was tested. Some results were reasonably good 
while others (those that related derivatives of unequal power) were 
not. A single case was tried on the NAVY's CDC computer at NSRDC 
and appeared to work. So the trouble was attributed to NASTRAN's 


use of a mixture of single- and double-precision subroutines on the 
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ІВМ computers. Since the size of the model (particularly the number 
of integration time steps) required that the final form be run ой the 
larger CDC computer of the NAVY, the last obstacle appeared to be out 
of the way. 

But when the problem was first run to check it out on thé CDC 
machine, the samé problem showed up after about one hundred time 
steps. The rate of growth of the problem was smaller but it was still 
there. The solution became very simple, however, when it was learned 
that the version of NASTRAN at NSRDC had been modified to allow non- 
linear loads to be based on velocity directly by simply adding ten to 
the associated degree of freedom when listing it on a NOLINi card. 
This enabled the counter recoil buffer to wórk as originally intended. 

The model was run on NSRDC's computer for about sixteen hundred 
integration time steps which simulated a three round burst of fire. 
Data for various portions of the finite element model are shown in 
Table 1. Plots of some of the output are shown in Figs. 6 - 11. 
Since the structure has not been fully assembled, let alone fired, 
it is impossible to provide real data for comparison. It does appear 
from the data of muzzle motion that the weapon may be reasonably 

accurate but that the interval between firings may have to be adjusted 
to reduce dispersion. Current plans call for static and modal testing 


of the assembled weapon when available for comparison to NASTRAN. 
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The model itself is being updated with the inciusion of damping 
on the horizontal and vertical motion of the structure. Тһе values 
to be used for damping are currently being determined from the 
comparative testing and modeling of an M68 Tank Cannon. The version 
of NASTRAN at Watervliet Arsenal has been modified to provide the 
critical non-linear velocity dependent loads and to run this problem 
as a series of successive segments of the overall integration time span. 
Further improvements in the model are anticipated to be inclusion of 
the boit, bolt-carrier, and cam operation and an approximation of the 
mass transfer of the feeder mechanism. The model will be altered to 


include a constant recoil force mode and also mounting on a vehicle. 
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CONCLUSION 


Ít has been shown that the finite element method as implemented 


by the NASTRAN computer program is capable of modeling weapon compo- 


nents with considerable accuracy. This has been demonstrated both. 


€ 
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by other user's success with the same elements and іп certain protions 
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of the development of the weapon model. It has also been shown that 


the user does not have to be directly involved with the analytical 


т T 


calculations of the model once the assumptions involved with the 
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| features of the program are understood and met. This approach to 


dynamic modeling can lead to a report lacking in mathematical 
expression but still containing results. In such an approach to 
modeling the actual physical dimensions become of secondary impor- 
tance compared to the distinct features of the weapon and the means 


chosen to represent them. This particular model has shown that it 


can be used to represent a three round burst of fire. Тһе final 
determination of accuracy awaits completion of the weapon and its 


initial testing. 
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TABLE 1 - WEAPON PARAMETERS 


Barrel Dimensions 
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Length 229. 0: inches 

Maximum Outside Diameter 8.7 inches 

Minimum Outside Diameter 3.9- inches 

1 . Bore Diameter 2.4 inches 
| | Weight 2050. pounds 
1 ` Coupling Weight 220.0 pounds 
: Return Spring Weight 125.0 pounds 
: Bolt Carrier and Bolt Weight 65.0 pounds 


Receiver Dimensions 


Е | Length 62.0 inches 
| Width 10.0 inches 
Е Height, Maximum 18.5 inches 

! Weight 1550.0 pounds 


Maximum lleight of Truss 
Above Receiver 24.0 inches 


Above Base Plate 42.5-inches 
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Figure 1. 
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Figure 2. 
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Figure 3. THE RECEIVER 
WITH BARREL 


THE TRUSS 


Figure 4. 
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ТНЕ СОМРЬЕТЕ 
MODEL 


Figure 5. 
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BY FINITE ELEMENT METHODS 


T.E. SIMKINS 
Watervliet Arsenal 


Watervliet, New York 


TABLE OF CONTENTS 


ABSTRACT 
CHAPTER ONE 


Section I - Finite Element Response of a 175mm (М113) 
Gun Tube to Ballistic Pressurization 


Section II - Transverse Response of the M113 Tube to 
'Bourdon' loads 


References (Chapter One) 
CHAPTER TWO 
State of the Art in Moving Mass Problems 
Continuum Description of the Moving Mass Problem 
The Finite Element Displacement Method 
Structure Equations of Motion 
Boundary Conditions 
Sroblem Statement and Solution 
Results - Moving Force 
Results - Moving Mass 
References (Chapter Two) 


APPENDTX - The Beam Equation for Trausverse Motions of the 
M113 Tubes 


Page 
374 
376 
376 


396 


400 
421 
422 
426 
428 
435 
440 
441 
446 
450 
459 


461 


ABSTRACT 


RADIAL AND TRANSVERSE RESPONSE OF GUN TUBES BY THE FINITE ELEMENT METHOD 


? Previous work published by the authcr is reviewed treating 
several problems associated with in-bore ballistics and a limited 
comparison with experimental work accomplished more recently is also 
given. 

The most ambitious work involves computation (via NASTRAN) of the 
radial response of a tube bore to travelling ballistic pressure. Tube 
geometry and ballistic pressures corresponding to the 175mm M113 gun 
tube were followed very closely. The computation employed an integra- 
tion time step smal? enough to predict vibration activity as high as 
20 khz - the upper limit of typical tape recording equipment. While 
such а time step leads to an inordinate amount of computer time, al] 
results were achieved in a single computer run leading to a finely 


detailed set of response graphs at many stations along the tube. 
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Comparisons with later test firing records show remarkably good адгее- 
ment considering the limitations of the 250 degree of freedom model. 
Results indicate that the Lame' design formula used for tube design 
érrs on thé unsafe 5Т4е, stresses being greater than those predicted 
by this formula. The high state of vibrational activity actually 
evidenced in test records is predicted in the NASTRAN results. 

Another study estimates the response of this slightly curved 
175mm tube when exposed to the ballistic pressure function - the term 


‘Bourdon load' being coined in the process. Muzzle response in the 
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vertical plane is predicted as а function of time up through shot 
ejection. Further work develops the finite element technique for 
handling the moving mass aspects of the problem, treating the 
projectile às a moving point mass. А sample application of this work 


Е compares results with the only experiments of record - those of Ayre, 


Jacobsen and Hsu. Very good agreement with these results was obtained 
using only a few finite elements. Finally, a systematic derivation 
governing transverse tube motions is derived and incorporates the most 


comprehensive load set to date. 
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CHAPTER ONE 

Section I of this chapter presents the radial displacement response 
of a 175mm (M113) bore surface to firing as computed by the method of 
finite elements. Experimental test firings of record are also offered 
for comparison. Section II employs a second finite element model to 
explore the transverse response (vertical plane) of an initially curved 
tube following a sudden internal pressurization. Both Sections I & II 
of this chapter employ the NASTRAN finite element code and no recognition 


is given to the presence of projectile mass. In Chapter Two, however, 


it is shown how the method of finite elements may be used to account for · 


inertial effects induced by the projectile as a moving mass. NASTRAN - 
it turns out - is unsuitable for this purpose, however, and a special 


finite element code was necessary. 


SECTION I - FINITE ELEMENT RESPONSE OF A 175MM (М113) GUN TUBE 
TO BALLISTIC PRESSURIZATION 
Statement of the Problem: 

The problem is defined as follows: 

An isolated 175mm gun tube, open at each end and unsupported or 
unconstrained in any way, is loaded along its interior bore surface by 
radially applied interior ballistic pressure. Іп addition, the rearward 
thrust of the ballistic pressure is applied axisymmetrically over tne 
breech end of the tube. (№ account of the breech"plug is included.) 
The ballistic pressure input to the problem is computed from FORTRAN 


program, IBAL, authored and refined at Materviiet Arsenal. The loading 
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(апа geometry) is fully axisymmetric and can be conceived as 
a time-variant pressure following the motion of a fictitious 
projectile. Other than defining the region of pressuriza- 


tion in time, the ‘projectile’ has no additional purpose or 


| properties. „Мо Structural damping or temperature effects 


are included in. the problem and the primary objective 15 
to predict the radial displacements of the bore surface in 


response to the ballistic pressure load. 


NASTRAN Problem Definition: 

From the problem as defined above, the NASTRAN formula- 
tion is composed. As in any finite element technique, the 
body of interest is divided into a number of elements each 
of which deforms according to a general law when either 
forces or displacements are prescribed along portions of 
its boundaries. This deformation law is not completely 
arbitrary in that the deformation must retain continuity 
across the boundaries between elements and furthermore 
the explicit formulation of the law should satisfy some 
principle of üechánics - such as virtual work, minimum 
energy, etc. 

In the NASTRAN model for the 175mm tube, 62 trapezoidal 
ring elements are utilized - creating a problem of 250 


degrees of freedom. These ring elements (see Figure 1) 


are axisymmetric and can only be used in cases where the 
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applied loads and deformations are also axisymmetric. 
Consequently any transverse deformations of a gun tube 
during firing must be treated using elements of a differ- 
ent type. The latter of course, fall beyond the scope of 
work to be reported in this section. Іп Section 11 how- 
ever, some of the rudimentary aspects of transverse tube 
behavior are treated. 

The discretization of tube geometry is rather straight 
forward and is shown in figure 2. Воге stations or Grid 
Points, are listed in Table I. Discretizing the load - 
which is travelling along the bore at projectile velocity - 
is not as simple and presents some unusua? and interesting 
considerations. 

The ballistic load function falls within the general 
m A of travelling loads. Each element оҒ the finite 
element model therefore, receives in turn a time-variant 
loading. While this in itself is not an unusual condi- 
tion to be modeled by Nastran, the matter of transforming 
a continuous pressure distribution to discrete loads acting 
at the element attachments, i.e., the Grid Points, creates 
a bit of a problem. In statics for example, the engineer 
may discretize a pressure distribution by Some intuitive 
averaging procedure, perhaps with the aim of preserving 
force or moment equipollence at some particular station. 


In finite element theory however, there is only one 
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TABLE I 
| BORE STATIONS | 
| 6810 POINTS) | 

Grid Distance Distance Grid Distance Distance 

Point from from Point from from 

No. Muzzle Breech No. Muzzle Breech 

1 413 0 64 203 210 
4 406 7 66 196 217 | 

7 399 14 68 189 224 
10 392 21 70 182 231 
12 385 28 72 175 238 
14 378 35 74 168 245 
16 371 42 76 161 252 
18 364 49 78 154 259 
20 357 56 80 147 266 
22 350 63 82 140 273 
24 343 70 84 133 280 
26 336 77 86 126 287 
28 329 84 88 119 294 
30 322 91 90 112 301 
32 315 98 92 105 308 
у 34 308 105 94 98 315 
| 36 301 112 96 91 322 
Ї 38 294 119 98 84 329 
Xs 40 287 26 100 77 336 
i 42 280 133 102 70 343 
|. 44 273 140 104 63 350 
d 46 266 147 106 56 357 
E 48 259 154 108 49 364 
i 50 252 161 110 42 371 
3 52 245 168 112 35 378 
x 54 238 175 114 28 385 
56 231 182 116 21 392 
58 224 189 118 14 399 
60 217 196 120 7 406 

62 210 203 122 3.5 409.5 
124 0. 413 


procedure that is consistent with the finite element formu- 
lation per se and even this procedure is only correct when 


the loads are statically applied. Рог dynamic loading 
conditions there is no truly consistent procedure for 


| discretizing continuous load distributions. Іп view of 
this fact and the approximate nature of the assumed linear 

| displacement function Бу which an element is forced to 

: deform, it is questionable as to how far one can trust 

the conventional procedure of producing statically con- 

sistent discrete loads to replace the pressure distribu- 

tion. (The displacement function is directly used in this 

procedure). 

In view of these arguments it seemed expedient and 
justifiable to describe the travelling load intuitively, 
rather than to work through the statically consistent 
procedure. Only after the final computer run was performed, 
was time taken to compare the two methods of load descrip- 


* 
tion. As it turned out the loads calculated by either 


д =. Mun tmr nete aere p dre e e ari E Са, кәделі ELL т 
1 


procedure differ by an average amount of only 8.32 and 
the total load applied to an element at any given time 
is the same by either calculation. Discontinuities in 
loading rate, present in the intuitively derived load 

functions, may tend however, to favor the excitation of 


natural frequency vibrations in the results. 


| Зе — À 
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| See Comparison, Appendix A. 
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Load Definition: 

Along with each of the grid points to receive a load, 
we assign a domain of load definition. ТЕ the ballistic 
pressure (at some point in time) is applied over all or 
part of the bore surface contained within this domain, 
then the corresponding grid point receives a load. Тһе 
value of the load is made proportional to the fraction of 
the domain exposed to the pressure. Іп the NASTRAN model 
the domains of each loaded grid point extend between. the 
mid-planes of the trapezoidal elements as shown іп 
figure 3. Thus as the 'projectile' (i.e., the ballistic 
pressure) arrives at a location midway between say, Grid 


Points 42 and 44, a load begins to build at Grid Point 44, 


The load at all times will be proportional to the amount 
of penetration into the domain ...x/£ where £ is the length 


of the grid point domain of Toad definition. 


In practice the grid point loads are tabulated vs. 
time and because of their number and irregular character, 
à great deal of load data is required for an accurate 


modeling of the load condition. 


NASTRAN SOLUTION FORMAT 


The transient response in the radial direction is 


sought at stations along the bore axis of the tube. In 


NASTRAN one has а choice of two transient response formats... 


! 
| 
| 
i 
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і 
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Rigid Format Number12 entitled "Modal Transient Response" 


and Rigid Format Number 9 - "Direct Transient Response". 


3 The former is more approximate than the latter unless all 

| of the vibration modes are employed in the solution in 
which case the two formats involve virtually the same 
amount of computation. If a modal transient response 
calculation is to be made, the user must be sure that enough 
modes are employed to yield the accuracy demanded. Because 
of the spatial distribution of the instantaneous load applied 
to the 175mm tube, a modal transient response calculation is 
not practical since an accurat? description of the deforma- 
Над of the bore surface would require a large number of 
eigenvectors - even though their corresponding frequencies 
may remain virtually ünexcited.! The only other choice is 
therefore to actually integrate the two-hundred and fifty 
coupled equations of motion - NASTRAN's Rigid Format 
Number 9. 

The main decision to be made in using the direct 
integration algorithm concerns the choice of the time step 
to be used in the numerical integration procedure. Even 
though the algorithm employed by NASTRAN is ünconditionally 
Stable (i.e., no unbounded quadratures will result) gross 


errors will result unless the time step of integration is 
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PURTON: R., Vibration and Impact (1958), Addison-Wesley, 
p. 26l. 
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chosen sufficiently small. Since опе is generally seeking 
the integrations over а specific time length, i.e., the 
ballistic period, smaller time steps imply a corresponding 
increase in the number of iterations required. This in 
turn is limited by available funds and computation time. 
The time step for this problem was chosen on the basis of 
the largest loading rate present in the problem. Since 
this loading rate is nearly proportional to the projectile 
velocity, the rate will achieve its greatest value near 
the muzzle where the load varies from zero to full value 
in roughly 250 microseconds. To describe this load in 
fine tabular detail, minimizing sharp 'corners' or discon- 
tinuities, the time step was chosen as 10 microseconds. 
Such a time step would also clearly define any response 

as high as 15 khz. It can also be shown that a time step 
of this value is sufficient to predict a response over 36 
periods of the lowest natural frequency with an error not 


exceeding 102 in amplitude or phase in all frequencies up 


to ten times the fundamental. Рог details of this appraisal 


the reader is invited to examine section 11.3 of the NASTRAN 


Theoretical Manual. 
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MATERIAL PROPERTIES AND INITIAL CONDITIONS 


Only the simplest material properties were assumed for 


е лш зу тах, воля ар Т 
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the model: 
Е = Young's Modulus = 30 x 106 psi 
| у = Poisson's Ratio = 0.3 
; The initial conditions of velocity and displacement are null. 


1 PROGRAM OUTPUT 


ОҒ the 124 grid point locations defined within the 
NASTRAN model of the 175mm tube, radial displacement and 


| load output was requested from 32 of the 61 grid points 
along the bore surface. The output was requested on magnetic 


tape as well as 35mm film - ready for slide mounting. 8-1/2" 


i x 10" plots were made from this film and the corresponding 
X-Y data printed from the magnetic tape. The printed output 
for the problem solution is quite voluminous and therefore 
only seven load and response curves will be presented in 
this report - four for discussion purposes and three for 
comparison with instrumental test firings at Aberdeen and 
Yuma Proving Grounds. The loads and responses at these 
points are generic to the extent that those at other bore 
stations can be understood in similar terms. 

| DISCUSSION - Grid Point 10 

Figure 4 shows the pressure (lower curve). and displace- 


ment as functions of time at Grid Point 10 located in the 


breech, to the rear of the projectile at all times. Super- 


posed is the displacement as conventionally computed for 


2 This 


design purposes via the static Lame solution. 
solution corresponds to a uniformly pressurized, infinitely 
long uniform tube of cross section equal to that at the 
grid point under discussion, i.e. GP 10. 

One first notes that due to its location aft the pro- 


jectile, GP 10 receives pressure continuously and smoothiy 


from time zero. Consequently the rate of load application 

at this station is only dependent upon the rate at which the 

burning propellant produces pressure and not on the velocity 

of the projectile (except possibly in a very secondary way). 

Thus the rate of load application at GP 10 is not nearly as 

severe as that at grid points located further along the bore. 
The next item of note is the increasingly apparent 


excitation of a natural frequency of approximately 2600 hz 


as time continues through the ballistic period. Не will 
see later that this frequency agrees quite well with the 
observed frequency of 2380 hz in the BRL records. In that 
no structural damping has been included in the model, one 
15 not surprised that the predicted frequency is somewhat 
" higher than that produced during these actual test firings. 
Superposed on the 2600 hz frequency is a 'beat' whose 

E frequency is estimated at about 130 hz. This beat fre- 


quency appears at different values as one observes from 


stations further along the bore. At GP 56 we estimate 


TROARK, R. J., Formulas for Stress and Strain, 2nd Edition, 


— MÀ —À 


McGraw Hill Book Company, Inc. 
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The production of beats suggests that several natural 
frequencies exist close in value to the observed 2600 hz 
vibration. To determine if indeed this is the case, à 
NASTRAN eigenvalue analysis was applied to the finite 
element model. Тһе results are shown in figure 5 in the 
form of a frequency density distribution. Together with a 
plot of projectile velocity versus bore travel (figure 6) 
one not only gains insight to the production of beats but 
also the reason for the observed vibrational behavior at 
about 2600 hz. 

As figure 6 shows, the projectile velocity exceeds 
2600 ft/sec. over the latter half of bore travel. Veloci- 
ties of this magnitude are clearly sufficient to create 
Grid Point loading rates large enough to excite natural 


frequencies in the neighborhood of 2600 hz, i.e., the 


observed vibration. That there indeed exist a multitude 
of frequencies near this value is born out by the fre- 


quency density plot which shows no less than 17 natural 


: frequencies between the values of 2400 and 2800 hz. А11 
of these are excitable by the projectile velocity which 


s exists throughout.the latter half of bore travel and 


easily combine to form the observed beat phenomena. 
The existence of beats has physical significance in that 
à beat amplitude surpasses that of either of the amplitudes 


of the component vibrations. 
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A third point of interest is the comparison between the 
response predicted by the Lamé solution and that from the 
NASTRAN model. The Lamé response is conservative in that 
it exceeds the time-averaged dynamic response. The expla- 
nation is that the Lamé problem assumes the pressure to be 
uniform throughout the entire length (infinite) of the 
tube. In reality - and іп the NASTRAN model - the pres- 
sure only exists of course, in the region to the rear of 
the projectile. Тһе non-pressurized region in front of 
the projectile tends to assume its unloaded configuration 
exerting a contractile effect on the region to the rear 
of the projectile. Only when there exists à considerable 
input of kinetic energy to a vibration mode of period 
close to the rise time of load application, will the Lamé 
peak displacement be exceeded. 1% is evident that this. 
condition is not fulfulled at GP 10. We shall witness 


different behavior further down-bore. 


Grid Point 24 
Figure 7 shows the pressure (lower curve) and displace- 
ment at GP 24, not far in front of the projectile prior to 
firing. The distinctive feature as compared with GP 10 is 
the time delay prior to load application at this station. 
During this delay period a negative, i.e., inward, radial 


displacement occurs at this grid point. This is caused by 


the existence of adjacent pressurized and nonpressurized 


regions. The Lamé counterpart cannot of course predict 


such a displacement since all regions of the tube are 
assumed uniformly pressurized. 

At approximately 6.5 milliseconds following ignition, 
the 'projectile' passes GP 24 exposing this portion of the 
surface (i.e., the load domain of GP 24) to the pressure 
of the propellant gas. Thus the initial time rate of load 
application at this station is determined almost wholly by 
the value of the projectile velocity at this time rather 
than the propellant burn characteristic as at GP 10. 

In all other respects the response at Grid Point 24 is 


similar to that previously described at Grid Point 10. 


Grid Point 72 

Figure 8 shows the pressure (lower curve) and displace- 
ment - Nastran and Lamé - at Grid Point 72, located roughly 
half way down the tube bore. Аз at GP 24 we observe a 
negative displacement until the projectile passes the 
station approximately 15 milliseconds following ignition. 
At this time the projectile possesses a rather large 
velocity creating a rapid time rate of pressurization 
at this location. The rate is great enough to appreciably 
excite the observed natural frequency (approx. 2600 hz), 
causing a peak response 352 greater than that predicted 


by the Lamé solution. 
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Grid Point 120 

Grid Point 120 is only 9 inches from the muzzle end of 
the tube. Тһе maximum pressure (figure 9) is seen to be 
roughly half that at GP 72. Consequently, the negative 
radial displacement prior to the arrival of the projectile 
is correspondingly less. The high velocity of the projec- 
tile, however, causes great excitation of the 2600 hz 
natural frequency oscillation. This results in a NASTRAN 
radial displacement which exceeds the static Lamé 
computation by nearly 502. 

Again we observe a strong 'beat' at this grid point. 
To what degree such beats are actually realized in 


practice is clearly a matter which should be determined. 


COMPARISON WITH PREVIOUS TEST FIRINGS OF RECORD 


The NASTRAN model of the 175mm tube was formulated and 
computer-executed prior to the examination of any particu- 
lar experimental results. With the NASTRAN-predicted 
response in hand, a request for experimental results of 
test firings was made to Mr. Herman Gay of the: Ballistic 
Research Laboratories, Aberdeen, Ма. Мг, Gay recommended 
BRL Technical Note No. 1722 authored by Mr. John M. Hurban 


in September. 1969. Mrs. Joyce Mayo of the Watervliet 


Arsenal Technical Library was quick (as always) to provide 


a copy of this report. 
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The BRL note reports on the response of strain gages 
mounted on the exterior surface of a 175mm gun tube. This 
tube differed slightly from that used for the NASTRAN model. 
The presence of a breech and tube support created. further 
dissimilarities. Nevertheless, surprisingly close agree- 
ment was achieved wherever quantitative and qualitative 
comparisons could be made. 

Figure 10 shows the strain gage response to the firing 
of a zone 3 charge," at several stations along the tube 
exterior. Complete quantitative comparison with the BRL 
results is not possible here since the ordinate is "ргез- 
sure" rather than strain or displacement as іп the NASTRAN 
results. This so called "pressure" is computed from the 


measured strains £g» € according to the relation: 


2 
E(W2-1) ; | 
= лаг eat oye 
2(1-у2) у 5 


where М is the wall ratio at the particular station where 

£g» €; àre measured and E, v are Young's modulus and Poisson's 
r^tio. If, however, it is assumed that <<, 
ordinate used іп the BRL report is approximately proportional 


then the 


(0 Е) and the NASTRAN-predicted radial displacement response 
at stations along the bore surface differs only Бу а scalar 
multiplier from this exterior circumferential strain. Thus 


the two may be qualitatively compared. 
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* 
The load functions used in the NASTRAN model also correspond 
to a Zone 3 charge. 
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Іп comparing the NASTRAN results (Grid Points 34, 48, 

d 68 - figures 11, 12, 13) with similarly located stations 

| 4,5,6 of the 175mm tube used by BRL, one first notes the 

! negative ordinate values prior to the arrival of the рго- 

i jectile at each of these locations. Good qualitative 

| agreement can easily be observed. Next we see that NASTRAN 
j Я 


successfully replicates the abrupt loading condition experi- 


enced at each station as the projectile passes. Finally, 
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figure 7 yields an estimated natural frequency of 2380 hz 
visible mostly during the latter portion of the ballistic 


cycle. This compares closely with the 2600 hz prediction 


of the NASTRAN model. (Including structural damping into 
the model should provide even closer agreement). 


The amplitude of the oscillation as predicted by 


NASTRAN is considerably greater than that in evidence in 

figure 10 - the BRL results. Та connection with this it 

Ч 18 interesting to compare the BRL results at the same 

| stations when a Zone 2 charge was fired. Figure i4 
shows these results and it is immediately obvious that 
the amplitude of the natural frequency oscillations is 

4 greater than that observed from figure 10. This is 

$ surprising in that а zone 2 charge is меакег than а 

zone 3 charge. Тһе explanation was provided when it 

was learned that BRL employs a filtering technique in 


the process of analogue to digital conversion. 
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Conversations with Mr. John Hurban - author of the BRL 


work - indicated that the extent of such filtering is not 


.known at this time. Не allowed, however, that the degree 


of filtering employed could very well vary from case to case. 
Table II shows the maximum bore expansions from the BRL 
report. As noted, the results correspond to a Zone 1 type 
charge and stations 5 on tube numbers 4136 and 4137 are at 
the same location as station 4 on tube number 1185; i.e., 
all stations are 259 in. from the muzzle end of the tube 
(corresponding to NASTRAN Grid Point number 48). А compu- 
tation of the Lame displacement at this point agrees within 
12% with Nastran results (figures 11 and 12) so that one 
does not expect a great deal of dynamic effect on bore dis- 
placements at this location. Consequently one might also 
expect good agreement between the NASTRAN predicted dis- 
placements and those measured and reported in Table II - in 
spite of the use of filtering. However, the difference 
between NASTRAN's assumed Zone 3 charge ап4 the Zone 1 charge 


used in these test firings must of course be accounted for. 


The peak pressure ratio for these two charges is 0.218 . 

If the Nastran peak response of .007 in. is multiplied by 
this ratio, the result gives a .0015 in. expected bore 
expansion for a zone 1 charge - а figure which agrees quite 


well with those listed in the right hand column of Table II. 
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SANDERSON, H.B., Aberdeen Proving Ground, Development and 
Proof Services Report No. 1375, Eleventh revision, Jan. 1968. 
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ТЕ is а matter of considerable importance that the true 


degree of natural frequency excitation be assessed - for it 
is this excitation which is responsible for the major 
difference between the peak response as predicted by the 
NASTRAN model and that estimated by the Lame solution. A 
review of figure 8, for example, shows that the 352 increase 
in peak response as compared to that predicted from the Lame 
formula is entirely due to excitation at this 2600 hz 
frequency. Filtering the strain gage response at or below 
this 2600 hz frequency ievel could very well lead to 
erroneous and possibly unsafe conclusions. Mr. Hurban 

found that the original unfiltered analogue tape recordings 
no longer exist. Моге recently, however, new tests at Yuma 
Proving Grounds have been conducted and a comparison verifies 
our suspicions. 

Owing tó the unknown degree of filtering employed in 
the BRL test records, it was highly desirable that new tests 
be conducted without filtration. This opportunity arose in 
the Spring of 1974 when М113 firings were scheduled (for 
other purposes) at Yuma Proving Grounds. Watervliet Arsenal 
succeeded in their request to have strain gages mounted 
along the outer surface of the tube at four axial stations. 
Figures 15 and 16 show the experimental results at stations 


#3 and #4 which correspond to grid points #72 and #120 


(Figure 8 & 9). It was gratifying to observe natural 


frequency excitations far in excess of these of the filtered 
BRL records. The general similarity of these experimental 
records with those produced by the NASTRAN model is apparent. 
Two prominent comparisons are the production of large 
amplitude 'beats' and the possibility that the phase of a 
natural oscillation may be such as to produce an extra- 
ordinary strain above the Lame value immediately upon passage 
of the projectile at a particular station. Such phase 
agreement is unfulfilled in figure 15 but is clearly evident 
in figure 16. Іп that no damping was employed іп the 

NASTRAN model, the generally larger amplitudes of vibration 
in figures 8 and 9 are to be expected. The dominant 
frequency excited in the NASTRAN model which is in excellent 
agreement with the BRL test records, does not at all agree 
with that appearing in the YPG results - the latter being 
done to 1600 hz and the former near 2600 hz as previously 
noted. The discrepancy can be explained by the fact that 

the tube fired at YPG has a considerably thinner wall than 


that employed in the МАЗТКАМ model. 
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SECTION II - TRANSVERSE RESPONSE OF THE М113 TUBE ТО 
'BOURDON' LOADS 

In addition to the radial response of the M113, some 
progress nas been made in estimating the transverse response 
to a pressure load along the bore surface. 

As a first approach we have imagined the 175mm tube to 
be in a state of readiness, inclined to the vertical as 
shown in figure 17. Only the bore axis is depicted here - 
the curvature (exaggerated) T due to the action of 
gravity (vernacularly referred to as 'droop'). Because of 
this initial deformation at least three non-elementary 
forces act upon the tube when fired - the so-called 'Bourdon' 
force (due to unequal upper and lower bore surface areas), 
the recoil acceleration moment, and the forces due to the 
curved path traversed by the projectile while in-bore. A 
fourth non-elementary force arises due to the action of the 
gravity оп the moving, in-bore, projectile. Іп addition to 
these (and possibly others) one also has the elementary 
forces of transverse beam inertia as well as the constant 
gravitational force acting directly on the tube. Тһе 
resulting equation of motion* - based on the beam flexure 
formula is: 

(EIy")" + К(х, Ву“ - EogAsine]E(x-L)y' ]' + 


+ Moly + avy" + А + 9со5018(х-Ч Е) + рАу - pgAcosa 


*For complete derivation see Appendix. 
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Іп order to obtain some idea as to the motion to Бе 
expected from say, the 'Bourdon' loading, we have treated 
a simplified case in which only the 'Bourdon' load acts in 
conjunction with gravity upon the tube. If we let а = 0, 
the equation of motion reduces to: 

(EIy")" + K(x, t)y" + рАу = -pAg 
with initial conditions y(x,0) = Y(x) and y(x,0) = 0 and 
boundary conditions corresponding to a cantilevered beam. 
Y(x) is the 'static' deformation due to gravitational forces | 
acting upon the structure prior to t = 0. To keep the 
problem as simple as possible in this first attempt we 
consider a Bourdon loading which arises from the application 
of a uniform ballistic pressure applied stepwise in time at 
t = 0 along the entire bore surface of the tube. Choice 
for the amplitude of the step was more or less arbitrarily 
based on the time-averaged value of the ballistic pressure 
cycle for the M113; P4, = 13,420 psi. As shown in the 
Appendix this leads to a Bourdon term in the previous 
equation of motion: 

KG £y" Qut) = Payna?y"(x,t) 

Except for this term, the equation of motion can be viewed 
as a typical beam problem which, if one so chooses, can be 


solved via NASTRAN. Provided that the above distributed 


Bourdon load can be discretized into concentrated loadings 


| at the nodal (grid) points of a finite element beam model 
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of the М113, the Bourdon forced motion problem can be made 


amenable to NASTRAN solution also. The discretization of 
any distributed loading over the surface of an element can 
be accomplished as follows: 

The concentrated 'forces' at the nodes of a finite 
element may be obtained from knowledge of any distributed 


loading f(&) through the following relation: 


Е = Ла f(e)de 
where Е is the non-dimensional length variable x/L апа L 
is the beam element length. а(х) is defined through the 
relation: 

у(х) = a(x)U 
where Ц is the vector of nodal displacements for the 
element. In a finit. beam element а(х) is determined 
'exactly' by solving for у(х), the transverse displacement 
of the element, given the imposed idsplacements 0 
(generalized) at the ends (nodes) of the element. 

Utilization of these formulae will result in a force 

vector Е having the form Е са: U; i.e., a form accommodated 
by one of the NASTRAN load formats (NOLIN2). Thus the 
ргобјет of Bourdon-forced excitation of a non-uniform beam 
may be converted to finite-element form suitable for 


solution via the NASTRAN finite element program. 
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Ап eighteen-element beam model of the M113 tube was 


employed for solving the previously described problem. 
The details of this model and the preparation of the load 
input to the program will be covered in a later report 
which will also deal with more realistic ballistic functions- 
a task which presents only moderate difficulty. 

Figures 18 and 19 show the NASTRAN results for this 
case of infinite projectile velocity and constant pressure 
loading. Іп figure 18 we show the Shape of the М113 at 
shot cjection (estimated to occur а+ about 25 milliseconds 


after ignition) whereas figure 19 shows the predicted 


muzzle movement in time. 
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CHAPTER TWO 


The Importance of the Moving Mass Problem 


In more conventional applications the difference in the response of 


a structure to a moving mass and to the weight of this mass is not very 


great. However, if the moving mass is an appreciable fraction of the 


total structural mass of the problem - or if the velocity of the mass 
is very large, an unconventional structural problem is defined in which 


the difference may be quite pronounced. There are at least two illustra- 


“~ A 
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[E 


tions which come to mind: (1) - a railroad train crossing a long 
ése tle (in which, the moving mass comares to the mass of the trestle) 
and (2) - a projectile traversing a long tube (in which uncommonly 
high velocities are evident). Ме are nrofessionally interested in 
the latter as a knowledge of the response of a tube to a moving mass 
leads immediately to a good estimate of the resultant interface pres- 
sure between the projectile and the bore surface - an important first 
step toward the ultinate understanding of the causes of bore and 
muzzle wear problems and prover design of projectile casings and 
rotating bands. Тһе importance of the structural response of the 
tube in altering the round trajectory is also apparent. Thus treat- 
ment of the moving mass nroblem has a wide base of military justi- 


fication, 


State of the Art in Hoving ‘fass Problems 


Although the method of computation reported herein is immediately 
applicable to a finite element beam model of a gun tube, it is first 
necessary to assess the accuracy of the method by applying it to a 
problem which has received prior treatment and reported in the liter- 
ature, The most common base for comparison has been the experimental 


2 
work of Ayre, Jacobsen, and Hsu = »resumably hecause of the lack of 


(1) Stokes, Sir George G., "Discussion of a Differential Equation Re- 
lating to the Breaking of Railway Bridges," Trans Cambridge Phil Soc, 
8, p. 707, 1849 


(2) Ayre, R.S., Jacobsen, L.S., and Isus., "Transverse Vibration 


of One and of Two Span Beams Under the Action of a Moving Mass Load," 
Proc. of First National Congress on Applied Mechanics, June 1951 
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any simple analytical solution with which to conrare results, ( The 
analytical solution of Schallenkamn is not convenient for general 
application ~ this wil] be mentioned further on in the report) 

This report is therefore concerned with predicting the response 
of a uniform,sinply sunvorted beam while subjected to a concentrated 
mass moving along its length at constant velocitv under the influence 
of gravity. The method emnloyed, however, is immediately applicable 
to time variant mass velocities as well as other boundary conditions 
and variable beam cross section, 

Before commencing with the details of the moving mass problem it 
may be worthwhile to point out the theoretical differences between 
vroblems in which masses are in motion and those which involve onlv 
moving forces, 

То begin with, moving loads* are but special cases of time and 
space variant forcing functions f(x,t) for one dimensional structures 
such as beans, ‘The customary bean equation of forced motion can be 
written Y 

М + Lw = f(x,t) «ses (1) 
where and L are operators: 


2 2 
H = pA; L = (ЕТӘ /ax ) 


— — 


n —À 


(3) Tong, K, Theory of ‘fechanical Vibrations Г, Wiley 1 Sons, 1960 
о, 300 


* The term "1024! is intended to be general and to represent applied 
loads such as moving forces and/or masses 
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Solving the homogeneous form of equation (1) (f(x,t) = 0), i.e., the 


free vibration problem-leads to the eigenfunctions гу (х) and the 


eigenvalues ша with which any forced motion problenm (Ғ(х,%)-% 0) 


can be solved, 


Transforming to modal coordinates p, (t) defined in the expansion: 


w(x,t) = i p, (t)r; (x) ‚..(2) 


p 


leads to an infinite number of differential equations which are 


uncoupled: 
Б 2 
i.e. mua * ep) = gE, t)r (х)дх ... (3) 


\ ES 
«here ШИН 


g 
\ 
(4M Gi2dx 
Now if f(x,t) is a moving concentrated force, i.e., 


f(x,t) = -Роб (x-vt) 


then (3).becomes: 


.. 2 
м;; (Ра +®ўр;) = -Pori(vt) SNO 


The solution to (4) can be written immediately in terms of the 


cigenfunctions and eigenvaiues of the free vibration problem, 


f(x,t) = п 6 (x-vt) 
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, 


When substituted in (5), the right hand side becomes: 


-прј дна: 2т. (х)6 (x-vt)dx = ди ј ах, (х) | (-mp) 


x=vt 
25b zo ' 2 и : 
but 171138 = w(vt) + 24! (УЕ) + v^w'(vt) ; `t = а/ах 
х=уї 
using (2): 3^u/at?| = Ор: + 2vr.(vt)p; + үйі (уЕ)р: } 
d J J 2 3 2 2 


x=vt 


then (3) becomes: 


m oo 2 
т, (Р, + wp) = -mp | (т; (vt) p; + 2vrj (vt)p, + Ут (УР, 
wee (5) 


Іп contrast to (4), equations (5) are по: uncoupled, In fact all of 
the variables pi, i = 1, = , appear in each of the infinite number 
of differential equations, To nake matters worse, each variable has 
a time-variant coefficient, To date the only exact mathematical 
treatment appears to be that due to Schallenkamp^ involving a triple 


infinite series equation for unknown Fourier coefficients, 


Thus the whole concept of natural frequencies and modes of vi- 
bration loses its value in quantitative determination of the response 
of a system with time variant properties - of which the moving mass 
is but a.special case. For every location of thé mass along the beam 


we have a new infinity of eigenvalue solutions. With an infinite num- 


Ы 


(4) Schallenkamp, A., "Schwingungen von Tragern bei bewegten Lasten," 
Ingenieur-Archiv, v.8, 1937, pp. 182-198 


ber of locations for the mass to occupy, ме thus have a double 
infinity of eigenfunctions and eigenvalues. 

Equation (1) can, however, be solved numerically - regardless of 
the space and time dependent material properties and the forcing 
term. In what follows we eliminate the space variable through the 
finite element process. Тһе time variable is handled by a numerical 
integration procedure of common variety (predictor-corrector). In 
essence therefore, we approximate our continuum description (1), by 
a finite number of ordinary differential equations with time depen- 


dent coefficients. 
Continuum Description of the Moving Мз<5 Problem 


In the Appendix a derivation is given for the equation of 


forced transverse motion of a beam model of the М113 gun tube: 


(EIy")" = -k(x,t)y" + (ОАХ, (t) + pAgsina)y"(x-g) + (АХО (Е) + 
+ pAgsina)y' - пру + 2vy' + gcosa + v?y'')ó(x-vt) - реАсоза - pAy | 
... (6) 


This equation assumes that A, the beam cross section is uniform and 
that v - the veiocity of the moving mass My is constant. In that 

we will be applying the equation to beam elements of uniform and equal 
cross section the former assumption is consistent. This restriction 


is not necessary to the generality of the method. The assumption of 
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constant velocity is motivated by our desire to compare results with 
the work of Ayre, Jacobsen and Hsu, Іп (6) the term k(x,t)y" is the 
so called 'Bourdon! force. Terms in Xo represent transverse fcrces 
induced by axial recoil acceleration when beam curvature and slope 
are non-zero. Terms in рАр аге due to the beam weight. None of 
these forces are of interest in this report which deals exclusively 


with forces induced by the moving mass: 
i.e. f(x,t) = -m (Y + 2у)' + g+ vy") 8 (xevt) ... (7) 


where a, the tube elevation angle, has been made equal to zero, 


Thus the special version of equation (6) we will be concerned with 


in this report: 


Ely" + pAy = АХА + в угу") 6 (х-уЕ) e) 


where E,I,p, and A assume constant values, The left hand side of 


.. 


(8) is recognized as originating from the simplest of beam theory, 
i.e., where the entire transverse deflection of the beam is assumed 

to be аба to bending moment only, The right side of (8) therefore 

| represents the totality of applied loads, the first term corresponding 
| to the inertia of трі the second is а 'Coriolis' type load; the third 


is due to the gravitational force on M (its weight) and the fourth 


is the 'centrifugal' force due to пр folloving the beam curvature, 


The Dirac - delta function -6- specifies that each of these forces 


[SSS = 


acts in a concentrated fashion at the location x = vt along the beam, 


As written equation (8) is a continuum description of the pro5lem, 
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Using the method of finite elements the space variable, x, will be 
discretized - resulting in a set of ordinary differential equations 


with time as the independent variable, 


THE FINITE ELEMENT DISPLACEMENT METHOD 


The basic procedure in finite element procedures is to consider 
the structure of interest as being composed of elements connected 
together at adjacent attachment points - called nodes or grid points, 
Рог the case at hand, the elements will be considered as short beams 
connected end to end to form the longer beam structure of interest, 

Ота then seeks to relate (at least approximately) the displacement at 
any point interior to an element solely in terms of certain generalized 
displacements assumed at its attachments, 

Figure la shows the beam structure of interest (corresponding to 
equation (8)) broken down into three shorter beam segments or elements, 
The generalized displacements at the points of attachment consist of 
one translation and one rotation, (We could define more), It is ob- 
vious that when adjacent elements are connected the element displace- 


ments at each point of attachment must agree, 1.е., must be continuous, 
2 
e.g. uz = ч , etc. 


This continuity requirement between element displacements therefore 
reduces the number of generalized grid point displacements, For the 
three beam elements shown in fig 1(а), the number of independent dis- 
placements is thus reduced from twelve to eight upon connection of 


the elements as shown in figure l(b). 
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Figure l(a). Finite Element Breakdown of Beam Structure. 


Figure l(b). Interconnection of Beam Elements to Form Beam Structure. 
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Figure l(c). А General Beam Element in Deformed Configuration. 


Letting y(x,t) represent the transverse displacement of the beam соп- 


~ 


tinuum between the end points of a given element (fig 1(с)) the рго- 


cedure is then to approximate y(x,t) as a linear function of the 


ela n re ed Ri inler ЖТ Толық, 


generalized element displacements i (The assumption of linearity 


e : 
will lead to linear differential equations in the ui) Since there 


зан 


е : : 
ате four Ч, рег element - all of which are аз yet arbitrary - we can 


try a polynomial expression with four arbitrary constants, i.e, а 


cubic: 


2 . 
у(х) = а, + a,x + a,x жа; зах 


ү 
} 
4 
Ч 
ч 
à 
а 
+ 
Ч 
3 
| 
| 
1 
| 
: 
i 


where, in the latter notation we intend that a sum be performed over 
epeated index i, with i ranging from 0 to 3. 


The а, can easily be determined from the four conditions: 


e e 

y(0,t) = ч, : y'(0,t) = Uy 3 
е 

уф, у = чу ; У, =u, ; 


The result can be expressed аз the vector product: 


y(x,t) = а(х) { E ЖАСТЫ (9) 
explicitly, 


3 2 3 2 3 3 2 
y(x,t) = (4 -3p 26 | 2(5-26 +E )| 3e -2& [об -Е )8 ) [uf 


= 


where 6 = х/% u 
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Equation (9) constitutes a formal discretization of the continuum in 
that all interior displacement information has been referred to the 
end point, or element, displacements, The goal then is to determine 


these displacements uf (t). 


When subjected to sets of applied forces and constraints (boundary 


conditions), the beam element responds according to the laws of 
mechanics from which we are free to choose any one of several in 
which to МЕЧЕ РЗА the equations of motion of the element, It is уе 
convenient to employ the principle of virtual work for dynamic 1044- 
ing ? - which states that in a virtual displacement бу(х) , of the 
beam element from its instantaneous state of equilibrium, the incre- 
ment in strain energy, i.e,, the virtual strain energy, is equal to 
the sum of the virtual work done by all the forces including the 


inertia loads. 
i.e, 60 = ôW - (бауулах vee (10) 


where 60 represents the virtual elastic strain energy resulting from 
the virtual work 6W СЁ the applied forces and the virtual work of 

the inertia forces, (p is the material density and A the beam cross- 
sectional area,) Іп general the elastic strain energy due to a vir- 


tual displacement can be written: 


ву = fodedadydz ces (11) 


" 
where 6 is the induced stress. due to virtual strain бє, 


на = 


(5) Przmieniecki,J,S., Theory of Matrix Structural Analysis, McGraw 
Hill, 1968, p. 267 шэнэ PE CAI 
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Тһе virtual work due to applied forces f(x,t) per unit length: 


d 
| 50 = E(x, t}6y 3x 


Thus (10) becomes: 


& П 
fa6cdxdydz = [£Gx, t) будх -Грубуддк СТО) 
У 


НооКе'$ Law specifies: 


c ВЕ 


In beam theory, В E, Young's modulus, and є = ћу", В being the 
distance from the beam neutral axis to the fiber in which © is being 


defined, Substituting in (12), the left term becomes: 


1, $, 
р f ваду"бу'ахдува = blf убучіх 
0А 0 
so that (12) becomes: 
E , СА 
Ет i = 1Е(х,5)будх Ч оубуА4х 21413) 


Making use of the approximation (9), ie, у= а); 
e we " е 
бу = a(x)óu апа бу" = a (x)óu 


Substituting these expressions in (13): 


L 5, 
El/sufa"a"u ік = fsufaf(x,t)dx -~ oA 168 залгах 
QT QT Eu S 
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Since the virtual displacements ut are arbitrary: 


П , П : П 
{ рА/Зайх ju + { EI ā"a"dx ји = Jāf(x,t)dx OO (14) 


(a bar over а quantity denotes its transpose) 


The nxn matrix coefficient expressions (n = 4 for the problem at hand) 
of ч and и deserve to be called де апа ке respectively and the 
right hand term is the force vector r whose elements replace the 
distributed and applied forces present in the continuum problem, 

These forces are considered as being applied to the ends of the 
element e, The matrices пе апа ке have been evaluated many times 


in the literature? and will simply be repeated here for beam elements 


of four degrees of freedom. 


12 
2 symm 
6% 4% 
ке = 1/23 . 
-12 -62 12 
2 
6% 2% -6% 442 
156 
2 $утт 
22% 4% 
mê = —pAM420 7 
54 132 156 
-132 - 322 -222 ' 442 


(6) Przmieniecki, J.S., Theory of Matrix Structural Analysis, McGraw 
Hill, 1968, p. 81, 297 ~ 
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То form the force vector £5 the expression f(x,t) from equation (7) 


is substituted into the right side of equation (14). 


5 е 
thus f = - fa т (у + 2уў'+р+ vy") 6 (x-vt) dx 


substituting the relation у(х) = au*; 


ГА 


u 


... 0 <уб<% 


= 0 otherwise 
where eG) = a(vt)a(vt) 
с2({) = 2уа (уе) а" (vt) 


с (5) = v?a (vt) a" (vt) 


Equation (14) can then be written: 
(f + пре (ОМО + тұ б”, (Ке + през (DU! = прави) 
vee OS уус, 


ог sinply, 


и (купе + (689 + х(087 = $) sep (15) 
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+° m а(х) (au? + 2va'ü* +g + уганце) ё (x-vt)dx 


-m (сү СО" - со (=) пе + с (t)u*) -nyga(vt) 


— — ам — + 


с ПЕ. 2 
тт A =т=т 
< 


== 


ас the right end of the first element (cf, fig 1) are to be added to 


Outside the interval 0 «vt«£ , the time variant coefficients с; (t) and 


a(vt) must be replaced by zeros, This can be accomplished by nullify- 


ing the т factor outside this interval, 


Equation (15) represents a set of n ordinary differential equations 
with time dependent coefficients. They are the differential equations 
of motion for any beam element of density p and section modulus EI 
as well as и area А. All of these element properties 


may differ from element to element, 


STRUCTURE EQUATIONS OF MOTION 


The equations of motion for the combined structure, i.e., 


мош + С(е)0 + k(OU = E(t) THU) 
are formed as follows, 
Each term of equation (15) constitutes a force - Ұ? , at the element 
attachment points, ісі thru п. When all elements are joined the 


resultant force at the connections (grid points) is the sum of the 


individual forces at the attachments, For example, the inertia forces 


those at the left end of the second element to yield the total inertia 
force at the connection grid point, 
i.e., the inertia forces acting on the first element - element #1 


шан , 
іп figure 1-іп the чү, Чэ» Us, ала u4 directions are the vector com- 


ponents: 


eee тез — 
-- -------------. те тие ти осонні 


Summation over repeated subscripts is intended and i 6 ј range from 1 


ton, Similarly for element #2: 


Upon joining these two elements, v combines with the force и ала 


v with m so that the resulting forces on the two-beam substructure 


are, for the case п. = 4: 


1 10210101 1 
ф и u 
1 п 12 13 1 0 0 0 о “i 
1 1 1 I! 2 
y! џ u u u 0 0 0 0 ül 
2 1 22 23 24 2 
ЭВЭР, l l d. 1 2 2 2 2 l 
н н u u u и И 
МА _ йә а ат. ЈЕ 18.) T 
1 2 jt spo 1 2 2 2 19 41 
ф + и и и и ü 
47% 41 42 43 44 21 22 23 24 4 
2 2 2 22 52 
V. р и и u 
3 0 0 0 0 3 32 33 34 1 
у о u? 
4 0 0 0 0 "gd 42 43 44 2 
52 
3 
22 
4 


з 
ГЭ 


Enforcing the equality of the displacements, velocities, and acceler- 


ations of the attachments, i.e, 


“l #2. .. 41 . n - 
= u Е Uz and u ч2 0, 


where the upper case letter denotes that Us , 7 are grid point 


accelerations in conformance with figure 1(b). 
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llence in terms of grid point notation: 


^ 27 28 "ns 27 0 o Ul 
Ч, 2 29 29 27 0 0 l| uU 
4341. 27 29 08529911) (s e) 1; ЈУ Us 
" ў "n ig (geo (i ue s 24 U4 
и: 0 : a 23 9: йы Us 
to 9 с У 042 26 07 Ug 


of a 2-element substructure, Тһе other forces in the equations of mo- 
tion for this structure are formed by similar superposition, Thus the 


structure equations of motion are formed by overlapping and summing the 


element matrices wherever a grid point connection is made, For an N - 


„element beam there will be N-1 such overlaps (shown schematically in 


figure 2), Each overlap will contain n/2 entries from the lower right 
corner of the nxn matrix corresponding to the element to the left of 
the grid point - and n/2 entries from the upper left corner of the 
matrix corresponding to the element to the right of this grid point, 


l'hese overlapping elements are to be summed, 
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M(t)U(t) ,.. the inertia forces acting on the grid points 
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It is to be noticed from equation (15) that in general, the coeffi» 
cient matrices „е i 3 and Қ? consist of а constant part (null in the 
case of ҮЭ and a time variant part which derives from the moving mass 
п. These time variant elements are null except when t is such that тр 
is located within the length of а particular beam element, Only then 
are the time-variant compongnts of the corresponding element matrix 
finite, Thus in figure 2,опе conceives of а conventional matrix of 
constant coefficient multipliers of the acceleration, velocity, and 
displacement terms plus a time variant set of components which propagate 
in a band along the diagonal of each structure coefficient matrix as the 
moving mass traverses the beam in time, Thus at any instant only n of 
the structure equations of motion possess time variant coefficients - 

n being the number of element displacements (degrees of freedom) con- 
sidered for each beam element - four for the case at hand, Thus the 
prospect of solving the full set of equations numerically - without 
incurring extraordinarily long computer run times - would appear to 


be good. Рог example it is not uncommon to solve via computer, a 


fifty degree of freedom transient problem in conventional structure 


dynamics via the finite element technique - where all of the coefficients 


are constant in time, It should therefore involve only a moderate in- 
crease in computation time to allow four of these equations to take 

on time-variant coefficients as in our problem of the moving concen- 

trated mass, Roughly speaking one night expect that each time-variant 
matrix element will create additional computation no greater than that 1 
caused by adding another degree of freedom to a conventional constant 


coefficient problem, Thus а SQ degree of freedom problem - e.g., 
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twenty-four connected beam elements subjected to а moving concentrated 
mass - could be solved with a computation time not in excess of a 
ninety-eight degree of freedom problem in which all the matrix coef- 
ficients are constant. ( y? (t), үф), and ке (Е) еасһ а зайлах 


time dependent components). 


Boundary Conditions N 


A great convenience of the finite element procedure - as compared 
say, to the Ritz or Galerkin procedures - is that all ambiguity is 
removed in choosing the boundary conditions to enforce, ( This is due 
to the particular stage of deduction at which the finite element ideal- 
ization is invoked in a variational procedure*). In practice all one 
has to do is mimic physical reality, For example, a beam vith hinge 
(simple) supports at cach end requires that the corresponding displace- 
ments vanish; e.g., in a three-element beam model, Чр = Чу = 0. Simi- 
larly a clamped cantilevered beam would insist that Чу = Up = 0. In- 
stead of specification of particular zero values, however, it is more 
efficient to merely delete the corresponding rows and columns from the 
coefficient matrices M , C, and К of equation (16). Thus for the case 
of a three-element hinged-hinged beam, we simply delete the first and 
the seventh rows and columns from these matrices, Similarly we delete 
the corresponding elenents from any force vector F , appearing on the 


right hand side of this equation, - 


—-—— 


= 


*Conversations with Dr. Gary Anderson, Applied Mathematics and Mechanics 
Div, Benet Weapons Laboratory, Watervliet Arsenal, Watervliet, N.Y. 
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PROBLEM STATEMENT AND SOLUTION 


For the purpose of comparing results achieved by finite elements 
with those appearing in the literature, the problem to be solved is one 


of three beam elements connected end to end to form a simply supported 


MERE EE EE 


beam having uniform cross section and material properties. A moving 
mass, пр, is assumed to traverse the beam from icft to right at a 


; constant velocity v - see figure 3. 


Deleting the first and seventh rows and columns from the coefficient 
matrices M,C and K along with the first and seventh components of the 
vector F of equation (16) results in a six degree of freedom problem 

- that 45, six coupled equations of forced motion, These equations 
will be solved numerically with ny and its velocity v, serving as 


parameters, 


In reality we have no clairvoyance to guide the choice of values 


КИИР Есине ессе ЕЕЕ a 


for mp and v except, of course, to repeat those used in the literature 
| so that а comparison may be made, It appears, however, that the 
values chosen by Ayre, et al, were not completely arbitrary in that 
certain values of v will cause resonant (secular) behavior in the 
moving force problem, From equation (3) we can verify that resonance 
will indeed occur for any value v = у", Such that m; (v^) - 0. Al- 
though applicable only to moving force problems, it is intuitively 
plausible that extraordinary behavior іп the moving mass problem 

might occur for values of velocity not far йрт Pio езе values 
v*, Having no ‘closed form’ analytical solution with which to an- 


\ 
ticipate points of singular - or otherwise interesting - behavior, one 
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Finite Element Model for Moving Mass Problem. 


Figure 3. 
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can до no better than to at ieast allow the velocity of the mass to 


range through the lowest v" which will cause п. to vanish, This 


щете 


apparently was the reasoning behind the choice of velocities investiga- 


NET 
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Ij 
ный 


ted by Ayre, et al, who performed experiments in which v was chosen 
А аѕ у*/4, v*/2, and v* for the moving force and v*/4 and v*/2 for the 
moving mass - v* being the first value of v to cause m, to vanish, 


i.e., the first resonant or 'critical! velocity of the moving force 


solution. (Maintaining contact between the beam and mass for velocities 


Vaso aber у ЧИНУ айы де 
Я fos Hin 


higher than у*/2 was apparently impossible.) 


For the simply supported beam being considered: 
22122 2 
{ m;i(v) = ajv“ = ш ‚„.(17) 


where а, = 17/1,, L being the overall length of the combined beam 


structure and ш = a УЕТ/рА : 


Table 1 lists the material constants and dimensions employed for the 


three identical beam elements used in this work, From these. values 


one calculates from (17) for 141: 


СА 


3 У" = 899,13 in/sec 


5 We intend to examine numerical solutions for the moving force' and 


* 
| the moving mass throughout the range 0<у «v 


Two primary references will be used as basis' of comparison: 


a - (i) The exact solution for the moving force solution 8 which for 


(8) Nowacki, W. Dynamics ot Elastic Systems, Chapman 8 Hall Ltd, 
London, 1963, p. 136 


dle cd ee ол 


TABLE 1. MATERIAL PROPERTIES AND NOMENCLATURE 


Material aluminum 

5 Density 5.14 x 107  1bsec?/in* 
L Overall Всам Length 5% 

$, Length of each element 120,0 in 
РАБ Веам Ма55 

" Moving Mass 0,0, oAL/4, pAL/2 

E Young's Modulus 1.0 x 107 psi 

А Deam Cross Sect, Arca 31 

I , Beam Area Moment of inertia (fixed by choice of ш] below) 
h . Beam Thickness 2,0 in. 

в /2т Beam Fundanental Frequency 1,25 hz 

у Mass Velocity 100., у" /4, is у" 
у" Fundamental Resonant Velocity 399.13 in/sec 
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the case of а moving concentrated downward force -mp$ (x-vt) is : 


Lom Y үржин эмх хийл Aem пета в 


_ ek : : 22 2 
y(x,t) = -2mpg/oAL fSina,x(a,vsinu,t - uy Sino, vt)/u, (ағу -ш,) 


.-.(18) 


кхе 


. : The finite element solutions for the moving mass problem (Equation (16) 


after imposing support constraints) with m = 0 will be compared with 


computations of (18) above, 


(ii) The experimental work of Ayre, Jacobsen and lsu’, The mass 

4 * 
velocities employed in this work were quasi-static v = 0, and v = v /4, 
vm, and ү“. The moving mass values chosen were ты = 0, апа my = 


pAL/4 and pAL/2 where pAL is the total beam mass. 


Equation (16) is solved using llamming's modified predictor-corrector 
method which uses fourth order Runge-Kutta method suggested by Ralston? 
for adjustment of the initial increment and for computation of starting 
values, The method is taken directly from the ІВМ Scientific Subroutine 
Package for the IBM System #360, re: Programmer's Manual # H20-0205 


available this laboratory, The method was found to be about four times 


faster than using the Runge-Kutta method throughout the entire problem, 


In general, run times in the order of 20 - 30 minutes on the IBM model 


! 44 computer, 


(2) Ayre, R.S., Jacobsen, L.S., and Hsu, С.5., "Transverse Vibration 
E of One and of Two Span Beams Under the Action of a Moving Mass Load," 
Proc. of First National Congress on Applied Mechanics, June 195] 


Р 


(10) Ralston and Wilf, Mathematical Methods for Digital Computers, 
Wiley and Sons, New York, London, 1960, pp. 95-109 
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Results - Moving Force 


Figures 4 through 7 show the transverse displacement of the beam at the 
grid point locations x = L/3, 2L/3 as computed either by. the finite 
element method or by evaluation of the exact solution (18) - any dis- 
crepancy between the results being too small to be discerned even in 
plots of this scale, This is substantially less error than appears in 
other treatments yielding. approximate Жыш” 

Using the relationship (9), i.e., y(x,t) = a(x)u? (t) with x = vt, 
gives the displacement directly beneath the moving load to be compared 
with the results of Ayre, et al, who recorded displacement information 
exclusively at this location, Figures 8 - a,b,c show these compdrisons 
and it is уб that the agreement with experiment is much better in 
figures b and c than in a, Actually, Ayre and his co-workers experienced 
аа experimental difficulty when the force was translated at 
v^ /4, Quoting from their publication" in which the authors remark on 
their disagreement with Schallenkamp's theoretical solution for the 
moving force (evidently a three term approximation of expression (18)): 
... Ге agreement is generally good [except at v /4] where it has been 
found that comparatively small errors in velocity may result in marked 
differences in the shape of the trajectory," ,.. In 8a the theoreti- 
cal curve used by Ayre as a basis of comparison has been included, 

(2) Ayre, R.S., Jacobsen, L.S., and Hsu, C.S., "Transverse Vibration 
of One and of Two Span Beams Under the Action of a Moving Mass Load," 
Proc. of First National Congress on Appiied Mechanics, June 1951 


(4) Schallenkamp, A., "Schwingungen von Tragern bci, bewegten Lasten," 
Ingenieur-Archiv, v.8, 1937, pp. 182-198 


(9) Шассоп, D.V., and Counts, J., "Deflections of a Beam Carrying а 
Moving Mass," Trans. А5МЕ, Sept, 1974, p. 803 
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Transverse Motion at Grid Poinis in Response to ‘foving Force 
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Figure 8. Transverse Motion at x = vt in Response to Moving Force. 
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The exceptional agreement (using only three finite beam elements) of 


the finite element results for the moving force gives confidence in ex- 
tending the technique to the moving mass problem - for which no simple 


solution as (18) exists. 


Results - Moving Hass 


Figures 9 through 14 show the transverse displacement of the beam at the 
grid point locations x = L/3, 2L/3 as computed by the finite element 
procedure for various cases of velocity and mass values, Again use 
will be made of relationship (9) to convert this information to dis- 
placement beneath the moving mass so that a direct comparison with the 
experimental results of Ayre, Jacobsen, and lisu can be made, Figure 

1S - a,b,c shows this comparison to be quite good - excellent agree- 
ment occurring at the grid point locations, А closer look shows, however, 
that the slopes of the curves generated by the finite element analysis 
are discontinuous at the grid point locations, Тһе reason for this is 
that the displacement approximation (9) is built from cubic polynomials 


which are not continuous in the second derivative at the grid point 


connections, Indeed, only continuity in y and y' were demanded in 


constructing these polynomials, 
The discontinuities of y"(x) at prid points might not be serious if 
it was not for a 'force' in the continuum equation of motion (8)... 


mv у" ОО. Thus at higher velocities jump discontinuities in у" will 3 


х 


cause increasingly powerful disturbances which сте nonphysical in 


character, ‘This is apt to be especially influential in armament 
*Note: А11 displacements are normalized with respect to the displace- 
ment which occurs at midspan due to a static load at this point. 
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applications involving velocities considerably larger than У“, 

One approach toward rectification of this problem requires the 
formation of higher-ordered polynomials which are continuous in the 
second derivative across the grid points of the т Higher 

” polynomials have additional coefficients and, as in the previous deri- 
vation, these coefficients are equal in number to the element degrees 
of freedom, i.e., the generalized displacements ч; . | 

The establishment of polynomial displacement functions proceeds іп 


the same manner as before, with the added conditions: 


" = е " Џ = е 
у"(0) ни; y"(2) = че 


The result is that у(х) will be approximated interior to an element by: 


у(х) = а(х)ие ; 


А е А А Е 
where а and и are now vectors with six components instead of four. 


The new (^) element matrices are calculated according to equation 
(14). Тһе multiplication and integration was accomplished analytically 
by a computer program called MANIP which was written in the FORMAC 
language - giving analytical expressions as output. Similarly, new 
expressions for Сү, Cos and с; for use іп equation (15) were formed 
using this program, Ke and пе compose the constant elements of the 


- А ~ ге 
matrices ие and и апа are found to Бе: 
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і Figure 16 shows the improved results obtained through the use of the 
quintic polynomial. Comparison should be made with the results obtained 
via the cubic polynomial as shown in figure 15(а). Тһе price paid, 


however, is increased computation time due to the additional degrees 


cea vmm rris m sings ion deae дА тения re rand 


of freedom induced through the use of the quintic. Оле also faces 


increasing amount of ill-conditioning in the matrix equations of motion 


d 


due to the widely differing magnitudes induced in the coefficient та» 


trices and their corresponding output variables,  Füture work will 


DC жымас Ip QUEEN 
УПАО 


concentrate on these problems and the use of less time-consuming 


integration algorithms. 
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APPENDIX 


~ 


THE BEAM EQUATION FOR TRANSVERSE MOTIONS OF THE M113 TUBE 


The beam equation for the deflection of the neutral axis 
assumes that a restoring moment proportional to the second 
spatial derivative of the deflection y(x,t), will be induced 


in response to any applied moment M(x,t): 
1.е., М(х,Е) = Ely''(x,t) (8-1) 


where E and I are Young's modulus and the cross sectional 
area moment of inertia respectively. 

The applied moments M(x,t) are due to distributed and 
concentrated loads acting on the tube. Some of these loads 
act at locations which change in time. Figure 15 depicts 
the general loading condition at any time and shows 
(exaggerated) the initial beam curvature due to the action 
of gravity. Because of this curvature, both transverse 
and axial load components will possess moment arms with 
respect to any generic point x along the beam neutral axis. 

Thus the total moment induced by a particular load 


distribution per unit length is: 


er » 


( 
Maux, t) 2 f Qu (x, E)EX x] нд GG E) Ly (X) y 0324 (3-2) 
X 


where L is the overall tube length and wy, м. are the 
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transverse and axial components of the load intensity 
distribution w(x,t). 

Similarly, concentrated loads P(x,t) located at various 
points &(t) and having transverseand axial components Ру, 


Ра respectively, will induce а total moment 


MG t) = (CE-x]Pe- Dy (E) -y)]P42R(5-x) (8-3) 


where H(z) is the Heaviside function: 


H(z) z«0 


Ш 
о 


= 1 2>0. 


As indicated in figure 15, four distributed type loads 


exist as well as two concentrated loads. (Since the beam 


inertia and bourdon loadings both act in a purely trans- 
verse direction, they have been grouped together in the 
figure.) | | 

These 10445 will be considered individually, іп the 
order depicted in the figure. 
(i) Gravitational force acting upon the tube at angle a. 
The tube weight per unit length is constant in time although 


in general it will be space-variant thru the cross-sectional 


area function A(x). 


-pgA(x)cos (a) 


x 
ct 
Ш 
= 
Гал 
же” 
~ 
~ 
Ш 


-ogA(x)sin(a) \ 


ма = Wa(x) = 


(ii) (а) Inertial Loads due to Transverse Beam Motion. 
The inertia force acting upon an element of beam mass dm = 
pA(x)dx is simply: 

-у(х,Е)дт = -Y(x,t)oA(x)dx 


thus 


We = wy (x,t) =-pA(x)¥(x,t). 


(b) Bourdon Loads. 


Due to the curvature of the gun axis, the bore surface area 


RR ATARI TRI TRAE EET 


is not axiaily symmetric, i.e., there is an unequal distri- 
bution of bore surface area above and below the neutral axis 
of the tube. Therefore, when the tube is pressurized a 
moment will be created. In the initially deformed configura- 
tion as shown in figure 15, such a moment will tend to 
straighten the tube initially. At later times in the 


ballistic cycle however, the sign of the moment will vary 


Ч | with the different modes of vibration. (In general one 


i might reasonably expect, however, that the fundamental 

| mode will dominate the deflection pattern and the net 

result would be a moment tending to straighten the tube). 
To derive the expression for the bourdon load, it is 

simpler to first consider a beam with a rectangular, rather 

than circular, hole (bore) of height h and having unit 

width into the plane of the figure. А section of such a 


beam is shown in figure (a). 


463 


Since equation (8-1) contains the assumption that the 

| | "ЮМ" 

! deflection at апу point along the beam neutral axis is 
circular, there exists therefore a radius of curvature 


R(x) which describes the elastic deflection curve of the 


Referring to figure (a), the 
difference in bore surface area 
above and below the neutral 
axis is observed to be: 


да = (к+5)4 - (R - 1) аф = hdd 


Figure (a) 


Since d$ = ds dx and since ф = y', we have that 
do = hy''dx. 


Consequently, the 'Bourdon' load intensity for а 


rectangular bore of unit width: 


we(x,t) = p(x,t)hy''; where p(x,t) is the internal 


| ballistic pressure applied to the bore area. 


ИЙ For à circular hole we proceed in the same manner: 


ds = (К + asin(o))d6 


= (В + а510(0)4х/8 
The projected elemental bore 
2 surface area: \ 
ви | | 
= а95 ($11040) = (В + asino) 
о " 


| Figure (b) (asinoda)dx/R 


Thus the net bore surface area corresponding to а 
differential beam element: 

| "ауто + asinO}dédx = айту! ' ах 

0 В 
1.е., the upper bore surface (above the neutral plane) has 
a greater area per unit length than the lower bore surface 


by the amount а2ту"! and the Bourdon load intensity is 


therefore: 
и нү (к, Е) #-р(х,Васту“ #-к(х,®)у''. 


(iii) Projectile Inertial Forces. 

The curved bore path followed by the projectile causes 
reactionary inertial loads to be applied to the tube. 
Figure (c) represents the projectile as a point mass mp 
travelling with velocity V(t) along the curved bore axis 


so that at time t, its position along the bore is x-£(t). 


| А 
! 
| Figure (c) 


The position vector r(t) as measured from the origin of an 


s” 


| inertial reference frame: 


t 


үз ЄТ + y(g,t)j; Е = ] Үй 
0 


Ма E haa сл теше томы. ШУ” Оля Ас P MR 


rd 9 E "<< " 
РЕЯ ("у= з/а+ 


sio 
ti 


дЕ 
pe Fp + (2 НИЕ 3. булуу 
ЗЕ ЗЕ at 13 


noting that 9/95 = 9/9х, we have: 
= WT + (Py + гуру + Чу 


where (') denotes derivatives with respect to the independent 
space variable, x. 

The transverse forces acting on the projectile are the 
transverse component of its weight and the reaction of the 
bore surface. This reaction must be equal and opposite to 


Р, ‚ the transverse component of force acting on the tube. 


m gcosa = гугу" кому“ +ў + бу'] 
р ХЕ 


thus, өре 


or, Р = mV yn (se) + Фу (st) + УЕ) + 


+ Vy'(E,t) + gcosa 1 


(ім) Recoil Inertia Loads 


—-——-——— 


For this purpose ме consider the axial motion of the tube 
to be uniform, i.e., at any point x the tube accelerates 


rearward with the same prescribed acceleration xo (t). 


\ 
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Thus w (x,t) = -pAX,(t) is the axial load intensity. 


E function representing the inertia load due to recoil. 


Let м (x,t) and Р(х,Е) denote the totals of the distributed 
and concentrated loads respectively. With this notation 


the equation of motion becomes: 
L == — — — — — 
Еу (хы) = f Gu OG tDx-x] - wy GG t) y (жк, t) -y (x, Е) ]}9х+ 
x 


+ {[&(%)-х1Р{ - Dy CE, t) -у(х, €) JP328(E-x) 
(8-4) 
X is merely a dummy variable for integration, and E(t) is 
| the point of application of the particular concentrated 
load. 

Ultimately, we desire a differential equation devoid of 
integral forms. Ме proceed, therefore, to иаа with 
respect to the space variable, x, noting? that 

L L 
d/dx f п(х,х)ах = f эп/эхах - h(x) 
X X 


thus, 
L -- — — — --- E 

| (ЕТу'')' = = f Gu OG t)-y'wa (X, t)dx- (PL-y'P.)H(E-x) + 
X - х 


(Р,(6-х) - Гу(Е,Ъ)-у(х,Е)1Ра36(Е-х), 


where 6(2) is the Dirac-delta function. 


"HILDEBRAND, Advanced Calculus for Engineers, p. 353. 


UE чана рл es 


Now. if Ғ(2) іс а continuous function: 
#(2)6(2) = #(0)6 (2), 
so that 
L 
(EIy'*)' = -f Ont (x t)*y "на (Х,5))4х - 
өгөх 


- (Ружу"Ра)Н(Е-х)+Гу(Е,#)-у(х, t) ЈР6(Е-х). 


Differentiating once more: 


L 
(Ely'')'' = w (х) тутма (х, t) | у!!н, (Хх, t)dx*P, 6 (E-x)- 
X 
- Ра(2у!6 (Е-х)+Гу(Е,Е)-у(х, 5) 148 (Е-х) + 
4(Е-х) 
= y''H(Ẹ-x)}, (8-5) 


where 


му (x,t) =-pgA(x)cosa - pA(x)¥ - k(x,t)y'' 
Wa(x,t) = -вА(х)Хо (+) - pgA(x)sina 
Ра = 03 


Р, = -пр(У5у' ' + 2Vy' + у + үу") > Пр9соза. 
5 KEE 


If A is uniform, then 


L 
| y' и, (x, t)dx = pAy''[gsinosXg (t)] (x-L), 
X 


and if, further, V = const.,.so that EsVt, the final 


equation of motion is: 


— Ó—————————— 


"where 8" (z) is a function having the property | 6'(z)o(z)dz= 
-ф' 0). - со 


(Ely")" = -k(x,t)y" + Грах (t) + pAgsina]y"(x-L) + 
+ [рАХ (t) + pAgsina]y' - m (Y + 2Vy' + gcosa + 


2 [1] 
+V y")ó(x-Vt) - рдАсо5Х-- рАу (8-6) 


.- о —-—ы—-- 
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SUMMARY AND COMMENTARY ON DISPERSION SOURCES 
REFERENCES 


INTRODUCTION 


Causes of dispersion in guns is not a new topic in the armament 
development community. Scores of reports treat the problem in general or 
in a detailed examination of one or more of the factors which contribute to 
dispersion. Much of the early work, although at least partially applicable 
to any dispersion question, dealt with artillery, mortar, or tank rounds. 
Dispersion in automatic cannon is discussed less frequently in the litera- 
ture. Besides there being comparatively fewer automatic cannon systems over 
the years, the «plication of dispersion has been different in automatic 
cannon аз contrasted with larger caliber weapons. In automatic cannon, the 
design of both ammunition and gun has generally proceeded along pure 
engineering lines. In production, after integration on the vehicle, the 
mount is tuned to provide a system dispersion which falls in the 3 to 4-mrad 
range. For the targets, engagement ranges, rates of fire and available 
fire-control accuracy, this level of dispersion was generally acceptable 
and, hence, no great attention has been devoted to causes of dispersion in 
automatic cannon. 

Comparatively recently, however, a new role for and approach to 
automatic cannon has developed. The potential for building a tank-killing 
automatic cannon in che 60 to 90-mm caliber ranges is being considered in 
separate but related technology programs at the U. S. Army Armament Command 
(60 mm) and Defense Advanced Research Projects Agency (75 mm). Тһе British 
have fielded a 30-mm automatic cannon, the Rarden, for use against light 
armor. The U. S. Army Armament Command is conducting a technology program 
to explore the necessary attributes of a precise, smaller caliber automatic 


cannon system in the Low Dispersion Automatic Canaon System (LODACS) program. 


All of these efforts share the goal of a system dispersion of less than 1 mrad; 


the Rarden system has demonstrated such procision. 
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Іп terms of dispersion, the fundamental question is asked, "What 
are the important contributors to system dispersion?" As mentioned before, 
much of the dispersion effort has been directed toward single-shot concepts. 
For an automatic cannon, one rule of thumb suggests that, after completion of 
development, the Mann barrel dispersion of the ammunition is 0.25 mrad; the 
dispersion from a single-barrel automatic cannon on a hard stand is about 
l mrad, and the dispersion of a burst from a vehicle-mounted automatic cannon 
is 3 to 4 mrad. This suggests that there are phenomena associated with burst 
fire and with vehicle mounting which contribute to dispersion. Interestingly, 
the Rarden gun achieves (occasionally) less dispersion from the vehicle mount 
than from the hard stand. This gun, incorporating a sliding breech, a heavy 
barrel with flash hider, and damping pads to reduce lateral motion of the 
barrel is currently being studied and tested in the LODACS program. 

This present BCL task effort was initiated to take a brief look at 
factors which contribute to dispersion in an automatic cannon system. The 
intent here is to identify trends and relative orders of magnitude of individual 
dispersion-inducing phenomena, rather than to perform an exhaustive and 
definitive study of the subject. Тһе results would then be available for 
consideration in initiating or adding emphasis to investigations of specific 
phenomena, and to assist in planning subsequent system tests, and in 
interpreting results. 

This effort has considered the following causes of dispersion in an 


3 automatic cannon: 
e Projectile yaw 
e Projectile yaw rate 

| e Muzzle-velocity variation 
e Fire-control effects 
e Projectile mass variation 
e Throw-off 


e Launch-angle error 


e Eccentricity of projectile 


For convenience, characteristics of the Rarden round have been assumed. 

The effects of variations in dispersicn-causing factors have been calculated. 
An attempt has been made to identify the parameter bounds to be antic- 
ipated in a LODACS system. Owing to the quick-look nature of this inves- 
tigation, this has not been done in great depth, nor has the cross-coupling 
of two or more of the phenomena causing dispersion been attempted. Thus, 


the results are only to be considered indicative of trends. 
METHODOLOGY 


The problem is analyzed with an adaptation of point-mass trajectory 


analysis of exterior ballistics. The basic equations are: 


2 
ах - тр а 2 
3627 Эт Co v^ cos 0 Е 
2 2 


ду - пра 2 _. 
272 ш Sm с, v“ sinO-g , 


where 
x = down-range coordinate 
y = vertical coordinate 
р = density of air 
а = diameter of projectile 
m = mass of projectile 
бр = drag coefficient ща кари 
у = velocity of projectile || + «| | 
0 = angle of trajectory with horizontal 
g = acceleration due to gravity - 
Initially, 


dx 


dt (0) = Vo cos 95 j 


SY (o) = у Sin : 
o o 
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The trajectory is calculated with variations of Vo! A m in order to 
Betermine the change in impact point at the given range of interest 
(ranges considered were 1000 and 2000 m). | 

Yaw and yaw-rate effects were analyzed with techniques adapted 
from Reference 15. Tne effect of an initial yaw or yaw rate is properly 
analyzed by considering the motion of the projectile ina six-degree-of- 
freedom representation; however, an approximation to the change in the angle 


of departure is: 


ly 5 a 
= - if 
9; с mv d y 6-1 ^x Ро б) { 
М, о | 


which is positive up (real term) and left (imaginàry term), where 5, апа 


5, are complex values and where: 
C = lift coefficient 
L. = moment coefficient 
8 I = transverse moment of inertia 


I = axial moment of inertia 


E 6 = уам rate of projectile 


p. = spin rate of projectile 


This, of course, represents a dispersion source whose result can have a 

component in the horizontal direction perpendicular to the line of sight. Ву 

the nature of its definition, this formulation of aerodynamic jump represents ! 
an upper bound on the actual effect of yaw when the impact point is less than 


the maximum range of the ammunition. 


* References are given at the end of the report. 
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Throw-off, іп which the launch mechanism imparts a lateral 
velocity to the center of gravity of the projectile, is handled by adding 
a component to the appropriate initial velocity component. It is assumed 
that the velocity component in the deflection (horizontal) direction is 
small and can be neglected for drag computations. 

Projectile characteristics used in this study were taken from 
Reference 2. For reference, some of the values and curves have been 


reproduced in the Appendix. 


DISCUSSION OF DISPERSION-CAUSING FACTORS 


Yaw of the Projectile at Launch 


Table 1 gives the difference in impact point at 1000 and 2000 m 
for given yaw of the proiectile at launch. Аз can be seen from Table 1, 
small initial yaw angles give relatively small deflections downrange, 
amounting to up to 0.013 mrad for an initial yaw of 0.4 mrad, or 0.023°. 
These deflections scale with initial yaw, as long as the values of initial 
yaw remain reasonably small. A yaw of 1 mrad to the right, for example, 
causes a downward deflection of 31.4 mm at a range of 1000 m. 

Yaw of the projectile at launch can be caused by a number of 
factors. If, for example, the gun is moving lateral to the direction of 
fire at a velocity which is not negligible relative to the muzzle velocity, 
yaw will occur. This occurs in low-performance, side-firing aircraft cannon, 
but not in the configuration of the LODACS weapon. Even if the LODACS gun 
turns out to be a Gatling gun, an 8-in.-diameter, six-barrel cluster firing 
2000 rounds per minute, the associated yaw is repeatable for every round 
and is about 3 mrad for 3500 ft/sec muzzle velocity. Unlikely as this 
choice is because of other considerations, the lateral velocity of the 
projectile at the muzzle will greatly exceed anticipated levels of a single- 
barrel concept, and still will not cause large random deflection. However, 


throw-off associated with this lateral velocity can cause significant 


deflections. This will be discussed subsequently. 
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TABLE 1. EFFECT OF PROJECTILE YAW ON ТМРАСТ POINT 


Errors in Impact Point, mm 
1000 m 2 


Yaw, mrad 000m _ 
Up Left бу 62 бу 62 
-0.2 0. 0. 6.28 0. 15.26 
-0.14 -0.14 - 3.79 4.44 - 7.58 10.79 
0 -0.2 - 5.36 0 -10.72 0 
0.14 -0.14 - 3.79 - 4.44 - 7.58 -10.79 
0.2 0 - 6.28 0 -15.26 
0.14 0.14 3.79 - 4.44 7.58 -10.79 
0 0.2 5.36 0. 10.72 0 
-0.14 0.14 3.79 4.44 7.58 10.79 
-0.4 0. 0 12.56 0 30.52 
-0.28 -0.28 - 7.58 8.88 -15.17 21.58 
0 -0.4 -10.72 0. -21.45 0 
0.28 -0.28 - 7.58 - 8.88 -15.17 -21.58 
0.4 0 0 -12.56 0 -30.52 
0.28 0.28 7.58 - 8.88 15.15 -21.58 
0 0.4 10.72 0. 21.43 0 


Another cause of уам is loose fit between projectile and bore, as 
illustrated in Figure 1 (Reference 3). Тһе degree of yaw is a function of 
the length, L, of the main body from the bourrelet to the beginning of the 
boat-tail, and of the difference, d, between the projectile diameter and 


the bore. The yaw 6 is then: 
d/L-tan0-60 . 


It has been observed in the Rarden gun that d is negligible. ТЕ L is taken 
as 45.6 mm and d is assumed to be 0.0456 mm, initial yaw is 0.1 mrad. In 


(8) 


8 
larger shell ‚ yaw of 4.5 mrad has been observed prior to 5-msec travel 


in-bore. Уам this large can cause a significant contribution to dispersion 


in the aerodynamic jump representation used. 
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FIGURE 1. COMBINED EFFECTS OF CLEARANCE AND ECCENTRICITY 


In a similar way, the projectile can be improperly seated in the forcing 
cone, one side of the rotating band being fully engaged, the other side not in 


full contact, and the projectile accordingly cocked. Since the rotating band 
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is 0.9 mm deep, this corresponds to а yaw of, at most, 20 mrad; if the engraving 
is 0.3 mm off-center, there is a resulting deflection at 1000 m of 17.8 mm. 

The maximum values of this parameter should be established by test to 
verify that no pathological conditions exist, but large contributors to disper- 
sion from aerodynamic factors associated with initial yaw will probably not be 


encountered. Another yaw-related phenomenon will be discussed later. 


Initial Yaw Rate of the Projectile 


~ 


The effect of initial yaw rate on dispersion is displayed іп 
Table 2. Аз сап be seen, the effect is considerably less than. that of yaw. 
Yaw rate is caused by balloting of the projectile upon exit from the muzzle, 


from tip-off of the projectile by a laterally accelerating muzzle, and by 


muzzle acceleration. 
4 : 
А balloting projectile аргаа мде, ) applied to the Rarden 


suggests that the yaw rate is 1.5 mrad/sec which does not produce signif- 
icant dispersion. Оп the other hand, tip-off produces a yaw rate due to 
acceleration on the projectile after the center of gravity has cleared the 
muzzle, as illustrated in Figure 2. ТЕ r is the distance from the center 
of gravity to the start of the boat-tail, the associated yaw rate is a 
function of БАРС Since no significant lateral acceleration is observed 
in the Rarden during shot ejection and Y is small, the yaw rate will be 
small, as will the dispersion associated with it. In future designs, if 
a projectile is considered with a long distance between bore contacts, 


tnese considerations will have to be reopened. 


d 


FIGURE 2. ТІР-ОҒҒ OF PROJECTILE BY LATERAL MOTION OF MUZZLE 
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TABLE 2. EFFECT ОҒ PROJECTILE УАМ RATE ON IMPACT POINT 


- 


Уам Rate, Érrors in Impact Point, mm 
mrad/sec 1000 m 2000 m. | 


Џр Left бу, mm 62, mm бу, mm 62, mm 
-0.4 0. -0.01 -- -0.02 0. 
-0.28 -0.28 -0.01 -0.01 -0.02 -0.02 

0. -0.4 0. -0.01 0. -0.03 

0.28 -0.28 0.01 -0.01 0.02 -0.02 

0.4 0 0.01 -- 0.02 0 

0.28 0.28 0.01 0.01 0.02 0.02 

0 0.4 -- 0.01 0 0.02 
-0.28 0.28 -0.01 0.01 -0.02 0.01 
-0.8 0 -0.02 0 -0.05 0. 
-0.56 -0.56 -0.02 -0.02 -0.03 '-0.05 

0 -0.8 0 -0.03 0 -0.06 

0.56 -0.56 0.02 -0.02 0.03 -0.05 

0.8 0 0.02 0 0.05 0 

0.56 0.56 0.02 0.02 0.03 0.05 

0 0.8 0 0.03 0 0.06 
-0.56 9.56 -0.02 0.02 -0.03 0.05 
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Effects of Variation in Muzzle Velocity 


Results of variation іп muzzle velocity are displayed in Figure 
3 fox 1000 and 2000-m range. Note that two different scales are used in 
the graph, and that results do not scale with range. This is basically 
because of the greater gravity drop for the longer time of flight at 2000 m. 
Note also that, while this is not a significant error source at close ranges, 
it becomes significant at long ranges. Moreover, recent tests of the Rarden 
system indicate a round-to-round spread in muzzle velocity of 25.9 ft/sec. 
If this represents a standard deviation of 7 m/sec, a typical dispersion 
could be 1/3 mrad at 2000 m, which is significant. Moreover, if the round- 
to-round variation proves to be the trend, these observations could indicate 


a need for an effort to reduce muzzle-velocity variation. 
Fire-Control Influence 


One of the time-honored adages in system design is that fire 
control can neither improve nor worsen the dispersion of an automatic cannon. 
In the case of LODACS, however, a firing rate of 90 shots per minute and a 
burst size of seven rounds requires 2 seconds оф: ins time. If, during 
the firing of the burst, because of system reaction to firing, aim wander, 
or any other factor, the fire control inappropriately influences the aim 
point, the results could be interpreted as dispersion. Therefore, a test 
program which is concerned with small dispersion and its causes must at all 


times monitor the influence of fire control during firing. 


Effect of Variation in Projectile Mass 


The effect of variation in projectile mass is displayed in Figure 
4. А typical value for the variation in projectile mass, according to 
Reference 1, is 0.25 percent. For the Rarden round, this is 0.9 9. Note 
that considerably larger deviations result in negligible influences or 


error in impact point. 
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Effect of Lateral Throw-Off of Projectile 


The effect of lateral throw-off of the projectile is shown in Table 
3. As seen in this table, a lateral velocity of 300 mm/sec on launch can cause 
a deflection of up to 325 mm, or 0.325 mrad, at 1000 m. А muzzle disturbance 
of this size can be а significant error source. ТЕ, however, lateral motion 
is small at the time of projection, throw-off is a small, even negligible 


contributor to dispersion. 


The lateral motion of the projectile can be caused by a number of 
factors, including: 

е Rigid body rotation of 
- Vehicle relative to the ground 
- Gun relative to the vehicle i 
- Barrel relative to the gun 

e Barrel whip 

e Eccentricity of a spinning projectile (effect of the 


3 center of mass not lying at center of in-bore rotation 
3 with resultant lateral velocity upon exit from muzzle). 


3 The Rarden has been instrumented during burst firing from a vehicle. 
Based on the first series of such tests, gross motion of the muzzle is small 
at times of shot ejection for rounds in a burst subsequent to the first. 
Lateral motion for the first round is virtually zero. This effect is not 

у observed in other weapons, however. Depending upon how much the centerline 

% of the bore is off from the mount trunnions, and оп how much rigidity there 

is in the elevating struts, a mount reaction can exist which causes a rigid 

body motion of the barrel before shot ejection. This has been observed in the 


90-mm tank gun ol. The point is that, even though not observed in the Rarden, 


Ї rigid body rotation of the barrel is a possible contributor to dispersion. 

À similar observation can be made concerning throw-off due to barrel 
| whip in the Rarden. ТЕ the dynamic response of the barrel due to firing loads 
% is generally described as а sum of functions of the form y(x,t) = де mt 

sin wt cos сұх except for phase angles, with y the deflection and the sub- 


‘ script m denoting each mode. The parameters of interest then become dy/dt 
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TABLE 3. EFFECT ОР THROW-OFF ON PROJECTILE ІМРАСТ POINT 


p S шыш ЫШЫ 


—— m mm mm m 
Error in Impact Point, mm 


Throw-Off, mm/sec 1000 m 
бу 62 бу 62 
100. 0. 92.59 0. 
70.71 70.71 65.47 76.7 
0. 100. 0. 108.47 
- 70.71 70.71 - 65.47 76.7 
-100. 0. -92.59 0. 
z302 1 — 22707 26547) 2277607 
0. -100. 0. -108.47 
70.7 — 222007] 65.47 7763 
200. 0. 185.18 0. 
141.4 141.4 130.94 153.40 
0. 200. 0. 216.94 
-141.4 141.4 -130.94 153.40 
-200. 0. -178.27 0. 
-141.4 -141.4 -130.94  -153.40 
0. -200. 0. -216.94 
141.4 -141.4 130.94 -153.40 
300. he 277.77 0. 
212.13 212.13 196.41 230.10 
0. 300. 0. 325.42 
-212.13 212.13 -179.51 230.00 
-300. 0. -260.86 0. 
-212.33 -212.13 -179.51 -230. 
0. -300. 0. -325.42 
212.13 -212.13 196.41. -230.10 


НЕЕ 


———————— 


2000 m - 


бу 


185.13 
130.91 
0. 
-130.91 
-185.13 
-130.91 
0. 
130.91 
370.27 
261.82 
0. 
-261.82 
-370.27 
-261.82 
0. 
261.82 
559.4 
392.73 
0. 
-392.73 
-538.01 
-392 .73 
0. 
392.73 
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for throw-off. For tip-off, the parameter aysar? is of interest. Ina 
subsequent section, the slope of the barrel dy/dx will be discussed. Although 
the modes are not known for the Rarden gun, this type of analysis might yield 
some insight into the throw-off. The presence of the damping pads could 
conceivably cause a greater throw-off contribution at the muzzle than is common. 


The mode shape that might be observed could be as in Figure 5. 


Barrel 
flexure 


Damping 
pads 
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FIGURE 5. POSSIBLE BARREL-MODE SHAPE DUE ТО 
PRESENCE OF DAMPING PADS 


Eccentricity of the projectile is a source of throw-off error. This 
is caused by the center of mass of the projectile not lying on the axis of 
rotation during in-bore acceleration. Upon exit from the muzzle, center of 
rotation moves to the center of mass. Іп the transition, there is a lateral 
velocity imparted which is a function in magnitude of the angular rate of 
xotation and the distance from the center of mass to the in-bore center of 
rotation. The direction is a function of the orientation of the center of 
mass on exit from the muzzle. If the mass eccentricity is 0.026 mm from the 
centerline, if the twist is one turn in 30 calibers, and if the muzzle velocity 
is 1090 m/sec, the throw-off will be 200 mm/sec. Further comment on this 
source of dispersion will be made in the section, "Eccentricity of Projectiles". 

Another cause of throw-off is related to in-bore yaw of the projec- 
tile. Іп this case, the yawed projectile effectively has its center of mass 
off the centerline of the tube. Іп a manner like the throw-off resulting 
from the eccentric projectile, a lateral velocity can occur upon exit from 


the muzzle. Іп a large shell (Reference 3), this can be comparable to the 


magnitude of the eccentricity throw-off. At 2 mrad in in-bore yaw, the 
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moment arm throw-off of the Rarden round is 0.6 m/sec. This is based оп а 


yaw condition in which the front edge of the boat-tail and the rear edge of 
the ogive are in contact with the bore. However, it is possible for a pro- 
jectile yaw to exist without the center of mass being off the centerline of 
the bore. If this occurs, this contribution to throw-off and, hence, to 
dispersion, is zero. There is, thus, considerable latitude for the yaw 
parameter to influence dispersion. In one reference (Reference 5) it is 
shown that the yaw throw-off in a 37-mm proof slug is an order of magnitude 
greater than aerodynamic jump. In another reference (Reference 3) the two 
phenomena contribute about equally for a 175-mm artillery round. 

To summarize, throw-off is not an error source which can be ignored. 
Its causes are varied and include dynamic system response to firing loads, 
barrel whip and yaw, and eccentricity of the projectile. Attention should be 


given to each of these sources of throw-off error for a low dispersion system. 


Launch-Angle Error 


Variation in orientation of the barrel from round to round, of 
course, is traditionally considered to be the prime source of dispersion. The 
Rarden data available for this effort did not include sufficient muzzle-position 
data for burst fire to shed light on the changing angle of departure.  Parametric 
variation of this parameter is indicated in Table 4. This table indicates 
little more than the approximation used in many weapon systems analyses: a 
small angular error at the gun causes a comparable angular error at the target. 
The degree to which the various causes contribute to angular error are being 
investigated in ARMCOM and BRL efforts. The following is a discussion of 


error phenomena and possible orders of magnitude. 


Dynamic Response 


Dynamic response of the vehicle is a common source of dispersion. In 
this case, the response of the vehicle's suspension due to firing a previous 
round or rounds has not damped out at the time of fire of a subsequent round. 
In the Rarden, the rate of fire is such that the vehicle response may be 


damped out. This should, in any case, be verified. However, for fire-on-the-move, | 
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TABLE 4. EFFECT OF LAUNCH-ANGLE ERROR ON 
PROJECTILE IMPACT 


D B H ыг 


Error in Impact Points, 


WI Mu АА Maps. ae ee SRT apie теа 


Launch Angle mm 
Error, 60 1000 m, 2000 m, 
| mrad бу бу. 
| 20.14 -140 -279.92 | 
-0.12 -120 -239.93 
-0.10 -100 -199.95 
-0.08 - 80 -159.96 
-0.06 - 60 -119.97 
-0.04 - 40 - 79.98 
-0.02 - 20 - 39.99 
0.02 20 39.99 
0. 04 40 79.98 
0.06 60 119.97 


0.08 . 80 159.96 


T 


the low rate of fire can allow a dispersionlike effect to be observed due to 
a changing orientation of the vehicle and errors in the stabilization during 


the firing of a burst. 


Mount Motion 


(6) 


A report by Gay and Elder includes a simple model of mount 


dynamics for a 90-mm tank cannon. Although not general, it includes some 
aspects of the problem which could bear on dispersion in a LODACS configuration. 


In this representation, 


I, - moment of inertia of weapon about trunnions, 

0 = angular rotation, 

€ = vertical distance from center of gravity of recoiling 
mass to centerline of bore, 

A = area of bore, 

P(t) = powder pressure, 


and force of elevating strut is neglected as small compared to powder pressure. 


Thus: 
тд = €AP(t), 
w 
or t 
2 ЕА 
0(6) = I f P(t)àt, 
w 
о 
апа 


trt 
юэ. | ^ š 
w Jo Jo (t)dtdt 2 


Ав an approximation, 
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where Т is time projectile is ejected, %5 апа Wo are weights of projectile апа 
charge, respectively, and M^ is muzzle velocity of projectile. Using this 
approximation, 
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where L is length of projectile travel іп bore. Then, 
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Thus, under this model, there could be а reaction before shot ejection which 
contributes to dispersion. Ву adding a damping term and changing moments and 
geometry, one could look at the effect of mount dynamics at the time of the next 
round. It is the author's understanding that such an investigation is under- 
way for the Rarden mount; if not, it should be undertaken. Using numbers 
motivated by the Rarden gun (Е = 2.54 cm, Iy = 71.3 kg/m, "s = 360 4, Ч. = 

160 4, us = 3580 ft/sec, 1, = 244 cm, Т = 0.0048 sec), one finds that the 

angular rate is 0.4 rad/sec and the angular displacement is 0.4 mrad. Note 

that the angular rate thus determined corresponds to a linear velocity at 


the muzzle, a source of dispersion discussed in a previous section. 


Motion of the Barrel 


Barrel flexure as a cause of both lateral motion and angular change 


of the muzzle at shot ejection is being investigated by ARMCOM. This area is 


ап important dispersion source апа its investigation should be encouraged. The 


following discussion is intended as a commentary on the problem. Definitive 
analysis is deferred to either a follow-on effort or the on-going ARMCOM 
investigations. The significant aspect of the on-going efforts is the presence 
and effect of damping pads on the Rarden Gun. These pads can greatly alter mode 
shapes of the response, and are not considered in any of the references used 

in this effort. 


The reaction of the tube to an angular loading at the breech has been 


(6) 


analyzed by Gay and Elder for а 90-mm tank gun. Іп this representation, 
2 2 2 - 
ын ЕТ (х) oy + р oy = н(х-Л)0, 
9х 9х дЕ 
where 


y = deflection of barrel 


X = distance along barrel 
E = Young's modulus 
I(x) = area moment of inertia 
u(x) = mass of beam per unit length 
0 = rotation of breech 
А = distance to start of flexible portion of barrel 
The complete solution cf the forced vibration is given by: 


y= Y.) ч, (€) 


where 


Y = the normal functions 


the generalized coordinates. 


ы 
it 


n 


Although the response is influenced hy the presence of a muzzle device, the first 


5everal mode shapes are as illustrated in Figure 6. These mode shapes correspond 


to slopes of the barrel at the muzzle of the sort presented in Table 5 for the 
(6) 


90-mm tank gun 
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TABLE 5. FIRST FIVE HODES ІН LARGE-CALIBER 
BARREL RESPONSE 


[-_-„--__- “ - >“ ______ --- асс" ПОСЛЕ уста: Із ЕТ РТЫ eS es 


Frequency, 
3 Моде га4/5ес Slope 
| 1 105.6 0.0118 
; 2 489 0.0373 
| 3 1208 0.0605 
| 4 2282 0.0846 
| f 5 3757 0.1095 


реа 


For the Rarden, however, the presence of the damping pads can cause a mode shape 
as discussed in the previous section and illustrated in Figure 5. ТЕ is 
conceivable that either the slope of a lower mode could be higher or, more likely, 
a higher lateral velocity could be present. 

The effect of droop of the barrel (or any curvature of the barrel 
such as dynamic response remaining from previous rounds) can be a contributor 
to an impact point other than intended. ТЕ the droop condition changes from 
round to round during a burst, a dispersion effect can develop. Барра") has 
analyzed the effect of droop by representing the barrel as a cantilever beam and 


calculating the radius of curvature at the muzzle. The lateral force on the 


projectile due to this curvature is then calculated. This force is: 
np 12у2 
НН 
2ЕІ 
чһеге Ро is the weight of the tube per unit length. А Rarden projectile can Бе 
expected to exert a significant force on the barrel. Іп other cannon, this 
phenomenon has been observed to influence the position of the muzzle prior to 
shot ejection. In the Rarden, no such motion is observed, but a pronounced 
motion is observed immediately after exit of the projectile. 
In an analogous way, a projectile whose center of mass does not 

coincide with its center line exerts a centrifugal force on the barrel as it is 
traversed by the rotating-barrel. 


(3) 


A report by Elder discusses some of the dispersion sources, which 


are discussed in this and other sections, for a 175-mm gun. Bearing in mind 
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that this is strictly one shot, and that the particular forces involved (such 

T as those associated with projectile eccentricity) may be out of proportion to 

j lower caliber guns, the breakdown of dispersion sources is still interesting. 
For Zone 3, for example, a total error of 1.62 mrad is observed consisting of 
3 0.36-mrad angular change, 0.72-mrad transverse muzzle motion, 0.54-mrad throw- 
: off due to eccentricity, and 0.43-mrad aerodynamic jump. Firing in a burst 
mode would certainly not make the contribution of angular change and transverse 


muzzle motion smaller, but would probably not greatly affect the other sources. 


Eccentricity of Projectile 


The effect of eccentric projectiles and the effect of eccentricity 
on dispersion was not addressed in this effort. This phenomenon certainly 
occurs, and probably contributes a measurable factor to dispersion particularly 
at long ranges. However, as mentioned in the introduction, Mann barrel 
ammunition dispersion is quite small. Since this includes projectile ессеп- 
tricity effects, both in the sense of aerodynamic factors and the throw-off 
discussed earlier, it is argued that eccentricity of the projectile does not 


offer a significant contribution to dispersion. 
SUMMARY AND COMMENTARY ON DISPERSION SOURCES 


Without having considered the Rarden system in great detail, 

suggestions of an error budget for that concept would be conjectural at best. 

Based on the investigations of parameters motivated by Rarden, the following 

observations are made as to principal causes of dispersion. 
Ї Several causes of dispersion are seen as not being particularly 
3 large. These include aerodynamic jump due to in-bore yaw апа yaw rate. Also 
seen às not being large are variations in projectile mass. Тп a precision 
system, change of effective aim point during a long burst should be at worst a 
small effect. At short range (less than 500 m), variation in muzzle velocity 
should һауе a small effect., 

More significant dispersion sources include the effect of throw-off 


of the projectile upon exit from the muzzle. This can be either a yaw effect 
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(possibly only а small contributor) or the effect of barrel motion. At long 
ranges, variation in muzzle velocity will have an effect on dispersion. The 
effect of launch-angle variation is related to throw-off and is probably the 
most significant factor in dispersion. 

It is observed that the dispersion-causing effects all have 
identifiable directions for the observed dispersion at the target, given the 
conditions at the gun. Variation in muzzle velocity, for example, is an effect 
which is observed in a vertical orientation. Оп the other hand, throw-off can 
conceivably occur in any direction. However, the mounting configuration of 
the Rarden, and of most guns, is such that most of the barrel motion occurs 
in the vertical plane. Muzzle velocity variation, projectile-mass variation, 
most of throw-off and most of launch angle deviation all occur in the vertical 
direction. 

Over large numbers of rounds fired, effects of yaw and yaw rate 
will probably exhibit groupings of impact points, for firings at the same 
range, and with the contribution of other factors accounted for. These 
groupings will be a result of a discrete number of initial yaw and yaw-rate 
conditions, caused by the position of the rifling in the barrel. It may be 
possible to identify a попга юм factor in yaw-related errors, such as a 
correlation between orientation of the barrel on shot ejection and a particular 
grouping at impact. An observation of this sort could be evidence of a 
projectile-induced barrel response. An attempt should be made to perform a 
statistical analysis of data'to determine whether any such correlations exist. 


Some of these activities are being pursued in the present LODACS program but 


are cited here as recognition of the need for the effort. 
There are several areas that deserve attention for determining 


dispersion-causing factors for the LODACS concept: 


e The work currently underway to investigate barrel 
response to the firing of a burst should be encouraged 
and pursued. This effort should be coordinated with 
testing to validate the analytical representation and 
in this manner gain insight into barrel-related causes 
of dispersion. 


e Although not expected to be a significant source of 
dispersion, tests to determine yaw and yaw rate should 
be conducted. 


Statistical analysis should be performed оп available 
data on firings to date to determine whether any known 
correlation exists among. dispersion-causing parameters 
and observed impact points. 


The effort reported here was intended as only an initial look at the 


EEG 


problem. There are a few ways in which the analysis can be extended to provide 
meaningful insight into the dispersion of a LODACS concept. First, the 
adequacy of the aerodynamic jump formulation needs to be verified with a six- 
degree-of-freedom representation of this problem; this has an impact on the 


conclusicn that projectile in-bore yaw is not a large dispersion source. 


—— 


Second, additional test data from efforts concurrent to this investigation 

can be used to extend the basis of the analysis in the LODACS concept. Third, 
the ammunition should be inspected to insure variations in projectile mass and 
symmetry are known before firing. But mcst importantly, this effort did not 
consider the cross-coupling effects of two or more phenomena simultaneously. 
What, for example, is the effect of concurrent throw-off and yaw, or of the 
projectile imbalance and a variation in muzzle velocity? The investigation of 
these cross-coupled phenomena can be of significant benefit in subsequent 
analysis of test results and in the attempt to understand what events occurred 


on a given burst during system testing. 
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1. INTRODUCTION 
; Recent efforts to model gun tube motion, projectile motion and momentum 
1 transfer from gun tube to projectile at muzzle exit have made the measurement 


of gun tube motion more important from the standpoint of validation of models 


1 
| 
ij and determining initial conditions for aeroballistic flight. 
Although previous measurements have been successfully made by using 
_various optical techniques, these techniques do not lend themselves to rapid 
implementation in the field and are generally limited to horizontal firings. 


The following is a discussion of current investigation into the use of 


accelerometers to measure the motion of a gun muzzle during the interior 


ballistic cycle. 


| II. LOCAL TUBE MOTION 

6 Тһе accelerations at a station along a gun can be described in terms of a 
moving Cartesian coordinate system with its origin on the centerline of the tube 
| | and іп the transverse plane of the station. Figure 1 shows the coordinate system 
with an accelerometer positioned on the circumference of the tube. Тһе 

| sensitivity of the acceleroneter is described by the vector, 5; the accelerometer 
position is described by the vector, P, emanating from the origin of the tube 
coordinate system to the accelerometer coordinate system. 


The unit vectors of the accelerometer coordinate system are assumed to 
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remain co-parallel with the tube coordinate system. Тһе position of the tube 


ETT 


coordinate system is defined by vector, R, which emanates from the origin of 


> 


an arbitrary fixed reference coordinate system that is initially co-parallel 


DIQE зі T 


раном 


with the tube coordinate system. Тһе tube coordinate system is assumed to 


translate and rotate with respect to the reference coordinate system with 


UR 


time. 


The motion of the accelerometer can be described by taking the second 


time derivative of the position vector 


een эмелде бырын act е Та. 


| LT = Е + РЕВ + р + 6 (1) 
| where R = the tube position vector, a function of time, t 

p = the nominal accelerometer position vector, a constant 

$ = the local deformation vector due to local stresses at the 


accelerometer position, a function of time 


It can be shown! that the second derivative with respect to time is 


| 
а? 
cti 


= (2) 
ш = із 1 + К 
where wW w 1 + 05) wk 
In order to msnimize the number of terms in the expansion of equation (2) 
the position vector p is chosen so that it coincides with one of the unii vectors 
i, j, k. For the purpose of this discussion, we set 
P = руі, р, = р; = 0 (3) 
4 Next we must examine the sources for the local displacement vector 6. The 


local displacement vector $ is composed of: 
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o Radial displacement due to the Poisson effect in гезрс-зе to 
the longitudinal and torsional strains in the tube generated from the tube 
recoil body forces. 

o Radial displacement generated by the passage of the projectile 
and propellant gas loadings 

o Orthogonal displacement components due to the longitudinal, 
dilational and torsional strain waves propagated in the tube. 

These components have properties that make data separation and analysis 
quite amenable: 

o Radial displacements due to the Poisson effect can be eliminated 
from the data by proper orientation of the primary sensitivity axis of the 
accelerometer. 

o Radial displacement generated by the passage of the projectile 
can be eliminated by proper filtering techniques; these components are pulses 
in the 14КН2 frequency regime for the test series under investigation. 

o The displacement generated by stress waves are pulses in the 
frequency regime above 20КН2 and are also amenable to filtering techniques. 

By filtering out components above a nominal 10Кһ2 which is well above 
the 26th mode of vibration of the gun tube 6 can be assumed to be 


"E (4) 


In addition, 6, is due to tube body forces and is approximately three 


1 
orders of magnitude smaller than the acceleration of the gun tube and сап ђе 
neglected. 


Thus equation (2) expands to the following expression, 


ЫН, Se T E ы RAE ан 


мэ T : 
А = (К, + wP] + WP Ji + (Ry + шуру - u99p3) J 


+ (к, - WP, > шуо,ру) К (5) 
ПІ. ACCELEROMETER SENSITIVITY 


The vector 5 is defined as 


S=s, i+ 5,3 + s,k (6) 


Ideally, the accelerometer sensitivity can be defined 


555, (7) 


It 
e 
е 


where 51 = 5 


3 
However, the cross axis sensitivity of a piezoelectric accelerometer 


follows a cosine law? where 


400 (8) 
for а nominal cross axis sensitivity of five percent. 
In the case of the gun tube vibration problem to be discussed later, 
the acceleration components are of the same order of magnitude thus we can use 
equation (7) by assuming a * five percent error in the measurement. This error 
could be minimized if accelerometers were calibrated to determine the secondary 
and tertiary axes of sensitivity. 


IV. ACCELEROMETER OUTPUT 


Using equation (7) and equation (5) the accelerometer output is as follows: 


pega s, (К, WP) - NE (9) 
Figure 2 shows schematically the physical arrangement of the accelerometer 
and tube. 
V. ANALYSIS 
In order to separate the translational and rotational terms in equation 


(9), accelerometers are used in pairs as shown in Figure 3. 
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The. output of the two accelerometers are shown below 


C 


28 АСЯ + ші - ®шур,). + 5% 
с, = 5, (-R, + шар) - WoW р.) t 5*5 (10) 


By differencing the two outputs and collecting terms, we get 


C C 
a b 
Е - gs (11) 


а b (12) ' 
For the case shown in Figure 3 


ùz = torsional acceleration about the tube centerline 


p = outside radius of the tube 
R 


2 = horizontal translational acceleration of the tube. 


By adding a second pair of accelerometers mounted in the same fashion as 
the first pair and at the same station along the tube with their position vector 


coincident with the J axis, a second set of equations are similarly derived. 


7 с c,\ 
EE! c d 
on = 2 5 = Saj % 5% (13) 
с а 
. 1 с. Ст | 
ша + шш = Эр 5 ТЕ + 5% (14) | 
с а | 


Ву summing the outputs of the four accelerometers the following relation- 


ship is obtained 


C C 
. 1 а р с 
Ww, = — Талх АЙ ЭЭ о лыш, А Эрч + 5% (15) 
3 4р |507 S "S. $ 


The four accelerometer array is shown in Figure 4. 
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VI. THE MEASUREMENTS 

Preliminary measurements of the lateral motion of the M68 tank gun were 
made using a pair of triaxial accelerometers. The data for y-axis (horizontal) 
were recorded and analyzed. The configuration used was that shown in Figure 3. 
Using the previous discussed analyses as a basis for data reduction, the 
accelerometer outputs were filtered through a 20KHz pass filter and a 10КН2 
low pass filter. These filtered data showed that components of acceleration in 
this frequency regime were negligible and that the prime data lay below 10KHz. 

А considerable amount of high frequency data was evident starting above 
25KHz. Тһе high frequency components must be. considered when establishing 
accelerometer requirements. | 

Once the data were іп the form shown in equation 11 they were integrated 
twice with respect to time to obtain displacement versus time. Figure 5 shows 
the horizontal acceleration deta; Figure 6 shows the horizontal velocity data; 
Figure 7 shows the horizontal displacement data. 

These preliminary tests results were compared with calculated results from 
a computerized gun vibration model. 

Although the general character of the displacement-time data is similar 
to the model predictions, amplitudes were not in agreement. Before a definitive 
statement as to the validity of the data and the accuracy of the model can be 
made, a series of comparative tests must be made. Іп progress at the BRL is а 
series of tests to compare the accelerometer measurements with direct optical 
measurement of displacement versus time. 

VII. OPTICAL MEASUREMENTS 

Concurrent with accelerometer measurements using the four element array 

shown in Figure 4, throe electro-optical systems for measuring displacement are 


being used to measure the muzzle motion of a 37mm test cannon. The electro- 
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optical system is а servo controlled photo multiplier system that provides 
an output voltage linearly proportional to the displacement of target normal 
to the line of sight of the instrument. By using three systems, the two 
orthogonal lateral displacements and angular displacement about the gun axis 
can be measured. At this writing tests and data reduction have not been 
completed. The new data will be presented at the workshop. 
VIII. SUMMARY 

Analysis of six degree of freedom response of accelerometers shows that 
particular arrays of four accelerometers can yield the two translational 
cross-axis components and the coaxial rotational component of muzzle motion. 
Preliminary tests and current test series for the technique have made the 
following accomplishments 

o Improved mounting techniques for gun application 

o Improved filtering technique for data reduction 

o Established accelerometer requirements such as response and capacity 

o Data reduction package has been developed 

The accuracy and precision of the technique with "off the shelf" commercial 
components is currently being determined; the advances in the "state-of-the-art" 
in accelerometry, particularly calibration, required to increase the accuracy are 


being determined. In addition to gun tube motion, application of these 


techniques are being examined for projectile measurements. 


Results may be summarized ав follows: 


Bonded .accelormeters have been used successfully by using a highly flexible 
epoxy bonding agent. Тһе main problem, particularly in small caliber 


tests, is that the bonding agent must be insensitive to shock loading. 


Filtering systems most applicable to these types of measurements must 
have constant time delays over the band pass of the filter and must be 
inserted between the sensor and data conditioning electronics to 


minimize distortion in the multiplex and recording systems one might use. 


One of the major difficulties in using accelerometers 15 the zero shift 
experienced during measurement. То alleviate zero shift problems, high 
range shock accelerometers are required with some sacrifice of sensitivity. 
Sensitivity can be regained by using the state of the art solid state 
charge amplifiers which exhibit much improved stability and noise rejection 


at high gains. 


Recent tests show that to establish potential accuracy for accelerometer 
measuring systems; comparative tests using long lever arm optical systems, 
such as the Oddsam System to be discussed by B.T. Haug later this morning 
and accelerometers having known crossaxis response must be conducted. 
Efforts to obtain the desired accelerometers vith the required calibration 


information are now in progress. 


In order to extend the usefulness of existing equipment, mathematical 
techniques for eliminating zero shifts in the data are being made to 


characterize the zero shifts and determine the limits of such character- 


ization, 
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SUMMARY 


A dynamic simulation has been developed for describing 
the angular distortion of a slender penetrator contained 
within an armor piercing projectile as it traverses the 
length of a gun barrel. Тһе dynamic model considers 
flexing of the penetrator under the influence of accel- 
eration and centrifugal forces. Linear accelerations of 
70000 g's and spin rates of 120000 revolutions per minute 
are encountered by the projectile. The high spin rate is 
required for gyroscopic stability. The penetrator is con- 
strained by linear springs which represent the support of 
the penetrator by the carrier and the complete projectile 
by the barrel. This simulation has been coupled to ex- 
terior ballistics programs in order that the effect of 
this deflection on round to round launch yaw and disper- 
sion can be predicted. Dispersion data has been gathered 
for several different penetrator configurations and the 
results have compared favorably with dynamic simulation 


predictions. 


INTRODUCTION AND BACKGROUND 


An Armor Piercing Projectile has been developed for use with the GAU-8/A 
Gun System and А10 Close Air Support Aircraft. The Armor Piercing Projectile 
(AP) is part of an ammunition family also consisting of Target Practice and 
High Explosive Projectiles. 

During phases of full scale development of the AP, considerable dispersion 
(Mann Barrel) was encountered. The AP contains a depleted uranium core to 
enhance penetration. Normal "jump" type computations, even assuming excessive 
clearance (bore to barrel) and bourrelet engraving did not account for the 
observed large first maximum yaws and subsequent large dispersions. 

The program schedule and the performance requirements (penetration) 
provided considerable constraints on the problem solving phase and, in effect, 
ruled out an extended cut and try approach. 

The following factors were considered possible causes of poor performance: 

1) Spin rate - penetrator flexing resonance 
2) Structural failure of the carrier (massive engraving) 
3) Penetrator deflection (bending) 

Eglin Air Force Base photographed by X-ray an early design which showed 
considerable distortion. General Electric constructed steel bourrelet carriers 
which exhibited no engraving, but still excessive dispersion. 

At this point, General Electric concentrated on penetrator deflection as 
the probable cause and set out to develop an analytical model which could be 


used as a design tool. 
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THEORETICAL FORMULATION 


А. Mathematical Modeling 
The basic assumptions made in developing the ен model follow: 
1. The projectile is loaded at its base with a uniformly 
distributed pressure acting in the direction T. the 
barrel centerline. 
"72. Lateral support is provided by linear springs. 
3. Тһе projectile is initially misaligned with the barrel axis. 
The initial misalignment of the penetrator with the barrel axis is illus- 
trated in Figure 1. Тһе parameters used tc position the penetrator relative 


to the barrel and projectile are: 


>< 
н 


р projectile base thickness to penetrator 


на 
| 


total base offset of penetrator 


е 
И 


total misalignment angle of penetrator 


The base offset and misalignment angle, У. and ат» аге made up of two com- 


T 
3 ponents аз illustrated in Figure 1, Тһе components are due to barrel versus 
projectile diameter (tolerances) and manufacturing tolerances involved in 
assembling the penetrator and cazrier. 

Structural modeling of the penetrator is done using a lumped mass finite 


element technique. Using this technique a stiffness matrix, К, is formed which 


describes the deflection of any element in terms of the forces and moments 


acting оп that element. Deflections in translation and rotation are considered 
with shear effects being included. Figure 2 illustrates the mathematical model- 
ing and rorcing functions. Тһе system of differential equations (one for each 


degree of freedom) describing the transient response of the penetrator follows. 
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Figure 1 Penetrator Skewness 
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Penetrator Geometry Modeling - Solid Cylinders 
Lateral Support Modeling - Linear Springs 
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Figure 2 Math Modeling 
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mass matrix 


Ы 
Ix] = displacements in translation and rotation 
for each node 
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structural stiffness matrix 


external forces and moments acting at 
each node. 

The external forces and moments are computed as follows. Тһе axial acceler- 
ation of the projectile results in bending moments on each element of the pene- 
trator due to its misalignment. The angular velocity results ín centrifugal 
forces on each element due to offset of the elements from the barrel centerline. 
The acceleration and spin profiles used are based on an interior ballistics 
simulation. 

Theoretical verification of the dynamic simulation was accomplished in two 
phases: (1) verification of the numerical integration technique, and (2) static 
verification of the structural model. Three numerical integration techniques 
were employed for comparison of efficiency and accuracy: (1) constant velocity 
or lumped impulse procedure, (2) Hombolt's epproximation, and (3) fourth order 
Runge-Kutta. The results indicated comparable accuracies due to the nature of 
the differential equations and external forces. It was therefore concluded that 
the lumped impuise procedure would be used due to its higher efficiency over the 
1 other two methods. Structural verification of the technique used to model the 
penetrator was accomplished by computing the deflection of a statically loaded 
uniform rod for which a closed form solution is available. The same problem was 
solved using the Penetrator Bending Analysis (modified to solve a static situa- 
tion). The resulting end deflection of the rod from the Ско solution techniques 
differed by approximately 5%. This checked the structural modeling of the pene- 


trator thru the stiffness matrix. 
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The penetrator constraints are simulated by linear springs. The placement 


of these springs is defined by the carrier. The results of the dynamic simula- 
tion are obviously very critical to the location of those constraints, i.e., the 
support given to the penetrator by the carrier. The problem of determining the 
location and magnitude of these springs to accurately describe tho carrier is 
very complex. It was decided that the most expedient method of determining these 
supports would be a static test. Stated briefly, the test set-up consisted of 

a 30 mm API projectile without the wind screen engraved into a barrei section. 
The penetrator tip was statically loaded. Deflections along the penetrator were 
measured for various levels of loading. Іп correlating the static test data with 
the theoretical model, tip deflection was the primary indicator used. Repeat- 
ability of the test was approximately +5% on tip deflection. Correlation of the 
theoretical model with the test results was achieved by using linear springs of! 


E lb/in with the last location of spring support coming at the edge of the 


5 x 10 
carrier support. This provided an estimate of the spring constant which should 


be used for modeling of the constraints. 


B. Yaw and Dispersion Computation 

The result of primary interest from this analysis is the penetrator mode 
shape as the projectile exits from the barrel. This mode shape results in an 
initial angular motion of the projectile and consequently higher dispersion. 
From the known physical properties of the carrier and penetrator, stability 
properties of the projectile at barrel exit, and the mode shape, the first maxi- 


mum yaw and dispersion are computed as follows: 


Let: C н = Pitch moment coefficient derivative 
Cha = поста] force coefficient derivative 
Cy = drag force coefficient 
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С = normal force center of pressure coordinate, in. 


axial center of gravity position coordinate, in. 


cg 
D = projectile diameter, in. 
| ге ж axial, transverse moment of inertia, 1ъ-1һ2 
| W = total projectile weight, lb. 
| 
| Ү = radial center of gravity position coordinate, in. 


T = rifling twist, cal/rev 


Й 


В = misalignment angle at projectile exit of centroidal 
axis relative to barrel centerline, radians 


pir эн 


TDISP = dispersion, mils at 1000 inches 


UA 


ТАВАК = projectile first maximum yaw 


1 TDISP = [D +D, (1000.) (2) 


where: C =C ^ (C 
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(568784) (1) 
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The dispersion and first maximum уан ав computed above are assumed to герге- 
sent three standard deviations of what should be expected in actual firings. This 
assumption is based on correlation to testing done on 30 mm API configurations. 
The values for these parameters are adjusted, based on this m TOE теле 
sent one standard deviation. 

The misalignment angle, B, is computed based on known physical properties 
of the carrier and bent penetrator configuration. This will be illustrated as 


follows. Consider that the moments of inertia and weights of each element of the 


modeled penetrator have been computed. 


Let: То о уі = ахіа1 шаа: transverse inertia, and product of 
inertia of i element 
th 
Ri - radius of i ^ element 
Ч, = mass of qth element 
X о = center of gravity coordinates of i element 
cgi' cgi 
"I p с = total axial, transverse, and product of inertia 
TX em relative to the barrel centerline 
Хот’ “сет = total center of gravity coordinates 


N 
2 
Тут Е У [ La t МО gi Е Үерт) | (4) 
1=1 
М 
-- а L] = 2 
Тут i у | а Е шон Хот | (5) 
ізі 


523 


— —— — ——ÀÀÀ хөн 


Locum Ted 


лш а 2 сене a улан remi enm prem 


N 


E и У | ug Е Х вт) Сера 7 Үс | (6) 
1=1 2 


(7) 


Typical dimensions and performance parameters are given in Table I for the 


GAU-8/A weapon. 


EXPERIMENTAL CORRELATION 


For positive verification of the method, the distorted shape of a penetrator 
at muzzle exit, as predicted by the simulation, should be compared with X-ray 
photographs of actual firings. Even though this has not been done on the final 
candidate configuration, the analytical approach has been successfully used to 
design penetrators with desired stability and stringent dispersion characteristics. 
X-ray photographs do exist at muzzle exit for one configuration. The bending 15 
readily apparent in the photographs and is within the range predicted (.25 


predicted, .20 measured) for that configuration. This is illustrated in Figure 3. 


GAU-8/A Parameters 


Bore Diameter 1.1845 + .002 inches 
Projectile Diameter 1.1795 + .0015 inches 
Muzzle Velocity 3200 to 3500 ft/sec 
Muzzle Spin Rate 11360 to 12425 rad/sec 
Peak Linear Acceleration 70,000 g's 
Peak Angular Acceleration 8,000,000 сай/аас” 
Projectile Weight .80 to .95 pounds 
Penetrator Weight .57 to .67 pounds 

TABLE I 
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During the design evolution, various penetrator shapes were investigated 
both for penetration and dispersion. А summary of predicted versus actual 
measured dispersion is shown in Figure 4. Аз these designs are still com- 
petition sensitive between the ammunition subcontractors, they are only des- 
cribed by letters. Each letter represents a different design of penetrator 
or penetrator carrier interface. Ап exact prediction would have followed the 
dotted line. Аз the penetrator deflections become larger, more variations be- 
tween predicted and actual are apparent. This is caused by the less rigid 
designs being more susceptible to variations in initial conditions. 

The configurations D and E were predicted to deflect less than .002 inches 
while A is predicted to deflect about .010 inches. 

Table ТТ shows the computed effect of the following characteristics on 
dispersion. 

1. Penetrator Diameter 


2. Penetrator Length 


3. Location of Support 


4, Penetrator Material (Depleted Uranium or Kennertium) 


Penetrator weight is held constant during 5 of the 6 examples shown. 5мајј 


changes in dimensions are shown to make large changes in dispersion. 


CONCLUSIONS 
The model developed in this paper has been shown to be a reliable engineer- 
ing tool for the design of Armor Piercing Projectiles. Tradeoffs can Ье per- 


formed analytically to select those configurations which will be structurally 


rigid enough to withstand gun launches without resulviing in excessive dispersion. 
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SUMMARY 


А summary of how the buffer load is resisted in a conventional 
artillery system is given. The main geometric and dynamic properties of 
British guns manufactured during the twentieth century are then listed, 
and it is shown how these properties were achieved in a recoil test rig 
and in a static test rig, both pieces of apparatus being designed to 
measure orifice discharge coefficient. The mean experimental results 
are then presented and an indication of the corrections applied is given. 
The range of Reynolds number used was 40 to 40,000, and the ratio of 
length/gap of orifice was varied between 0.12 and 20.0. Comparisons 
between the e results and those produced by other authors using steady 
conditions were given, and the total spread of the value of discharge 
coefficient was around 0.08. 

Finally, some indication is given as to how a test rig, presently 
being designed, will furnish further information on appropriate values 
of discharge coefficient at the extreme driving pressures generated in 


modern recoil systems. 
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I. INTRODUCTION 


The orifice in a шиний artillery system used to absorb the 
energy of the recoil is normally annular in nature: one wall is moving 
while the other is stationary, and the area presented to the о11 flow, 
together with the orifice geometry, changes during the recoil stroke. 
For a simplified diagrammatic representation of the buffer operation, 


see Figure l. Та addition to the above nonstandard conditions for a 


. fluid orifice, the flow is quasi-static in nature; the pressure generated 


can be extremely high (up to 55 MPa), and cavitation is occurring. It 
is not therefore surprising that design information on orifice coeffi- 
cientfalls short of what is required for purposes of buffer design. 

In [1] experimental results were obtained for annular orifices with 
one wall moviug (dynamic) and for side wall orifices with stationary 
walls (static). Values of the ratio orifice length/orifice gap (2/Һ) 
varied between 0.12 and 20.0, and Reynolds numbers lay between 40 and 
40,090. These controlled tests were performed on pieces of apparatus 
designed to approximate to the conditions within recoil buffers on British 
guns constructed in the twentieth century. See Table 1. 

Values of discharge coefficient obtained were compáred with those 
of previous authors [2,3] for steady flows and stationary walls. Good 
agreement was obtained, and mean curves have been drawn through the 
experimental points and presented here in order to provide design curves 
of discharge coefficient. 

An attempt had been made in [1] to correlate experimental results 
from the point of view of cavitation, but no success was achieved. Some 


pertinent details are given, however, on a rig expressly being designed 
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to measure discharge coefficients when the flow veiocities (и) аге 110 
m/s, the driving pressures (p) are 1% MPa, and cavitation numbers (К) 
are as high as 12.0. These values of p and K arc considerably in excess 
of those used to date [4], although lower than those which may be 


expected in future armament systems [5]. 
II. THEORY 


The type of orifice considered, together with geometrical and other 
quantities, is shown in Figure l. When the recoil buffer force B is 
exerted on the outer cylinder, a pressure Pi is generated in the 
upstream area, together with a velocity U of the cylinder. This gives 


rise to a theoretical value of velocity given by 


(1) 


where p is the density of the fluid [6]. The value A/a is greater than 
10 in practice, and the following corrections are also applied: 

e velocity of approach phenomenon, 

e extension of the rod, 

е compression of the oil, and 

e expansion of the cylinder. 


These corrections lead to the following result for discharge 


coefficient 
140, ~ Py) 
2-4---- 
С = ШОН Me db oet ee ДАВА (2) 
а а 2(р, Е Ро) 
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CIRCULAR OUTER CYLINDER 
(MOVING AND ATTACHED TO 
CIRCULAR PISTON ATTACHED Веси не WASS) 
Т 


ш ; һ (GAP): 
= 
22-12 ү 
| 1 “ғ 
А M ‘© OIL PATH А 
: Rye те уыт = ы» А ПИВА = ЕЛ 
| d : | | 
L^ А GLANDS АТ 
| : EITHER END 
ROD ATTACHED TO AREA OF ANNULUS, a 
GUN CARRIAGE 
UPSTREAM AREA, A 
Figure 1. Diagrammatic representation of a recoil 


buffer and orifice. 
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Тһе term іп Eq. (2) which includes pressure variation with time is 
due to the effects of elasticity, and the derivation is given more fully 
in [1]. 

The effects of metal strain on orifice area and of volumetric flow 
due to the influence of viscosity in the annulus were ignored. 

The discharge coefficient was plotted as a function of orifice 
Reynolds number. The reference length was taken to be the hydraulic 
mean diameter 


n. (4) (area: of orifice) (3) 


M (perimeter of orifice) 


and with the dynamic rig, the value was approximately equal to twice the 
annular gap (which was identical to the representative length used in 


[3]). For the static rig, the value of Dy approximated to 1.95 h. 


III. EXPERIMENTAL APPARATUS AND PROCEDURE 


• А. Dynamic Rig 


The details of velocities, values of #/һ, and lengths of recoil of 
British guns-used in the twentieth century are given in Table 1. This 
table shows how successful the attempts to achieve these values in the 
experiments were; the rig layout used is given in [1]. An outer cylinder 
was driven over the piston by means of an attached piston which was 
propelled by pneumatic pressure. The magnitude of the pneumatic 
pressure is dictated by the required cylinder velocity and varied 
between 0.40 and 1.1 MPa. 

Pressure and velocity measurements were obtained from transducer 


outputs, which were triggered, synchronized, and recorded on the storage 
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screen of а standard, four-channel memory oscilloscope. Upon each 
"firing" the synchronized trace obtained from the pressure and velocity 
transducers was photographed. The stroke of the piston was obtained by 
numerical integration of the velocity trace in order to check the 
transducer calibration. Readings of pressure, velocity, slope of the 
pressure curve, and compressed length were obtained at 40 ms intervals. 
(The two latter quantities were required in order to calculate the 
compressibility correction.) The corrected velocity values were then 


used to give values for Ca and Re. 


B. Steady State Rig 


The steady flow orifice rig consisted of a square-sectioned chamber 
having transparent sides, the flow passing through a narrow rectangular 
slot. The gap width was varied to achieve values of £/h or 20.0, 10.0, 
0.56, and 0.405. The entrance and exit pipes were 28 mm in diameter, 
and downstream of the entrance the flow expanded, passing through 
perforated plates for flow straightening. Water from the mains was 
used with this rig, and the exit was at atmospheric pressure. Figure 2 
gives the general arrangement for measurement of discharge coefficient. 
For low flow rates the pressure difference was recorded on a mercury-on- 
water manometer, and for higher flow rates the difference of readings 
on two bourdon gages was used. А stop watch was used to determine the 
time taken for a given quantity of water to pass through the rig under 
steady flow conditions, and, thus, the mean velocity through the working 
section was derived. The kinematic viscosity of the water was deduced 


from its accepted variation with temperature (measured by means of a 
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mercury in-glass thermometer), and, thus, Reynolds number and Ca were 


readily calculable. 


IV. PRESENTATION OF RESULTS AND DISCUSSION 


Orifice flow санан ца 2/Һ equal to 20, 10, and 0.3 
(average) are shown in Figures 3, 4, and 5 for orifice Reynolds numbers 
ranging from 40 to 40,000. In addition to the experimental curves 
obtained from the dynamic and steady flow rigs, concerted results from 
Lichtarowicz et al. for £/h = 0.5 and 10.0 are shown [2], together with 
the results on an annular orifice by Bell and Bergelin [3]. The Reynolds 
numbers used in [2] were based on conditions within a circular orifice 
concentric with a circular pipe, whereas in the case of Bell and Bergelin 
and the experimental results obtained here from both the dynamic and 
steady state rigs, the hydraulic mean diameter was used. 

For well over half of the results, it was expected that transition 
flow would exist, in a regime where both viscous and inertia phenomena 
are important; but for Reynolds numbers of greater than 4000, the 
predominant effects were expected to be kinetic energy losses associated 

with flow contraction, limited expansion, und turbulent friction. № 
measurements were taken during these tests for entirely viscous flow, 
the limit for Reynolds number being 40 for these conditions [3]. 

It was not possible to plot results for a symmetric circular orifice 
for £/h = 20.0 since there were no data available [2]. However, the 
values obtained here were within 0.08 of those for an annular orifice 
[2]. The values taken at £/h = 10.0 show an unexpected ^catter of 


roughly 0.08 in Са» but there is reasonable agreement between the 
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Figure 3. Design values discharge coefficient 
(.18 < 2/һ < .56). 
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LEGEND 
DESIGN CURVE [1]: £/h = 10 
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Figure 4. Design values of discharge coefficient 
(£/h = 10.0). 
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experimental results obtained on both dynamic rigs and with [2] and [3]. 
The results tend to be nearer those obtained in [3] than to those from 
[2] Еох Reynolds numbers of up to 10,000, a possible explanation being 
the greater similarity of orifice configuration. 

Values of £/h = 0.56 and 0.405 were used for the steady state rig. 
For the dynamic rig, the value chosen was 0.3 and lay roughly between 
the values used in [3] and [4]. The results do not show nearly as much 
scatter as those for £/h = 10.0, and those obtained on the steady state 
rig agree tolerably with those obtained from the dynamic rig. The 
remarkable fact is the better agreement, over a wide Reynolds number 
range, of the ана ЇЙ БЕ results with those produced іп [2] than with 
those of [3]. The constancy in the values of Са should also be noted. 

The discharge coefficient for an orifice with a moving wall is 
found to vary less as the value £/h diminishes, and it is tempting to 
suppose that when £/h = 0, the least variation is expected. This is, 
unfortunately, of little help in the design of armament recoil systems 
siuce the average value of #/һ for artillery pieces appears to be 
approximately 15.0. The curves constructed, drawn through the experi- 
mental results should provide design values which are better than those 
used to date. 

With regard to pressure traces measured downstream of the piston in 
the dynamic rig, the situation was not satisfactory.  Confusing results 
were obtained, due possibly to the jet produced bv the annular gap and 
to reflections of pressure and rarefaction waves from the cylinder 


extreme end. The small pressure pulses shown in the traces did not 


respond to mathematical treatment, and it was concluded that these could 


be ignored compared with upstream values, as they were always less than 
about 0.07 MPa. Оп the above grounds, it was decided that no useful 
purpose could be served at this stage by presentation of these results. 
It is considered that such effects can be measured using instrumentation 
now available, but it should be realized that any set of results must be 
regarded as applicable to the geometry of that particular recoil buffer 


only. 
V. FUTURE INVESTIGATIONS 


From recent calculations [5] it has been shown that under overload 
conditions of certain types of armament, it is possible to achieve the 
required buffing force only by using cylinder pressures in the order 
of 55 MPa. Thus, oil velocities in the jet are in the order of 250 m/s. 
The geometry of the orifice can also be unusual, inasmuch as radially 
inward flow into the center of a hollow tube is sometimes used, and 
there will be extensive cavitation and jet impingement. Under these 
conditions it is not knowü what values of discharge coefficient should 
be assumed. Such information is essential for calculation of the 
dynamics of the recoiling parts, and, thus, the design of a test rig to 
measure this quantity at extreme pressures is now underway at Iowa State 
University. It is to be a steady state rig, and values of pressure of 
only one quarter of those encountered instantaneously in the system 
described above аге contemplated (i.e., pressures up to 14 MPa), but 
further informatiou vill be available from a suitable dynamic test to be 
used in conjunction with the rig. It is expected that the range of 


knowledge will be increased significantly by this research. 
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VI. CONCLUDING REMARKS 


Flow measurements taken on rigs where fluid passes through a narrow 
gap adjacent to one wall, where Reynolds numbers have been between 
40 and 40,000, and the orifice length to wall gap ratios between 
0.3 and 20.0 have been considered. In one rig the gas was annular 
and the outside wall moving, and in the other the gap consisted of a 
long rectangle where all walls were stationary. The quasi-steady 
values for orifice discharge coefficient with a moving wall were 
not markedly different from those obtained with a stationary wall, 
although they do tend to be slightly higher. The values are also 
close to results obtained by previous workers using stationary 
concentric central or peripheral orifices. Design curves for 
discharge coefficient have been drawn through the experimental points 
using the correct orifice configuration, and these should provide 
better data than those presently available. 

In the case of the moving wall configuration, corrections were made 
for compressibility of the fluid and elasticity of the cylinder/ 
piston arrangement. The viscous effect of the moving wall and the 
effect of loads upon orifice deformation were ignored. 

The variation of Са with Reynolds number diminishes as the value of 
2/һ decreases. Although it would be preferable to have a constant 
C for the design of recoil systems, it is not possible to have 
values of 4/h less than approximately 10 and, thus, the above fact 
is of little practical value in this case. 


A newly designed experimental rig should provide further inforinatton 


on discharge coefficient at values of pressure and jet velocity 


outside those values at which tests һауе, up to the present, been 
used. These pressures and velocities will go some way to meeting 


values experienced in presently designed systems. 


5. Although it seems possible that the results of shock waves can be 
measured, their influence would be difficult to assess, and it seems 
likely that the phenomena actually observed would only apply to the 


actual configuration tested. 
p VII. ACKNOWLEDGMENTS 


The work described above was performed partially under the auspices 


of the Engineering Research Institute of Iowa State University. Their 


support is gratefully acknowledged. 


VIII. REFERENCES 
1. А. Akers, Discharge Coefficients for an Annular Orifice with a 


Moving Wall, in "Proc. Third Int. Fluid Power Symp.," pp. B3-37- 


А 


83-51. British Hydrodynamic Research Association, Bedford, England, 


a EA TREE TA NIHU rM 
> 


1973. 


VU vemm = 


mme 


2. А. Lichtarowicz, В. К. Duggins and E. Markland. Discharge 
coefficients for incompressible flow through long orifices, J. Mech. 
Eng. Sci., 7(2), 210-219 (1965). 


3. К. J. Bell and D. P. Bergelin. Flow Through Annular Orifices, 


Trans. ASME, 79(3), 593-601 (April 1957). 
3 4. В. Н. Spikes and С. А. Pennington. Discharge Coefficient of Small 
Submerged Orifices, Proc. Inst. Mech. Eng., 173, 661-674 (1959). 


5. А, Akers. Unpublished report to Naval Surface Weapons Center, 


Dahlgren, September 1976. 


6. В. А. Dodge and M. J. Thompson. "Fluid Mechanics," First edition. 


McGraw Hill, New York, 1937. 


MAIN DETAILS OF BRITISH RECOIL SYSTEMS 
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I, INTRODUCTION 
A. BACKGROUND 

An increasing number of Атту gun type weapon systems, includ- 
ing helicopter gun turrets, artillery, air defense guns and combat 
vehicles, require high performance gun pointing, tracking and stabil- 
ization systems to effectively perform their mission, Consequently, 
it has become increasingly important for the Army to develop a сара- 
bility to specify, 465140 and evaluate control and stabilization systems 
for turretad weapons. 

To help méet thís need, a procedure for the design of control and 
stabilization systems has been joíntly developed by personnel of the 
Rodman Laboratory and the Department of Information Engineering at the 
University of Iowa, This procedure utilizes results of modern control 
theory, augmented by extensive digital computer simulations to derive 


and specify a practical controller for both regulating and tracking 


systems, Тһе optimal des{an procedure and the numerical techniques 
required to obtain a solution were derived and utilized initially in 


| an investigation cf methods! "23 


to improve the pointing accuracy 

of helicopter gun turrets, however, it is applicable to any turreted 
| weapon system, It is presently being applied to design of а turret 

) drive system for the Low Dispersion Automatic Cannon System (LODACS) 

д test bed vehicle, The 100405 test bed vehicle consists of a Sheridan 
vehicle in which the main weapon has been replaced by a RARDEN 30mm 


4 
automatic cannon, к 
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The LODACS vehicle will have a stabilized sighting system and а 
sophisticated fire control system including a digital fire control 
computer, a miss-distance sensor (MDS) and a Closed-Loop Fire Control 
system, The purpose of the task reported in this paper is to provide 
the 4,0рАС5 test bed vehicle with a precision gun pointing system which 
will respond to position commands received from the sight and fire 
control systems and maintain the desired aim-point for both stationary 
and fire-on-the-move conditions, 

8. TURRET CONTROLLER DEVELOPMENT 

The development of the turret control system сап be divided 
into three stages or tasks: 

1. Specification of components for the turret power drive subsystem 
(1.е., motors, actuators, gearboxes, power supplies, etc.). These 
components must meet the torque, speed and power requirements estab- 
lished by the performance requirement and the operating environment of 
the particular weapon system, 

2, Derivation of a control law to achieve the desired performance 
with the components spacified in Task 1, 

3, Specification and integration of the electronics and sensors 
needed to implement the control law with the power drive subsystem, 

The details of each of these three stages as applied to the develop- 
ment of the LODACS turret and the progress to date, are discussed below, 
II, SYSTEM SPECIFICATION 

The first step in the design of a turret control system is to dater- 


mine the performance requirement of the system and the disturbance 


environment in which the system must operate., 

| This information is then used to specify the turret power drive 
components which will respond to controller commands and maintain the 
aim line in spite of applied disturbances, 

Once the power drive subsystem is determined, the ultimate perform- 
ance capability of the system is also largely determined. No control 
law can be derived which will correct for major errors made in this 
Stage of the design, In theory it is possible to choose the poles and 
zeroes of a controllable linear system at will and thus achieve any 
desired level of performance, In practice, however, non-linearities, 
and power and torque limitations always restrict the range over which 
system characteristics can be modified by feedback control. 

In spite of the importance of this stage of the 4651ал, it is often 


difficult or impossible to determine the exact performance requirements 


| or the disturbance environment, Often the parameters of the gun, turret 
қ and mount are not completely determined when long lead items for the 
control system are specified, No qeneral method for determining these 
requirements is available, but the way in which the LODACS system was 
specified is discussed and miaht at least serve as а quide for combat 
venicle turrets 

PERFORMANCE REQUIREMENTS 


5 ; Specific performance requirements for the LODACS were derived from 


че 3 


the accuracy of the gun and the fire control system and from knowledge 
of the requirements on other combat vehicles, The LODACS turret control 


system will slave the gun to a separately stabilized sight, Aimpoint 
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offsets of the дип line from the gunner's line of sight are computed 
by the fire control computer and must be maintained by the turret 


„control system. 


The principle sources of delivery error for the LODACS weapon 
system are the gun/ammo dispersion, the fire control system compu- 
tational error and the дип pointing error, Тһе gun/ammo dispersion 
and the expected fire control error are random errors of known magni- 
tude, The accuracy requirement for the weapon pointing and stabil- 
ization system was chosen so that the total system error would not 


be seriously degraded, 


DISTURBANCE ENVIRONMENT 

А complete specification of a turret control system must also 
include the turret tracking requirement and the disturbance environ- 
ment. Information on the evasive motion of typical targets or on the 
evasive maneuvers of an attacking vehicle are not yet available to the 
designer. Proving ground test of moving fire capability often involve 
firing at targets with a fixed crossing velocity on firing at fixed 
targets from a zig-zag course. Because of the long engagement ranges, 
a maximum tracking rate of 100 mr/sec (corresponding to a crossing 
velocity of 60 mph at 250 meters) was considered adequate. А higher 
rate for slewing (490*/sec) is required but precision tracking is not 
required at these rates. For design purposes the target was modeled 
as moving with step-like changes in velocity with fixed velocity between 


these changes. 
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The disturbances encountered by а turret control system are a 
function of the vehicle speed and the terrain roughness as well as 
the gun and turret mass properties and the properties of the turret 
drive elements themselves, The torque relationship between these 
quantities can be expressed as an equation of the form: 


11-1 Тяңхгха + № (Ja + Ја) ха, + 


[X (3, + 4) +d] ха, 


where m 1$ the mass of the load (the turret or the дип, г is the 
distance between the load center of gravity and its center of rota- 
tion, ay is the component of turret linear acceleration perpendicular 
to both г and the center of rotation, N 1$ the gear ratio of the tur- 
ret drive system, 9, is the inertia of the motor rotor, Ja is the 
equivalent inertia of the gears, аң is the component of hull angular 
acceleration about the load center of rotation, Ч, 1$ the гютеп of 
inertia of the load and ác is the anqular acceleration commanded by 
the gunner and fire control system, For loads driven by a hydraulic 
piston, the second term 1$ replaced by a term dapendent on the length 
of the torque arm, the mass ot the piston and the effective mass of 
the torque arm, however, this term is negligible compared to the other 
components, 

The specification of the turret power drive components for the 
LODACS drive system was based on the statistical properties of the 
torque obtained from Eq, 11-1. Тһе torque capability was specified 
as the value that would meet the torque requirement 952 of the tíme 
(assuming quassion probability distributions), that 15, the torque 


capability required was twice the rms value of the torque obtained 


from the torque relation, evaluated for a typical hull input. 

The gun and turret inertias and unbalances were estimated based 
on known gun and turret properties, Тһе gear ratios and motor rotor 
and gear inertias vary widely depending on the type of turret drive 
system selected, 

The statistical properties of the system required to evaluate 
11-1 (except ac) were obtained from HITPRO? computer simulation of 
the vehicle moving over the Aberdeen Proving Ground Bump Course at 
1Етрһ. It should be noted that a high degree of correlation between 
8, апд а, Was predicted by the simulation so that the torque was the 
simple sum of the components rather than the root sum square as for 
uncorrelated components, 

A further requirement on the turret drive components is that they 
deliver the specified torque at the 2c value of the qun angular rate 
relative to the hull, The rms anaular velocity of the hull was also 
estimated from the HITPRO simulation (,25 radians/sec in elevation 
and „1 radian/sec in azimuth). This velocity requirement is added 
because the torque output capability of some types of drive system 
decreases rapidly as the velocity increases, Тһе power requirement 
was obtained from the torque requirement and the r.m.s. relative ve- 
locity of the weapon and the hull obtained from the simulation, 


The parameters and statistical averages for the LODACS vehicle 


“are tabulated in Table 11-1, ` EE E эг 
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BANDWIDTH REQUIREMENTS 


The suspension system of a combat vehicle acts as a low pass 
filter that attenuates the high frequency inputs from the terrain. 
Further damping of the high frequency disturbance components is ac- 
complished by the inertia, J, of the gun and turret themselves which 
add an attenuation factor, A(f) of the form 

1 
U-2 A(f) = ДР 
to the magnitude of the motion resulting from a disturbance at a 
frequency f. The turret control system must damp out the low fre- 
quency components. Тһе bandwidth requirement for the turret control 
system was determined by estimating the frequency above which the 
disturbance torque weighted by А (f) becomes negligible. The fre- 
quency spectrum was calculated from computer simulation of the 
linear acceleration (the principle disturbance) and the bandwidth 
requirements were estimated to be from 0-5hz for the traverse drive 
and 0-10hz for the elevation drive. 

In order to assure that these bandwidths would be achievable in 
the system, the resonances of the drive system components, i.e., 
gearbox and hydraulic resonances, were required to be outside this 
region. 

POWER DRIVE SUBSYSTEM 


Based оп the above requirements on the turret power drive sub- ` 


system, a hydraulic system was chosen for the LODACS turret. This 


hydraulic system employs a bent axis hydraulic motor and gearbox in 


traverse and a hydraulic piston in elevation. 
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А hydraulic power supply consisting of an electrically driven hydrau- 


lic pump and an accumulator provides the hydraulic system with a 2000 


psi operating pressure. This system actually exceed torque and power 


requirements but larger hydraulic actuators are required to increase 
the hydraulic stiffness to meet system bandwidth requirements. · The 


linearized block diagrams of these systems are shown in Figures 11-1 


and II-2. The differential equations representing this system can 


be written as 


11-3 X 


Ax * Bu * Fw 


x(0) = x 


0 


where x is a Vector representing the states of the system, w is the 
external disturbance applied to the system, and u is a control function 


whose derivation is discussed in the following section. А, B and F 


are matricies whose elements are a function of the parameters of the 


turret. A,B, and Е for the elevation and azimuth LODACS system аге 


given in Tables 11-1 and 11-2. 
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TABLE 11-1а 


STATISTICAL PROPERTIES ОР HULL МОТТОМ USED TO ESTIMATE LODACS TORQUE 
AND POWER: REQUIREMENTS 


RR a ui e a a ы e 


ELEVATION 


а = 12ft/sec* (rms) 
а, = 2 rad/sec^ (rms) 

2* 
а = 1/2 rad/sec 


и = „125 rad/sec (rms) 


n 
AZIMUTH 
| a = 10ft/ sec (rms) 
a, = 1/2 rad/sec^ (rms) 


k 2 ж 
| а з 1/2 rad/sec 


жх 
ще ‚1 rad/sec 


UNLESS OTHERWISE NOTED ALL QUANTITIES WERE ESTIMATED FROM А HITPRO 
SIMULATION OF A SHERIDAN VEHICLE AT 15 MPH ON THE APG BUMP COURSE, 


*Estimated fire control computer command requirement 


**Based on required tracking rate, not hull motion 
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TABLE II-1b 
LODACS TURRET PHYSICAL PROPERTIES 


ELEVATION 


У X4 
ee D Am AER MUT mm 


Mxr = 250 f-ft/g 
N? (Jy + Ј,) 20, 
2 


о, ы 160 slug-ft 


AZIMUTH 


ee aea aus aie er Mere ravenna А ыы 


МХГ = 4000 #-ft/q 
№, + X) = 400 slug/ft? 


Jp = 4000 sluge ft” 


TABLE: 11-2 
ELEVATION SYSTEM 


REGULATOR 
0 1 0 0 0 
0 -2,62 ‚0117 0 0 
0 -2,09x107 0 2.3х10б 0 
0 0 0 0 4.0 
0 0 0 0 0 
0 0 -4,11х106 .9,8х107 

(0 0 0 0 0 
[0,0 -2,625 =2,0971x10" 0 0 
ТВАСКЕВ 

par 


DISTURBANCE ACCOMMODATION 


А, z 0 -39,4 
1 0 


о oc со о 


-500} 
4 в 9х1 0“ 


1 


+ 
1 


TABLE 11-3 
AZIMUTH SYSTEM 


REGULATOR | 


0 1 0 0 0 0 о 0 ! 
0 ‚182 о - 0: 0 0 0 921 | 
0 0 -1,17 2,59x10° 0 0 -806, 0 
КЕ! 0 0 0 4 0 0 0 
0 0 0 0 0 1 0 0 
0 0 0 -3.05х108 .9,79x10* -500 0 0 
19 0 6.2 0 0 0 0 -5760 
0 -1.0 0 0 0 0 „0016 0 | | 
| 
B. [o 0 0 0 0 48985 ој 
1 
Bo lE. [o -,182 0 0 0 0 0 л) 
| | 
| TRACKER 
par 
А" fo о 
1 0 
DISTURBANCE 
waz 


А, ж 0 -39,4 
1 0 


ено 


ПІ. DERIVATION OF THE CONTROL LAW 

A. THEORETICAL CONSIDERATIONS 

The general optimal control problem is to determine a control 

function, и, such that an asymptotically increasing cost function, J, 
is minimized for any initial condition on the state vector, X . The 
cost function, 9, is the time intearal of some positive definite Ғипс- 
tion of time, the states of the system and the control function. For 
most cost functions, the solution for the optimal control is a very 
difficult, if not intractable problem. There is one particular type 
of cost function, the quadratic cost function, for which the form of 


the solution is well known and numerical techniques for the solution 1 


--- maed a 


are widely available. The application of these techniques to the 
derivation of a controller for a helicopter gun turret has been re- 
ported elsewhere. 1223 
The results obtained in these studies showed that a practical 
quadratic optima! controller could be derived which performed better 
than the existing classical controller, required relatively little 
engineering effort to design, and could be easily implemented. This 
design technique was chosen for application to the LODACS turret con- 
troller. А brief review and discussion of the theory is included here. 
LINEAR OPTIMAL REGULATOR WITH A QUADRATIC COST FUNCTION 


A linear system may be described by a set of linear differ- 


ential equations of the form 


"n 
= 
>< 


111-1 X = Ax + Bu у 


x(o) = x 
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where x is a vector of the states of the system, и is the control 
function and А and B are matrices whose elements are determined by 
the parameters of the system. у is the vector of observed states of 
the system. 

The quadratic cost function, which will be minimized by the choice 
of и, is of the form 


III-2 
= P (xtyl qux + ш Вијф + x (te) Ro x(t¢) 


where Q and Ro are positive semidefinite weighting matricies and R 


is a positive definite weighting matrix. te is the final time of 


interest for the problem. 

The control function, u, which will drive the initial state, 
Xo? to the zero state with a minimum value for J is known to be of 
this form: 


111-3 ETE 
Uopt R B Kx 


where the K matrix is the solution of matrix Ricatti equation 

3 

| 1-4 vla K+KA+H ОН - КВТ 8! К 

А K(t,) = Ro 

The solution of this non-linear matrix differential equation can 


i be obtained by numerical methods. The resulting optimal control func- 


tion can be implemented by weighting the measured states of the system 


by time varying gains. Often these time varying gains quickly reach 
a steady state value. 
| In many cases, including the turret controller, the steady state solu- 


tion is desired. The feedback gains then become fixed which permits 


| 561 


(HINKIZY) 
W31SAS ЗАТНО 134311 ЗТЛПМНОАН 2-11 514 


мола 
1н3и32у14510 


К01121Ч3 1 К0112184 


VILU3NI VILU3NI 
Суол Х08ЧУ 39 30108 
-SN 
erp Оа] 
А1120713Л 3248411514 
TINH 316301 
1Н515 xoguvas 


сай» WKOD m 
l ЧЗЫНП5 i 


n 


562 


—— — sc 


them to be easily implemented by analog circuits. 
The steady state value of the K matrix can be found by solution 
of the algebraic equation 


111-5 Т 


0-А ба 


K+ KA +H QH - KBR BK 

This latter technique is computationally more efficient, which 
becomes imporcant when the design is iterated many times. Note that 
all states are assumed to be measured and available for forming the 
feedback control function. 

THE TRACKING PROBLEM 

The optimal regulator generates a control function which drives 
the state vector to zero from some initial condition or maintains 
some set vector in the presence of external disturbances. In many 
cases, including the turret controller, it is actually desired that 
one or more states of the system track some input command such as 
the gunner's tracking command. The tracking problem can easily be 
put in the form of the regulator problem provided that the tracking 
commands can be approximated by the output of a stable linear system 
decaying from some arbitrary initial condition. А wide range of track- 
ing signal including steps, ramps, sinusoids and decaying exponentials 
can be represented in this way. 

The tracking command, p, can be represented as the output of the 


linear system 


III-6 
р = 0 г 
г = Аг 
r(o) = г 


ei оро ооо 


Now the original regulator states represented by Eq. 111-1 сап Бе 
augmented by the states represented by Eq. III-6 to from a new regu- 


lator system with states X matrices A, Brand D replaced by А, B and 


D where 
111-7а 
| | | | 
0 A. : 
III-7b 
= |B 
0 
111-7с 


By proper choice of the cost function the control system сап ђе 
forced to follow the tracking command. Рог example, if it is desired 
that Xx follows Pi the cost function can contain a term of the form 
(х - p. If this term is heavily weighted in the cost function, 
then Хү is forced to follow Р апа the desired performance is obtained. 
The form of the solution for the control function for the optimal 
tracker is exactiy the same as for the regulator. 

For the LODACS turret system, the tracking command is modeled as 
a series of step and ramp function of unknown height and slope. The 


tracking function can be represented by а second order linear system 
of the form: 


111-8 


DISTURBANCE ACCOMMODATION 

Any external disturbances which are applied to the optimal 
regulators and trackers described above, cause the state of the system 
to deviate from the desired state. The resulting error is sensed and 
the state feedback control function is applied to the plant to balance 
the disturbance. Thus some error must result before a corrective 
action is taken. In the presence of large external disturbances, it 
is difficult to implement the control function required for precision 
tracking. This problem is also encountered in classical design con- 
trollers and is handled by the use of feedforward signals. 

The original LODACS optimal tracker designs were found (by com- 
puter simulation) to be overly sensitive to hull motion inputs. It 
did not appear that the feedback gains could be increased to provide 
satisfactory performance. This was not completely unexpected since 
other optimal tracker designs had demonstrated this sensitivity and 
all existing high performance turret stabilization systems have hull 
motion feed forward loops. 

The optimal design procedure can accommodate the design of feed- 
forward loops for disturbance accommodation in much the same way as 
the tracking signals are accommodated, that is, the tracker states 
are augmented by the states of a stable linear system which generates 
an approximation of the disturbance input as it decays from some ini- 
tial condition. The disturbance is modeled as a vector, w, which 


is the output of a system described by: 
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=———— > 


= 2 
2 А, 


2(0) = 2. 


the augmented regulator including both the tracking states and the 
disturbance states has the same form as the original regulator prob- 
lem except the matrices A, B and D are replaced by А, B and D re- 


spectively, where, 


= Эн 0 
0 А, 0 

18 

В 

0 


111-96 _ 
B = 
0 


111-9с 


III-9a 


D- [ D, 0, H]. 


The form of the cost function and the solution for the optimal 
control function is the same as for the optimal regulator, however, 
for the tracker and the tracker with disturbance accommodation, con- 
siderable computational simplification and a pleasing result can be 
realized if the K matrix is divided into components 

Кхх Кх2 Кук 


К = Кох 22 Kr 


Кех Krz Krr 
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then the optima] control function can be written as? 
йог = oR! Bl кх X 
ас p" Kxr r 
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The resulting control system is represented by the block diagram 
of Figure 10, 111-1. 

The optimal tracker block diagram is very similar to the block 
diagram of a classical turret stabilization system. The chief dif- 
ferences are the number of variables sensed and the absence of com- 
pensation networks in the feedback paths. 

The LODACS test bed vehicle suspension system resonates at a fre- 
quency of about lhz, therefore, the hull disturbance was modeled as 
a sinusoid at that frequency. This disturbance can be generated by 


a linear differential equation of the form: 
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This has not yet been finalized as the design disturbance. 


111-10 


INACCESSIBLE STATES 
The optimal control functions generated by the method discussed 
above assumes that every state of the plant, the tracker and the dis- 
turbance is weighted and summed to form the control function и. Іп 
practice it is costly and often very difficult to provide sensors for 
the measurement of all of the states of the system. А practical alter- 


native is to generate estimates of the inaccessible states of the system 
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from information about the known states and the control function. 
The estimated states are then weighted and included іп the contro] 
function as if they had been measured directly, А systematic method 


for estimating the unknown states is to employ a Luenberger observer, 


A Kalman filter accomplishes. the same function in noisy systems, 

Other estimation techniques could also be employed. 
{ B. DESIGN PROCEDURE 
3 2 MODEL DEVELOPMENT 
| Before the optimal feedback gains can be set, а linearized 
model of the turret drive system must be derived, Тһе states selected 
to descríbe the system are not unique and some care in their selection 
can greatly simplify the implementation of the control law. In the 
model of the LODACS turret drive system derived іп Section II, a con- 
siderable effort was made to ensure that the states of the model cor- 
respond to the outputs of the sensor that would be available in the 
actual system. Опе unusual result of this procedure is that one of 
the states of the model, Хү» is the position error or the difference 
between the actual qun line and the gun line directed by the gunner's 
sight and the fire control computer, This corresponds to the signal 
available from the resolver chain which links these devices, The se- 
lection of system states which correspond to measured quantities рег- 
1 mits system sensitivity to noise and qain variation to be estimated 
| readily. 

SELECTION ОҒ COST FUNCTIOH 


The art of designing a turret control system by this оре та! 


design procedure is to select a cost function which generates a control 
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function that meets the system performance requirement without requir- 
ing the system states to exceed their physical limitations. Тһе rela- 
tionship between the cost function, the performance requirement and the 
system non-linearities is not known a priori, and must be determined 

by an iterative procedure. The iterative procedure consists of select- 
ing a cost function, generating the control function corresponding 

to that cost function, evaluating the performance of the turret drive 
system with this control function by computer simulation, and modi- 
fying the control law (adjusting the elements of the weighting matrices 
0 and В) to improve the performance as required. ІҒ the system does 
not perform well enough, additional weight can be given to the error 
terms in the cost function. ТР the value of some state exceeds that 


achievable by the physical system, that state can be weighted in the 


cost function. А new control function is generated based on the modi- 
^ fied control law and the performance of the new drive system is eval- 
uated by computer simulation. This procedure is repeated until either 
| a satisfactory result is obtained or the designer is satisfied that 
| the capability of the turret drives has been achieved. 

The selection of the initial cost function on the starting point 
for the iterative procedure is little more than an educated guess. 
The control function, u, must be weighted, and it is apparent that 
a term related to the squared error of the system should be included. 
The inclusion of other terms to limit the values to be attained by 
other states of the system depends on the judgement and experience 


of the designer. The relative weighting to be assigned to these terms 
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and the sensitivity of the system performance to changes іп the weight- 
ing must be determined by trial and error. 

Before the LODACS turret control design is finalized it will be 
incorporated in a full scaie simulation where realistic external dis- 
turbances and tracking signals are applied and subsystem interactions 
can be evaluated. The HITPRO simulation is presently being modified 
for this purpose. Some final iterations on the design will probably 


be required before the control electronics are specified. 
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IV. SPECIFICATION OF CONTROL ELECTRONICS 

The implementation of a control law based on the dezign procedure 
| іп Section III could conceivably be realized with either analog ог 
digital electronics. At the present time, an analog system is easier 
1 and less risky to implement than the digital system. As the speed 
of microprocessors increases and the cost of A-D and 0-А converters 
| is reduced, digital processors will become more attractive. Ulti- 
| mately а single digital processor Тог both fire control and turret 
control will very likely be possible. 

The analog electronic controller would consist of fixed gain ampli- 
fiers, integrators, sensors and signal conditioning electronics as 
represented by the block diagram of Fig. ІУ-1. The regulator feedback 


signal, the tracker feedforward signa! and the disturbance accommodation 


feedforward signal can al? be implemented by fixed gain amplifiers. 
The implementation of the Luenberger observer requires only amplifiers 
and integrators, the number of integrators being equal to the number 
of states to be estimated. Signal conditioning in the form of demod- 
ulation, filtering, impedance matching, etc., is nighly variable from 
E system to system because it is dependent on the types of sensors used. 
Some adjustments of amplifier gains will undoubtedly be required as 
the system is integrated and final parameter values become known. 

! The optimal controller derived by the procedure described іп Section 
III requires no compensation networks in the feedback or feedforward 
signals, and the electronics required for systems of the same order 


is the same except for the gains of the amplifiers. 
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Turret drive system, whether driven electricaily or hydraulically 
are often modelled as systems of about the same order (6-10 states 
per axis). Therefore, it appears to be feasible to design a single 
turret controller that could be adapted to a variety of prototype 
turret drive systems by either a modular design where the number of 
amplifiers and integrators can be varied, or overdesigning the system 
to include extra amplifiers and integrators. Тһе chief barrier to 
such an approach is that signal conditioning requirements vary widely 
between systems. 

The feasibility of implementing the turret control for the LODACS 
turret with sufficient flexibility that it can be used for other ap- 


plications is being investigated. 
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ү. SUMMARY AND CONCLUSIONS 

A. PROGRESS AND WORK REMAINING 

Our program is to implement an optimal controller for a pre- 

cision turret controller. Specifications for system performance were 
derived and estimates of the disturbance environment were made. Based 
on this analysis, a hydraulic turret dríve system is being procurred. 
The hydraulic turret drive system was modeled and control laws have 
been derived. Тһе HITPRO simulation is being modified for use іп 
evaluation these ccntrol laws.  Luenberger observers for both the 
traverse and elevating system are being derived. 

After the design is completed, the electronics for the controller 


can be specified and procured and system integration will begin. 
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INTRODUCTION 


~ 


The purpose of this paper is to outline a method of approach for a 
deterministic study of the pointing accuracy of modern anti-armor automatic 
cannons. Emphasis is given to the evaluation of various factors and their 
influence upon the gun barrel response to a single projectile firing, as well 
as to repeated firings. 

The accuracy of an anti-armor automatic cannon depends strongly upon 
the position, the velocity, and the slope of the cannon barrel at the muzzle, 
as the projectile is ejected. Since upon firing the passage of the projectile 
through the barrel induces transverse, torsional and recoil motions of the 
cannon, a precise knowledge of the time dependency of subsequent transverse, 


torsional and recoil motions of the gun tube is required to predict gun point- 


ing accuracy. 


| Іп modern artillery, the cannon consists in part of a slender thick- 
wall tube with a constant inner diameter and a variable outer diameter. The 


| : : Е : 
| breech end of the tube is heavily constrained against lateral motion, the 


| supporting yoke serving to constrain lateral bending and lateral displace- 

ment of the tube in the yoke. However, the tube may recoil axially rather 
freely through the yoke. Often, one or more additional lateral supports are 
placed between the breech yoke and the cannon muzzle, and viscous dashpots 

“ may be employed to dampen the lateral motion of the tube. These additional 
lateral supports restrict lateral displacement of the tube, but allow rela- 

ПІ tively free bending rotation of the tube at the supports. Another factor that 
affects the tube motion is the presence of a concentrated (tuning) mass usually 
located near the muzzle end of the cannon, the purpose of this mass being to 


serve as a fine tuning (adjustment) device to correct gun pointing errors. 
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The optimum location of the tuning mass for purposes of reducing the lateral 
displacement and velocity of the cannon muzzle is of particular importance. 
Because of the weight and the slenderness of the tube, the cannon 
barrel droops in a vertical plane when at rest іп a firing position. How- 
ever, when a projectile is fired down the barrel, pressures produced by the 
expanding gas in the barrel and forces exerted by the projectile on the barrel 
as it passes through the barrel induce a lateral motion of the tube. 
Furthermore, as the projectile travels down the tube, rifling in the inner 
barrel produces an axial spin of the projectile. In turn, the tube is 
subjected to a torsional moment which produces torsional motion of the tube. 
Observation of the actual response of a cannon muzzle after firing 
shows that the muzzle moves around in some sort of Lissajous figure. This 


result has led some investigators to conclude that there is a coupling between 


_the torsional motion and the lateral motion of the barrel. However, the 


present authors have studied the probiem of coupling by the theory of linear 
elasticity and have found no coupling between torsional and bending modes. 
In particular, according to linear elasticity theory, a cantilever tube that 
is vibrating freely in a bending plane will not deviate from that plane if it 
is given a prescribed torsional oscillation at the root. However, there may 
be secondary (nonlinear) effects that cause some coupling between torsional 
and bending vibrations. Then the lateral centrifugal force of the projectile, 
the Bourdon pressure effect, or other effects may couple bending vibrations 
and torsional vibrations. 

In the absence of nonlinear effects, the fact that the muzzle moves 


around іп some sort of Lissajous pattern may be explained by noting that the 
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lateral motion, in general, consists of а combination of a vertical motion 
(in the direction of gravity) and a horizontal motion. Since the vertical and 
horizontal motions are superimposed, the muzzle roves about in a Lissajous 
figure. 

It is easy to see why one might think that the torsional and bending 
modes are coupled. For example, consider a cantilever beam of circular cross 
section that droops in a neutral plane. ТЕ the droop of the cantilever beam 
is due to permanent crookedness, a torsional rotation of the beam will cause 
the beam to be displaced out of the vertical plane. However, if the droop is 
due to weight alone, it may be shown that the torsional rotation does not 
displace the beam from the vertical plane. Accordingly, for small torsional 
and lateral motions of a gun barrel, the torsional motion of an initially 
straight gun tube may be studied separately from the bending motion. In 
other words, the weight of the barrel does not affect the torsional motion. 

As noted in part above, the accuracy of an artillery piece under re- 
peated firing depends strongly upon the location of lateral supports, upon 
the location and the size of the tuning mass, upon the restraint of the 
breech support during recoil and return to firing position, upon aerodynamic 
and structural damping, upon the Bourdon pressure effect, upon gas pressures 
behind the projectile, etc. Consequently, a study of the gun pointing 
accuracy of an anti-armor cannon must include a study of the transient motion 
of a varible thickness cannon tube subjected to transient forcing functions 
and constrained laterally by supports, whose axial positions depend on time. 

As noted in [1], by 1950, the problem of the motion of beams had been 


a subject of discussion for over a century. Ву 1976, we note that the litera- 
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ture on the dynamics of beams has increased several fold. However, ап exten- 
sive study of the technical literature has not revealed any treatment of 
lateral supports with time dependent axial positions [2,3,4]. Ме refer to 
this type of problem as that of lateral-torsional transient motions of 
variable thickness tubes subjected to lateral constraints with time-dependent 
axial positions, or briefly as transient motion of tubes subjected to axially- 
sliding lateral constraints. In the following articles, we further define 

the problem and propose a method of attack, which is believed will yield a 


solution that includes the significant effects of various factors. 


ІІ. А STATEMENT OF THE PROBLEM AND A METHOD OF APPROACH 

The problem of gun pointing accuracy is essentially one of transient 
motion of thick-wall slender tapered tubes, with axially sliding lateral 
supports and attached tuning mass, subjected to axial and lateral driving 
forces. To achieve a solution to this extremely difficult problem of 
mechanics, one might use a modal analysis approach [5]. Then one requires 


the natural modes of vibration of the system, preferably in an analytical 


form. However, in the pres«nt complex problem, the determination of analyt- 
ilal expressions for mode forms is not very feasible. Another difficulty lies 
in the fact that the treatment of forced motion problems in a series of 
natural modes is useful only if the series converges rapidly. In the 

present problem, the finite-element treatment of the initial value problem 
appears more promising than expansions in natural modes. In particular, the 
finite-element method readily admits representation of air damping, structural 
damping, and special damping devices by a row of dashpots along the length of 


the barrel. In addition, natural frequencies may be readily obtained for the 
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complex barrel-support system and plots of natural modes may be generated as 


a simple extension of the program. 


III. ANALYSIS OF THE PROBLEM 

A high performance cannon which is currently being developed at Rodman 
Laboratory is classified as having an intermediate firing rate, a high recoil 
energy, and perhaps most importantly, a very long tapered slender thick-wall 
barrel, approximately 60 mm in bore diameter and 220 inches in length. 
During each firing of a round, the passage of the projectile through the 
barrel induces torsional and lateral motions of the barrel, as well as an 
axial motion (recoil and recovery) of the barrel. А successful design of 
this anti-armor automatic cannon (AAAC) system depends heavily upon the gun 
pointing accuracy. Hence, the prediction of transient transverse, torsional 
and recoil motions of the gun tube is very important to the gun pointing 
error analysis. Ап analysis of a constant thickness gun tube under a single 
shot firing condition, in which the NASTRAN computer program was utilized, 
has been reported [6, 7]. However, there seemingly have been no studies that 
incorporate all significant effects, such as tapered barrel, accurate 
representation of supports, etc. Accordingly, a deterministic model which 
determines the motion of a gun barrel should take into account ballistic 
phenomena such as weight of the projectile, centrifugal force of the projec- 
tile in a curved barrel, the Bourdon effect, inertial effects accompanying 
recoil, and reaction of rifling. In addition, axial friction of the pro- 
jectile must be included, and radial expansions and contractions of the gun 


barrel (breathing motion) should be considered.  Torsional response is 
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decoupled from bending response except for second-order effects. The overall 


motion may be divided into two phases: (1) The motion of the barrel while 


the projectile is in it, letting the initial motion of the barrel be 


arbitrary. (2) The subsequent motion of the barrel after the projectile 


leaves. 


Since the projectile attains supersonic speed before it leaves the 


muzzle, there is a shock wave ahead of it. This shock wave is the classical 


one-dimensional shock wave due to a high-speed motion of a piston. However, 


the shock wave appears to have negligible effect on the deformation of the 


barrel. Its main effect is to retard the projectile. There are pressure 


waves in the gas behind the projectile as well. Consequently, the assumption 


that the pressure in the gas is uniform at any instant may be questionable. 
If there is enough damping in the system to stop the motion of the 


barrel before the next shot is fired, periodicity of the motion is irrelevant. 


Then, the problem is reducible to a pure initial-value problem. More 


generally, however, the motion of the barrel, after firing, may exhibit an 


exponentially damped pattern of oscillation with fairly regularly spaced 


beats. Such beats are common in multidegree freedom systems. This motion is 


repeated approximately, between each firing interval. 
There are several practical questions that occur. First, what is the 


slope of the muzzle when the projectile leaves the barrel? Second, what 15 


the lateral velocity of the muzzle as the projectile leaves the barrel? Тһе 


slope and lateral velocity at the muzzle affect the aim. There is very little 


recoil movement of the barrel while the projectile is in the barrel. Соп- 


sequently, except for inertial effects on the barrel, recoil has little to do 


with the first phase of the barrel motion. То get the muzzle slope and lateral 
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velocity, we may consider the solution of the initial value problem sver 


only a small range of time t. Аз Collatz [8] points out, this condition 

is extremely useful. It is when we must project over a long range of t 
that initial value problems become sensitive. А third practical problem is 
one of free vibration of a damped system. Some estimate of damping caused 
by recoil is desirable, but damping due to dashpot devices probably is more 
important. Air damping, structural damping and damping due to special 
devices might be approximated by a row of dashpots along the barrel. 
Structural damping may be relatively unimportant for short periods of time 
and a small number of cycles. 

Initially, the barrel accelerates backward. Hence, inertial forces 
on it act forward and create tension in the barrel. The friction of the pro- 
jectile is not superposable on this inertial effect, since it acts tangen- 
tially (it is a follower force), whereas the inertial force acts along the 
line of recoil. 

There are two ways to approach the problem. One method is to treat the 
barrel as a continuous tapered beam. The differential equation of the system 
may be set up relatively easily. However, difficulty occurs with the cen- 
trifugal force of the projectile, since it is a traveling point force. It 
can be represented as a Dirac delta function, but it does not fit well with 
continuous functions. The other approach is to use a finite element or рїесе- 
wise polynomial approximation. The discrete nature of the centrifugal force 
is well suited for this method. In any case, we must discretize the problem 
to adapt it to the computer. Hence, it appears reasonable to do so at the 


outset. The supports are readily represented by discrete spring elements. 
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А. Estimates of Various. Ballistic Effects 


1. Bourdon Effect. The Bourdon tube used in pressure gauges works 
because the cross Section is oval. The internal pressure tends to make the 
cross section circular, and there is an elastic coupling that simultaneously 
tends to straighten the tube. 

The tendency of pressure in a gun barrel to straighten the barrel is 


called the Bourdon effect. However, it is quite different from the Bourdon 


TE 


tube effect. This is seen most clearly if we consider a barrel with bore of 
rectangular cross section. Figure la shows an element of the barrel in the 
bent position. Since the part below the neutral axis is shortened and the 


part above the neutral axis is lengthened by bending, there is a difference 


of area equal to 2Һау, dx. Hence, if internal pressure is p, there is an 
effective load equal to 2bapy dx - PAY (х, where А = 2ba is the area of the 


bore. ТЕ the ends of the barrel were sealed, the net load due to internal 


pressure p would be zero, but this is not the case here, since the projectile 
does not act like a sealed end. If the bore is circular an element above the 
neutral axis has length (1 + ay Sin9)dx, Figure lb. The corresponding element 
below the neutral axis has length (1 - ay, Sin8)dx. The difference in length 
is гау Sinddx and the difference in areas is 2a^y _sinddedx. The projection 
of this area is а?у, sin бавах. Hence, the effective load is 


T 


2 2 2 
2a y, ,Pd* sin 0d0 = ma py, dX (1) 
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білсе А = та“ is the area of the bore, the load per unit length of the 
barrel is PAY. 2 This is the same result that was obtained for the rectan- 
gular section. 

To obtain the differential equation for the barrel, we will employ the 
Lagrange formulation. Consequently, we need an expression for the variation 


of work, 6W. Hence, we write for pressure p 
б = рАу, буах (2) 


where &(Е) is the coordinate of the projectile. If we use a piecewise cubic 


approximation, 


Е 2 3 
у = а, + a,x + a,x + а„х (3) 


In turn, we express ag: ay» ays а; іп terms of nodal displacements and nodal 
slopes of an element. These displacements and slopes are the generalized 


coordinates 41: Thus, 


+ xóa, + а + 2 


буяу ба, 1 2 3 


(4) 


у = га, + 6a,x 


хх 3 


апа Е 
= v 3 
SW = pA 1 (2а, + ба ух) (ба, + хба, +х ба, +x ба.) 4х (5) 


0 


Hence, since ар» а) a, а; аге linear functions of the generalized coordinates 


Vy? we obtain (with the summation convention) 


Eum = Py 1999. 


а 
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where (р) is a matrix in which the elements Pig are functions of time t. 


Since p and Е are known functions of t, Eq. (5) represents the contribution 


to 6W from the pressure behind the projectile. 


After the projectile leaves the barrel, there are pressure waves in the 


barrel, but they probably have little effect on the barrel motion. Initially, | 


it seems reasonable to assume that the pressure effect is negligible after : 


the projectile leaves the barrel. 


2. Axial Inertia. Axial inertia due to recoil may be calculated as 


though the barrel were rigid. The tension due to this effect is then a known 


function P(x,t). ТЕ we suppose that the barrel is inextensional, the shorten- | 


ing of the chord due to bending, up to the section at x = 


= Е is 
& 
1 f вх. 
0 
Effectively, then, an element of length dx is shortened by the amount 1y^áx, 
and the potential energy of that element due to shortening is dey ах. Нєпсе, 


the strain energy due to bending is augmented by the amount 


5, 
2 
| Py dx (6) 
0 


where £ is the length of the barrel. 


кюре 


This integral is a function of t, since 


y and P are functions of x and t. Section properties of the barrel do not 


enter here, except in so far as they affect P(x, t). 
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Figure 1. Bourdon Effect. 
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From the finite-element viewpoint, the contribution to the potential 


energy due to axial tension is 


H me. 
5 P(a, + да х + Зазх ) dx (7) 


А11 
elements 


This quantity is a quadratic form in the a's and hence in the q's, but 


the coefficients are functions of time t, because P depends on t. 
3. Weight of the Projectile. The weight of the projectile is 
Е = - mg (8) 
where m denotes the mass of the projectile and g denotes the gravity 
constant. Hence, the contribution to ôW of Е is 
би = Ебу = ~ шд бу cos а (9) 
where а is the angle of the gun barrel with the horizontal. 
In finite-element form 
2 3 
= - + 
би, mg (ба, + хда х ба, + x ба.) соз а (1.0) 


Only the a's in the barrel segment containing the projectile are involved. 
We note that x = x(t). Та terms of the generalized coordinates d» 
Eq. (10) becomes 

mcs 
РЕ” 24394 4; (11) 
where most of the coefficients Pij are zero. Consequently, the Bourdon 


effect and the weight of the projectile combine to give a contribution to 


the total ôW of the form 
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ôW = Р 59554, (12) 
where P.. = Р,.(е). 
ij ij 


4. Weight of Barrel. The potential energy of the barrel due to 


weight is 


V 7 pg cos & А. ydx (13) 


e 


| упеге А is the cross sectional area of the barrel material and p is the 


mass density of the barrel. Їп finite element form 


2 3 
У = Pg cos Q ( A, ба + a,x + ах + ах )ах (14) 


> 
All 
elements 


Hence, this part of the potential energy is а linear form in the generalized 
i ‚ ^ordinates qi 
5. Axial Friction Due to Projectile. The axial friction force f, pro- 
| duced by the projectile on the barrel, acts tangentially. (Fig. 2) Іп com- 
puting the contribution to óW of f, We, we set бе = 0. Force f acts at the 
instantaneous location of the projectile, at a distance s along the curve. 
Thus, the displacement is determined. The component of f along the displace- 
ment determines би. 


The expression Гог би. is cumbersome. Тһе tangential frictional force 
1 


tends to straighten the barrel. However, it probably has only a small effect 


upon the motion of the barrel. The tangential frictional force may 


" 590 
| 


be included by considering its components along the gun barrel and рег- 


pendicular to the gun barrel. These components may then be treated in the 


same manner as the other lateral and axial forces. 


B. Energy Formulation of the Lagrangian Function 


1. Strain Energy of Bending of Barrel. The strain energy U of beam 
bending is 
2 
ai 2 
5-2 / Ely, dx (15) 


where E denotes the elasticity modulus and Т denotes the moment of inertia of 


the cross section area. In terms of finite elements, Eq. (15) becomes 


= 1 2 
0 = 2 | ЕТ(2а, + бах) ах (16) 


А11 
ејетеп 5 


Hence, U is a quadratic form іп the Ч,» that is, 


1 
052814414) ш 


› 


The coefficients ET are constants. However, if we include the potential 


energy of the axial inertia vith the strain energy, the coefficients are 


functions of t. The strain energy of supporting springs must be included. 


This may be easily done. Also, shear deformation effects may be accounted 


for [7]. However, for simplicity they are not included in this discussion. 


Nevertheless the effects of shear deformation may be important and they vill 


be examined in the study. 
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2. Kinetic Energy. Тһе kinetic energy T of the barrel due to the 


lateral displacement is 


5, 
124 2 
TG Ау дх (18) 
0 
In finite element form, Eq. (18) is 
= 1 LJ e . 2 e 3 2 
T= 20 | А, (а, + ајх + a,x + ax ) dx (19) 
А11 
ејетеп 5 


where dots denote tíme derivatives. Непсе, in terms of generalized coordi- 


e 
nates 4.» the kinetic energy of the barrel is а quadratic function of di» 


namely 
1 се 
Те%5) 14; С: 
ТЕ rotary inertia is included, the addítional term 

8 
| цагт” (21) 
L y xt 
4 0 


must be included in Т. However, the general form (Eq. 20) cf Т is not 
changed. 


The kinetic energy of the projectile is ын -2 m СА + v^) where 


v(t) is the axial velocity of the projectile. The term та is irrelevant 


in the variational treatment, since it does not involve variations of the q's. 


Hence, effectively, T = in y, or 


да т = 


р 
i 
p 2 


" © , 2 е 3 2 
т (а, + ах + аух + азх ) 


where the a's are the coefficients in the deflectíon function for the tube 


ТС - - 
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interval in which the projectile lies at time t. For the projectile, х 


is a known function of t. Hence, if the projectile is considered to be a 


CA зд мт. 
Me Mp. ea: 


гара 


E particle, ES is a quadratic form in the four 415 that pertain to the 
2 finite element in which the projectile lies at time t. Hence, the со- 
efficients in this form are functions of t, and furthermore, the relevant 
4'5 change as the projectile (particle) moves from one finite element to 
another. It is apparent, however, that Eq. (20) remains valid for the 
combined kinetic energy of the projectile and «һе tube, provided that the 
х coefficients bij are suitable functions of time t. We note that it is 
possible to transfer the exciting effect of the projectile into the ex- 
pression for ôW by introducing the virtual work of the centrifugal force 
and the Coriolis force of the projectile, but it 15 simpler to include 
the effect of the projectile in the kinetic energy term. 

3. General Formulation. With the above results, we may write the 


Lagrangian L of the system 


: - $^ нац ~ а.д. | (22) 
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where the last term is the weight term- The Lagrange equations of 


motion are 


dt а, 7 94 ыг (23) 
where by 
60 = К ба. (24) 
we obtain 
в, = УКР (25) 


The effects of viscous damping can also be included in Eq. (23). Then, the 


equations of motion of the system take the form 


b.q. tc..qd. Зад. = В. ta, 26 
5^9 ga xw ыг 


Since К. -р..4,, it сап be absorbed in the term a,,q,. Hence, the 
i ij j 133 


differential equations: of motion take оп the form 


‚ за (27) 


Тһе initial conditions for integration of Eqs. (27) аге 


, 4,0) e _ •(0) 2 
d, * di and di 54; for t= 0 (28) 


Equations (27) and (28) form a well-defined initial value problem. 

4. Dashpot Damping. Let a single dashpot lic at x = х is. 3). The 
resisting force of the dashpot is сду /at where c is the dashpot constant. 
Let the dashpot Тіс at a nodal point. Then, Ya ^ d Непсе, а11 МЕ аге 


zero except сүү 7 c. Then all the differential equations (Eq. 27) are the 


кыыс ene ae 8 
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Figure 2. 


Figure 3. 


Axial Friction. 


Damping. 


595 


ы same except the one for which i = К. That differential equation has the 
| extra c term іп it. ТЕ several dashpots act at node points, their intro- 
! duction presents no ргоЬ1егі. 


C. Relative Importance of Various Modes of Motion 


According to linear elasticity theory, there is no coupling between 
torsional modes and bending modes of a tube since torsional modes entail 


E only shearing strains. In the Bernoulli theory of bending, shear deforma- 


tion is ignored. However, even if shear deformation is taken into account 
in bending, it is symmetrical about a diameter and causes no torsion. 

As an example of the relative magnitude of frequencies in torsion and 
bending consider a uniform steel cantilever tube of length L = 153.225 in. 
long, with internal diameter 2.36 in. and external diameter 6.6 in. (These 


dimensions approximate the dimensions of the Rodman Laboratory cannon forward 


4 


of the breech.) For steel, the mass density is p = 7.27979 x 10 127773, 


iin the modulus of elasticity is Е = 30 x 10° 1b/in.?, and Poisson's ratio 


is v = 0.30. Тһе lowest bending (circular) frequency is в] = 53.27 rad/sec. 


This yields a natural frequency of E = 53.27/(2п) = 8.48 cycles/sec. The 


lowest torsional (circular) frequency is в] = 1290 rad/sec. For higher modes 


in bending, we get 


B 333.85, ш„ = 934.8 


53.27, € 3 


Е 
й 


2 


и = 189128, a. - 3028 


Hence, o. for torsion lies between o. and o, for bending. 
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Breathing (radial expansion and contraction) modes have much higher 


frequencies. Іп fact,.for the first breathing mode ш кы 104790 rad/sec. 


l 
(based upon plane strain theory). Thus, the first breathing mode frequency 


is about equal to the 27th bending mode frequency оз. То compute the 


higher bending mode frequencies, we may use the close approximation 


TE Pines (n - 
n. ^-^ 2 


4 2 ^E 


1/2 
) 
12 


(Е/р) ";n»4 
where г is the radius of gyration of the cross section. Hence, the bending 
frequencies for a tube are approximately 


) 
o Ps (n- ^L зээг md 


where L is the length of the tube and г апа r, are the inner and outer 
radii of the tube. 


For the torsional frequency, it may be shown that 
T m Е. 
ш = Qn- 1) oF (G/0 ;n*1,2, 


where Г, is the length of the tube and С = Е/[2(1 + v)] is the shear modulus of 
steel. Formulas for the breathing modes are much more complicated since they 
contain Bessel functions of the first and second kind. 

Since the lowest torsional frequency (1290 вес 1) is much higher than 
the lowest bending frequency (53 sec 1), one should expect that nonlinear 
effects would cause negligible coupling between torsional and bending modes, 


particularly if o, for torsion does not resonate with some i, for bending. 
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Because of the rifling in the cannon bore, the projectile exerts а 
moving torsional couple on the barrel. ТЕ 15 not particularly difficult to 
determine the resulting twisting motion of the barrel. Hence, in the analysis, 
onemay let the inicial torsional motion of the barrel (when the projectile 
leaves the breech) be arbitrary. 

As noted previously, by the theory of linear elasticity, no coupling 
exists between torsional and bending modes. Consequently, according to linear 
theory. a cantilever tube that is vibrating freely in a bending plane (say 
the vertical plane) will not deviate from that plane if it is given a pre- 
scribed torsional oscillation at the root. However, there may be a secondary 
(nonlinear) effect that causes some coupling between torsional and bending 
vibations. ТЕ so, then lateral forces (e.g., the lateral centrifugal force 
of the projectile, Еле Bourdon effect, etc.) would generate lateral vibrations. 
In particular, if quadretic (nonlinear) terms in the strain-displacement 
relations are retained, one may be able to exhibit nonlinear coupling between 
torsional and bending modes (See the example on p. 271 of reference 8). 

Anotber possibility is that an infinitesimal horizontal (or vertical) bending 
vibration is unstable, in the sense that the firing causes it to increase. 
The Bourdon effect and the centrifugal force of the projectile tend to 


aggravate the deflection. 


IV. METHOD ОР SOLUTION 


During the time 0 « t « t that the projectile is in the barrel, the 


1 


ET of Eqs. (27) are functions of time. Ordinarily, Ч, is of пе order of 5 
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milliseconds, whereas, the interval of time T between firings is of the order 


of a 1 second or so. The fundamental period of vibration of the barrel is 


in the neighborhood of 25 milliseconds. Thus, to determine the motion of the 


barrel as the projectile exits from the muzzle, we must solve the initial 
value problem (Eqs. 27 and 28) for a range of t covering the few milliseconds 
that the proje^tile is іп the barrel. Collatz (9) suggests the Runge-Kutta 


method or the finite difference method for treating initial value problems of 


шпал ш TA —————=——- 


ordinary differential equations. Piecewise polynomials may also be used to 
treat initial-value problems (10). These methods and other methods should be 
ф considered in the study. 

After projectile exit, the coefficients of Eqs. (27) are constants. 
Then, the problem reduces to one of damped vibration of the barrel. А particu- 
lar solution of Eqs. (27) is readily obtained. To obtain the solution of the 


і homogeneous part of Eqs. (27), we let (8) 


-4, = а . (29) 


п 
E (rb,, trc,, + 214774 = 0 (30) 


1 The necessary and sufficient conditions that Eq. (30) be satisfied is that 


2 1 
дек (т ы; + reis + 214) = 0 (31) 


Equation (31) has n roots of the type г = - c + То in which с > 0 and w > 0. 


Let the n roots be r, = - c, + іш, r 


1 1 = - с + 10,, г 


2 2 ESAE. 


pce + iw. For each of these r's there corresponds a set of z's, given 


- с. + 104, ---, 


* by Eq. (30). The z's are determinate except for an arbitrary constant factor. 
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Let the z's be given Бу 
i0j 
2. = p,e 321 
1 014 ( 
Then the n values 
vag (1) ‚ (2) ‚д (а) 

ud а Эн ‚ (2). шэг | : 2499. i een (33) 


The homogeneous solution of Eq. (27) is a linear combination of the z's. 


Thus, the general solution is 


(1) 


-c.t 
EN CE 1 
44 = А е sin(u,t t ^ Үү 


j 1 


e sin(u,t кө.- Yo) 


(2) 752" (2) 
j 
NER (34) 


-c t 
ША п (wit + өг) 


+ 
> 
о 


- YQ) 
* (particular solution) 


where the А, А, ---, А, Y,, Ур» ттл ү are the 2n arbitrary constants. 
l 2 n ‘Ll’ 2 n 


These 2n arbitrary constants are determined from the initial conditions for 


the damped vibration, namely 


с. Cu) 
‚ = s Q7 fort =t 35 
di = M 1 (35) 
The values of 9; апа 4; are thus obtained from the solution of the 


initial value problem which describes the motion of the barrel from the time 
of firing to the time that the projectile exits from the muzzle. 
In general, the study should yield the transient response of variable 


thickness gun barrels, including the effects discussed. 
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During а recent investigation concerning the interior ballistic causes 

of the erratic flight behavior of a subcaliber kinetic energy projectile, 

the requirement arose for an accurate determination of the final launch 
conditions of the projectile sabot assembly as well as the exterior ballistic 
performance of the зиђргојест је. Тһе available instrumentation and measure- 
ment techniques proved to be inadequate. Therefore, a new system had to be 
developed. A series of electromagnetic pulse detector stations, each con- 
sisting of any array of coils of wire which are arranged circumferential ly 

in a ring configuration, are employed along the flight path of the projectile. 
A cylindrical permanent miniature magnet is inserted in the nose of the рго- 
jectile. As the projectile traverses through the stations, the moving magnetic 
field of the magnet induces electric currents in the coils of wire which are 
recorded on tape in analog form. Using 12 coils of wire per station, we are 
able to determine from the experimental data the 12 unknown variables 
representing the location of the center of the magnetic dipole, its linear 
and angular velocities and the direction of its polar axis for each point of 
time. Reduction of the six degrees-of-freedom motion of the projectile from 


these quantities is trivial. 
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1. INTRODUCTION 


A. Discussion of Prior State-of-the-Art 

A variety of instrumentation/measurement techniques have been developed 
which can be and are used to obtain individual, mostly distance-aveéraged, 
parameters of the early flight trajectory of a projectile. The most encompassing 
one up to now is based on sequential orthogonal photographic recording em- 
ploying high-speed photoflash techniques in the visible as well as in the 
x-ray spectral range and background screens with reference lines. This type 
of recording requires advanced knowledge of the linear velocity of the pro- 
jectile to ensure proper timing of the photoflash. Reduction of the photo- 
graphic data yields, in addition to corrections in the assumed velocity, the. 
yaw, pitch and roll of the projectile averaged over the whole recording 
distance and, when the projectile is properly marked, the spin also. This 
measurement system does not lend itself to quick and automatic data processing 
and evaluation and is contrary to the long term trend which has been away 
from the use of cameras and photographic film for the recording of the 
instrumental data. Therefore, attempts are currently being made to replace 
the optic-photographic recording by optic-electronic witness screen instru- 
mentation/measurement techniques [1]. Most of them are still conceptual and their 
proper function has yet to be demonstrated. Basically, their principle is 
simple: a raster of parallel light beams is established horizontally and 
vertically in a plane which is orthogonal to the flight direction. Two sides, 
non-opposing, contain the light sources and the other two ап array of photo- 
diode sensors. When an object passes through the plane, a shadow will be 
thrown onto each of the two detecior arrays, the extreme positions of which 
are then recorded as function of time. А sequence of such instrumentation 


stations permits the obtainment of the same flight information as the optic- 
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photographic method. In addition, this system can also be used for the 
determination of the flight performances of individual rounds fired in rapid 


succession. 


Apart from this kind of photographic recording, a combination of 
instrumentation. and measurement techniques is necessary to collect the set of 
flight data required for the analysis of the flight performance of ballistic 


objects. 


Linear velocities are generally determined either directly by Doppler 
radar or indirectly by distance versus time measurements.  Non-optic examples 
of the later method are the induction and high-frequency oscillator coil 
instrumentations. In the induction coil system a projectile magnetized to 
saturation is shot through two one-loop induction coils which are separated 
by a well measured distance. The pulses of the induced voltages trigger and 
stop г time sunter. From the distance and the гесогдед time the average 
velocity within the measured distance is computed. In the high-frequency 
oscillator coil instrumentation [2] the projectile is fired through a metallic 
coil which forms an inductance in a stable high-frequency oscillator. When 
the projectile flies through the coll, the permeability and the dielectric 
constant in the cross-sectional area and, therefore, the inductance of the 
coil change. This causes an increase in the frequency of the oscillator which 
is recorded as a function of time. The recorded signals are then processed 
to obtain the contour of the projectile and the time of passage. From that 


velocity is determined. 


The spin of projectiles is mainly measured with a parallel wire spin 
sensor, besides optic means. In this technique the projectile is magnetized 


along one side. А long wire antenna parallel to the trajectory of the pro- 
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јест! ђе monitors the change іп the magnetic field due to spin during the 
bypass of the projectile. The induced current is sinusoidal and its frequency 
corresponds directly to the spin. However, whenever tne magnitude of pre- 


cession or nutation becomes large, this spin measurement technique fails. 


To determine precession and пита! Топ, the projectile is fired through 
a sequence of yaw cards. The orientation of the projectile axis at the yaw 
card locations is then estimated from the shape of the penetration holes. 
From the orientations the precession and nutation averaged over the measured 
distance are obtained. This method is not only inaccurate but also influences 
the trajectory of the projectile due to the successive impacts of The pro- 


jectile on the yaw cards. 


Another method for obtaining velocity, spin, precession, and nutation, 
which is mainly used for investigation in projectile in-bore dynamics, relies 
on instrumenting the projectile with accelerometers and transmitting the 
signals via radio telemetry. But this method is extremely expensive and 
practically cost prohibitive for other than purely research oriented investi- 


gations. 


Apart from the optic-electronic witness screen technique and the last 
mentioned method, none of the previous ones allows an adequate determination 
of the rate of the change of the ballistic parameters in the intermediate 
baliistic and early free flight regimes. In addition, we do not have an 
adequate irstrumentation/measurement technique for the investigation of the 


flight performance of salvo rounds. 
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B. Historical Aspects. 

About a year ago the Ballistic Research Laboratories were asked to look 
into the causes of the erratic flight behavior of the 105тт M392A2 subcaliber 
kinetic energy round. It was a classical in-bore dynamics problem, in essence. 
To reveal the interior ballistic causes for the adverse free flight performance 
of the subprojectile one has to determine the parameters of the initial 
condition of the projectile-gun system, record the entire in-bore motion of 
the projectile assembly and the gun tube motion, Sand evaluate the final 
performance of the subprojectile in such detail that the initial state of the 
projectile-gun system can be uniquely related by a temporal sequence of in- 
bore and launch dynamics data to the exterior ballistic trajectory. Due to 
the complexity of the projectile itself and the in-bore motion of its assembly 
components we were forced to put together an experimental and theoretical 
program which utilizes the available technology to the fullest extent and 
requires the adaption of new concepts in instrumentation, measurement and 
theoretical evaluation techniques. The electromagnetic pulse instrumentation 
and measurement technique was one of them. It arose from the requirement 
of an accurate determination of the final launch conditions of the subprojectile- 
sabot assembly as well as ihe exterior ballistic performance of the sub- 
projectile. For the evaluation of the final launch conditions we needed the 
spin of the sabot petals, the sabot pot and the subprojectile at muzzle exit. 
By recording the impact of the sabot petals on a wiiness board, we can quite 
easily obtain their spin at muzzle exit from their displacement and time of 
flight. But, for а concurrent spin measurement of sabot pot and subprojectile, 


the available instrumentation and measurement techniques proved to be inadequate. 


We had a similar problem with the determination of the free #11911 pertormance 


of the subprojectile. Although we will record the projectile impact on a 
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target witness board to evaluate the dispersion about one and a half kilometer 
from the site of the gun, we needed the precession end nutation of the sub- 
projectile in addition to its spin. Since the standard exterior ballistic 
method, sequential orthogonal photographic recording, does not lend itself 

to quick and automatic data processing, we looked for a measurement technique 
which would provide the spins of the sabot pot and Тһе subprojectile as well 


as the flight trajectory of the subprojectile. 


The exploitation of the magnetic dipole radiation which is produced 
by a moving magnet seemed to be the most promising way to go. Since the 
standard parallel wire spin sensor technique fo measure spin fails for 
projectiles with excessive yaw, we fell back to the fundamentals of electro- 


magnetics. 


ІІ. BASIC CONCEPT 
Let us look at the exiernal magnetic field of a long cylindrical magnet 


and probe its magnetic induction, В, along an arbitrary straight line (Fig. 1). 


As we move from lefi to right, we see that the magnitude of the magnetic 
induction increases slowly until it reaches a maximum at point 2. From here 
оп it decreases rapidly to zero. After reaching the minimum, the magnetic 
reduction rises steeply through the points 5, 6, 7, passes through a maximum 
and decreases asymptotically to zero. Since the magnetic field at a point 
is only a function of the distance and the orientation of the magnet, we 
can probe the magnetic field at a point by moving the magnet along an 
arbitrary path. The results is the same as for a resting magnet and a 
moving point. іп principle, knowing the magnetic field distribution of 
тһе magnet as function of time, we can determine the motion of ihe magnet. 


Therefore, we have to look for a suitable means of obtaining the magnetic 


609 


Ү 


DIPOLE AXIS 


Figure 1. Magnitude of the Magnetic Induction Along a Straight Line Inter- 


section. 


induction or a derivative of it. One quantity that we can conveniently 
measure is the electromotive force which is produced in circuits placed in 
time-varying magnetic fields. Using Faraday's law of induction we can relate 
the electromotive force to the time rate of change of the magnetic flux which 


links the circuit. 


Based on this idea we can design an instrumentation to record the six 


degrees-of-freedom motion of a projectile. А series of electromagnelic pulse 
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detector stations, each consisting of ап array of coils of wire (circuits) 
which are arranged circumferentially in a ring configuration, is employed along 
the flight paths of the projectile (Fig. 2). As the projectile traverses the 
stations, the moving field of a miniature magnet which is inserted in the 


projectile induces in the circuit an electric current which is recorded by a 


magnetic tape recorder in analog form. 


STATION М-1 STATION N STATION М + 1 


X COIL OF WIRE 


217 


/ | DIPOLE AXIS 


Figure 2. Projectile Traversing Through the N-th Electromagnetic Pulse Station. 
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The design parameters of the instrumentation have to be obtained from 
sensitivity analyses using realistic bounds for projectile motion. For that 
purpose, we must derive explicit equations relating the electromotive force 


to the motion of the magnet and the projectile, respectively. 


111. MATHEMATICAL FORMULATION 
Faraday's law of induction [35] relates the electromotive force V produced 
in а circuit to the time rate of change of the magnetic flux Е which links 


the circuit 


5.) меф ф.фэ-- $ 


-_9 2 
+ F=- 2 J 8-0, 


where C is a closed curve spanned by an arbitrary surface S, both stationary 
іп the observer's frame of reference. dÊ and di are the corresponding line 
and areal elements. Е and B аге the electric density and the magnetic 
induction, respectively. For a "simple" medium like air the magnetic- 


induction vector B (x, T) is given by 
(3.2) Ben И, 
о 
where Й (x, +) is the magnetic field intensity vector, UN is the permeability 
of the medium and Х is the position vector from the center of the magnetic 


dipole to the observation point. The magnetic intensity, in turn, can generally 


be expressed іп terms of potentials [5] 


je LL Zy- 2 
(3.3) A я (ЎА) КА 5; ie 
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мһеге Ж $, апа А are respectively the electric vector, magnetic scalar 
and magnetic vector potentials. Since a permanent magnet does not have any 
electric or magnetic vector potentials, the magnetic field intensity vector 


reduces to the gradient of the magnetic scalar potential 


> 
(3.4) ти 


The scalar potential outside the magnet сап be written as ап expansion іп 


magnetic multipoles 


(3.5) © e epe m, 
where м” is the potential of a magnetic multipole of the n-th order. 
Because there is no magnetic monopole, the lowest nonvanishing term in the 
expansion is of first order, corresponding to a magnetic dipole. For a 
homogeneous and isotropic cylindrical bar magnet magnetized coaxially, its 
far field is practically identical to that of a dipole because only its 

near field is influenced by magnetic multipoles of order n, n greater than 
one. Since in the experimental arrangement the length of the miniature 
magnet is much smaller than the distance between the center of the magnet 

and the observation point, the far field condition prevails and we can 
approximate the field of the magnet by that of a magnetic dipole. The scalar 
potential of a magnetic dipole of moment m is given by [5] 


~ > 
(5.6) ф soU т, 
m m 3 
Ати X 
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where x is the magnitude of X. The geometric arrangement is shown below (Fig. 3). 


Figure 5. Dipole Geometry Relative to the Observation Point P. 


The dashed coordinate frame is parallel to our frame of reference, the origin 


of which lies in the center of the Nth electromagnetic pulse station. 


dipole moment can be presented by 


~ ~ + 
(3.7) m=ms, 55 (5,554), 


Тһе 


where m is the magnitude of the magnetic dipole moment and H is its unit vector 


of orientation. Combining Eqs. (5.4), (3.5), (3.6) and (3.7) we obtain for 


the magnetic field intensity vector 


$3. мъ ($.9 
(3.8) an : 
о х 
m n ($.X) ($.X) 
=- = |5,-3х , 55-3%Х 
ayi fa 2507 27772-72 
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Note that 


-» 


from Fig. 5. 


Let us now express the vector рр as а function of the instrumentation 


geometry as sketched in Fig. 2. The point P-P, can be any point on the 


surface 5; which is formed by the closed loop с. of the i-th coil of wire 

in the electromagnetic pulse station. Optimal symmetry in the sensor 
arrangement and hence in the temporal-induced electromotive force is assured 
for three distinct orthogonal orientations of the loop surfaces with the unit 
vector normal to the surface pointing into the radial, tangential and axial 


(flight) directions, respectively (Fig. 4). 


; RADIAL TANGENTIAL AXIAL 


Ч Figure 4. Тһе Three Optimal Orientations of the Loop Surface of the Coil of Wire. 


By reference to Figs. 5, 6, 7, and 8 we can derive the vector РР for the 


loop orientations. 
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15(<05%,5іпф,0) 


е-(-5іпф,со5%,0) 


ез=(0,0,1) 


0<ф<2т 
3' 


Figure 5. Coordinate Frame for i-th Coil of Wire. 


For the first orientation (Fig. 6) 


> | 

гег(сов)е%5іпфе;) 
0<ф<2т 

dt-(cos$, sin$, 0) df 


ағ-гагаф 


Figure 6. Geomotry of the First Loop Orientation Having the Unit Vector Normal 


to the Loop Surface Pointing Into the Radial Direction. 


we obtain 


(3.10) Р_Р=Ё+г=Ке | +гсобфе 2 га! афез (Всовф- га! пфсовф „Въ гсовфсовф, гав. 
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Рог the second orientation (Fig. 7) 


Ї 


> ” 

г=г($1пфе|+созфез) 
0<)<2т 

dt=(-sing,cosd,0)dt 


dí-rdfdy 


Figure 7. Geometry of the Second Loop Orientation Having the Unit Vector Normal 


to the Loop Surface Pointing Into the lengential Direction. 


we have 
(3.11) Р_Р=К+г=(В+гвїпф)е +гсовфезе (Rcosé*rcosés inp, Rs indtrsindsiny, rcosy) . 


For the third orientation (Fig. 8) 


rer(cosber+sinves) 
0<%<2т 
44-(0,0,124% 


df=rdrdw 


Figure 8. Geometry of the Third Loop Orientation Having the Unit Vector Normal 


to the Loop Surface Pointing Into the Axial Direction. 
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we derive 
(3.12) PoP=R+r=(Rtrcosp)e/trsinves 


„+ (Ксозф+гсовфсозф-гв | пфо ту, 85 пф+го пфсовф+гсозфа ар ,0). 


ІМ. COMPUTATION OF THE INDUCED ELECTROMOTIVE FORCE 
Denoting the vector РОР) by ХО and using Eqs. (3.10), (3.11) and (3.12), 


respectively, we can express the vector Ў = PP for the three sensor orienta- 


tions as 

(4.1.1) x= -( utrsin$cosy, м-гсозфсозф, w-rsinw), 
(4.1.22 x= ~ u-rcos$siny, v-rcosósiny, м-гсо$ф), and 
(4.1.3) x= -(u-rcospcosptrsingsiny, v-rsindcosw-rcosdésinw, м ), 


whereby Cu,v,w)=x -Асоѕф,у -Rsin$,2 ). 

Substitution of these position vectors, the magnetic field intensity vector, 
Eq. (3.8), and the areal elements as given in Figs. 5, 6, and 7 into the 
formula for the 2002 force V, Ед. (3.1), yields 


(4.2.1) № 2.2. f “| drr (CcoseA^- 5uD4?- 3s i ngÜrcosiA" Js, 


ЇЕ 


А 5 5 5 
4 61017-3у0А7 *3cosóéDrcosyA Js; 


: aL -3uDA? 43 гв 10987 15.2), 
= RI Я 2--1/2 
where Л=А(г,ф)=[А-2(Всо$ф+С$1 пу) гг 1 5 
Ахи њу њу, =-usindtvcosd, Сен, D=ucosdtvsind; 


‚_ М 
(4.2.2) Ve т 


3 


M 22009 5 
z ЈУ fdr г(Г-сіпфА?-340А7%3совФ0гв 1001 38, 
о о 


+ cose ^ зи? +3в1пфога i nU? Js. 
5 5. 

+ -3wDA~+3 DrcoswA 383), 
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мћеге MACC) =(А-2 (Всозфесвтафгнг 17172, 


Асу њу ни, B=w; C=ucos¢tvsind, О--ивіпф%усо5ф); 


Ма 5 ЕЕ. 
(4.2.3) V= g> gy fd [dr г(Г -3чОА°+30созфгсофА -30зїпфгвїпфА” Js, 
оо 


+L -3vDA°+3DsingrcospA”+3DcosérsinvA” 5. 


4CA?- 3uDA? 2.), 


мһеге Лед (г, 0) -LA-2(BcospsCsinp) rr^] 1/2, 
2 
даџ фу 47, В=исоѕф+уѕіпф, С=-иѕіпф+усоѕф, D=w. 
То express the electromotive force V as ап explicit functions of its independent 


variables, explicit analytica! solutions for *he four areal integrals 


Gace 2--3/2 
(4.3.1) — lief арјаг г[А-2г(Всозф+Овїпф)+г° ] 77, 

о о 

21 р 2--5/2 


(4.7.2) Ри! dyfdr rLA-2r(BcosytCsinj)*r 
o о 


2т г 


(4.3.3) РЫ dyfdr r(rcosp)LA-2r(Boosp#Csiny)te“] > 2, 
о о 


апд 


an r 2--5/2 
(4.3.4) [45] ајаг rersinp)CA-2r(Bcosp+Csint)+r“] 

о о 
must be derived. Using Leibnitz's theorem for differentiation of an integral, 
the quadratures (4.5.2), (4.5.5) and (4.5.4) can be written as derivatives of 


the first integral 


== 20: 
= d д. 
(4.4.2) l= 59 IL and 
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7007 32 


С pee бе 


18 f 
47 536 ||» 


3 


thereby, reducing the number of integrals to be computed to one. Since, due 
to the presumed geometric arrangement of the detector system A is always 
larger than 1r^-2r(BcositCs inp) 1, the denominator in Eq. (4.5.1) can 


be expanded into a binomial series 


- - со H 
ре uo Б E E 


(4.5) ГА-2г (BcosptCsiny)+r uo 


(Bcos+Csinp)”. 
Inserting this series expansion into Eq. (4.5.1) 


" к џ г 2 21 
(4.6) 01 о" ( чал на СО co 2У ағ "* y /афсвсовфнсв!тр) 1 
© © 


and carrying out the quadratures [5] 


r 2u-v+2 
2u-vtl4 r 

(4.7) Care ЈЕ AUT 

7 T(n*l/2) 2,2 

. V. x n n щ 
(4.8) Ч 4ф(Всозф+Свїпф) “-216(9-20) Тузу) (BHC), п=0,1,2,..., 
we obtain the series 
m (4/21 2у 

4.9) ana e СУ? a2] 6708) 2 ТОНИ Съ/22-»», 


узо 2v (и-у+!)Г(1/2)Г(у+1) 


with e=r 27 and пе (024€ c2) /A. 


Ме can rearrange this series as a series of ascending powers of =. Since 


-3/2.,u T(v*1/2)2?" Г(2р+2) 
алы СУ CU = eaaa 
в РТУ ина (9417 1(и-29417 (1-041) ? 


ме һауе 
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(4.11) у=0 Г aE 3 60 
2 РГ ОГ. 
2 Р | Чи "E 
2^r(2)r*COT(2).2 
2 TO)T^(ODTCD.2 2°Г(5)Г°(1)Г(3).3 
џ=5 2 5 Со ] c? 4 Го 2 59 1 e? 
2?r(4)r^(2)T(2).3 2?r(4)PT^(DT(4).4 
r(10)n2 2 r(102n 5 
a Қ WERE, ео Jed Та тета Је 
29г(5)г4(3)г(1).3 2"r(5)r^(2)T(G).4 
КР : PUO) Jef 
29г(5)г4(1)Г(5).5 
г 1212 5 T(I2)n 4 
yes Шип; 2 БЕ ps ПЕ RENE 5 
2 “г(6)Г (3)7(2).4 2 "T(6)T^(2)T(4).5 
БН го 1 23 
2 "T(6)T^(DT(6).6 


Collecting the coefficients of the same power of e, we derive the new power 


series 
-1/2 e, u  TI2u2e B р г(2и+2у+2)Гг (ин) 
(4.12) | УТА Е EC) fo SOR 2а та E(-) 2v 2 
2^! (ин (i2) 9 2^ T (2u*2) Гиз ГАС) P (и-0941) 


Let us now define a function 


(4.13) бе y o B y) =у 


MU NE 
Y жеп у Y 


2472 (Ltk) г(2{+2к+2)____ 
TCEFKEDT CK*Z) 


where Сы 
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4 


КВ. , ұт,-2т Г(2т+2#+2К+2)Г(Ё+к+|)г(кК+2) 
Kn Сре 2 7 арда нет (еее? 807 PE 
l ек, Г(ш+К+{+1)Г(2п+2т+2{+2к+2) (Bn > 

(nti) “тек” Т(тєтїк+Ё+1)Г(2т+2Ё+2К+2) ‘у 
and derive functional relations Тог its derivatives - G, 5; 6, and 3- үт 
Рог the first one, we have 

9 _ -(£+k+3/2) o £k,g 
(4.14) за Og, ®'8,Ү)=Ү Са, E (m+. )K |-> )* c уп 
The second one, 3 G, is given by 
(4.15) às Gp КС B. Us -(£+k+3/2) (а. 5o E po" (- йг Пура кетсен) 
£r (244+2к+2) Г са Ek] ) 


T(k+2) P j^?72n n mtk, Г(т®к+Ё+1)Г(2п+2т+2Ё+2К+2) (ву | 


T(mtk*t2) 6 FD (nu) ТСЕ ОГ (От+2{+2К+72) Y 
Because I^! (m) = пг |(п+1)=0 for п<0, the first nonvanishing term begins with 
т=| and п-|. If we let изт-| and р=п-1, we obtain 
(4.16) 3 6, y Bono заан до! со! Пар НЕ 
, | 22%*2 Г(2#+2К+2)г(и®ё+К+2) 
виза — P, ун икен, г(и+К+Ё+2)г(2у+2и+2$+2К+6) d 
ТОК) 5 тле ы) УК ТУРК ЭГ (2652862634) 


, 
Let kzkt| and 35241, we have 
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алт - 6, (ванг PH (c [(2\+2к-2) 1 


22 090) A e Oe ECHL) 


À 


- = © и 
гес) RIAA DTH ey | DE K (By (а) 
он ү Y 


22г(2\+2к-2)Г(А+к+1)г(к+2) 22 


таб, ,(0,8,ү0ғабр, |, къ (>В); 


һепсе Тће дегіуатіуе 256 obeys the recurrence relation 


9 
(4.18) 3% бр ((а,8,ү2ғаб (a,B,y). 


£x, Kt 
, ec 9 i 
The third derivative, ay 6» is given by 


m 
(4.19) 5 с, (a, gyzy 9/2 (c 4 (е Ї‹2т+2{+2К+2) 


Y Кот 22 (264242) 


Г(бек+1)г(К+2) .... (тек, Банк 1). 
Га» НЭГ (mikt?) 6 220 (41) ntk T(ntmFkttI) 


Г(2п+2т+2{+2К+2)(Ё{+к+тт+п+5/2) Byn 
Г(2т+2Ё+2К+2) у 


Since 


ГСС) (2nt2m*20t2k*2) (Ltktmint3/2) P. Г(т+Кк+Ё+ |) 


8.0 ти YP Са ЕУ) 22 Рот 222) 


Г(2м+22+2к+4) "T Г(2п+2т+2ё+2К+4) Г(т+Ё+к+2) 1 
ГТ(2т2Ё+2К+2) l(2mt2L*2k*4) TOntmtbtkt2) -' 


че дет 


ое г(#+к+107(2#+2К+4) TREP 


9 
(4,21) 520, ,U, 8, Y)77Y * 
dy ФК УК 52р к+2ур(2{+2К+2) 


m Г(2ш®2ё+2к®4)Г(ё+к+2)Г(К+2) o n | mk 
=) 2 © e 2n ntk? 
2°®р(2&+2к+4)г(т+к+Ё+2)Т (m+k+2) 2 pint “ 


г(2п+2т+22+26+4) ги ЕК?) (В п 
РО РАКА т Санан К92) Y 


7-6 | ae Bm . 


Therefore we can express the derivative 3G/ay by the recurrence relation 


9 =- 
(4.22) 5-6, (056, ү5-б,, „(а,8,ү). 


From Eqs. (4.12) and (4.15) it is evident that the first areal integral 


in terms of the G- function is given by 


_ 2 „2,2 
(4.23) 1ятбоо (ВСС ,А) 


Inserting this solution into Eqs. (4.4.1), (4.4.2) and (4.4.3) and carrying 


out the differentiations, we obtain finally 


222 222 
(4.24.1) 1,2 2 n6 or^ B C AD, 
(4.24.2) tax 2 таг?) (c2, 87462,4), and 
3 5 T 
(4.24.3) 1,8 2 aCr^0, (2,8267, 1). : 
45 T 
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Substitution of these series solution into Eqs. (4.2.1) to (4.2.3) gives 


dew rre eee. Te 
аня = 


„ма E 35 1 2 
(4.25.1) V= 2 $e (C1/200s G uD(G o eG | )-асо5%0 611514 


00 
: Я 2 
} Г1/281лфбү0-40(0, -а6, | )-asingD €, Je, | 
| | 
| Г 7wD(G, a6, | ) Js; | А | 
| _ та : : 2 
| (4.25.2) \= а Be (T-1/2sin4G g-u (бү 0-06} (ван бі Бү 


2 
Г1/2со546, /-у0(6, 0788, )-асов40:0, ИА, 


Г 7wD(G, 799 | ) 15; ) 

(4.25.3) (с -uD(G | 796) ) В + | 
Г 00616-86, ) „+ 
[1/26 -DCG еба )-00%6, | Iss J, 


where бр 56, (а,8,ү), a=’, в=В^+С°, апа где уан, Only the variables 


(u,v,w) and(s,, $5: 55) аге functions of time; therefore we сап represent the 


differentiation operator by 


2232 
| 95, әт 95; 
Using Eqs. (4.26), (4.18) and (4,22) we can carry out the differentiation. 


After a few elementary manipulations we finally obtain for tho electromotive 


force 
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m Ф е ° Ф Ф 
mL с + 
(4.27) ү 5 (85758504 53Свүтүү38утаү78555 JiCs 11352172535321 


[3,7 559751555951] | 


where the functions в, апд tij 


5 0 
(4.28) а. = 5 МА, 
12110) 
5 
E 
Tip way ae 
16 
2 600 
А= D(G, 9796, 
а026 


(i,j=1,2,3) аге given Бу 


1=1,2,3, 


i=1,2,3 and ј=1,2,5, with 


(6,9796, |) 


T 2 В= 3006 | 


20(6. таб ) 
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200(6, | -06,,) 


2,5 
2470 e» 


The matrices M are different for each of the three distinct cases of sensor 


orientation. For the first orientation with the unit vector normal То the 


loop surface pointing in the radial direction, we ћаме 


(4.29.1) cos$ -u -со5ф 
m= sind -V -біпф 

0 -W 0 | 

: 2 2 2 | 

-(3ucosétvsin$) -сов ф ч и(исо52ф+у51п2ф) сос ф j 

} 

м!= -(ив1пф+усозф) -біпфсовф/ им игу) sing 510фсо5ф | 

-нсозф 0 uw мВ$ 1 пф 0 

626 | 

| 

| 

ИА че Алы ыс ыл лд ал Жа СИКЕР, о => i HERD Мату бт хээ 


-(ивпф+усозф) -5іпфсоѕф vu Juv 381020 5 пфсозф 


-(ucos¢ét3vsind) Siny v* у(ивіп2%-усо52%) білі 


-wsing 0 vw -wBcos$ 0 


м2- | 
-мсоѕф 0 ми wBs ing 0 
М?= -мсіпф 0 му -иВсоѕф 0 
2 2 


-D 0 „2 2 0 


with ог”, 8-8 2, ү=А, ди у њи, == 5 | пф+усозф, Czw, and Өтисо5ф?%у5іпф. 


Рог the second orientation with the unit vector normal То the loop surface 
pointing in the tangential direction, we have 


(4.29.2) -6109 -u 


sing 
о 
М = | cosó -v -со5% 
| 2 -w 0 
: ‚2 2 , noe 
(Зиз1пф-усозф) -віп”ф и -и(исо52 ф+уѕіп2ф) біп”ф 
м! = (-ucosótvsin$) ѕіпфсоѕф uv - Fu av’ )sin2ġ -sin$cos$ 
4AsinQ 0 uw -wCcos$ 0 
| : , PNEU" | 
| (-ucoséótvsin$) | sinécosó ми Е zu tv" )5102ф -51пфсоѕф 
| 
| м? = (чвіпф-3усо5%) -сов”ф у2 -v(usin2$-vcos24) сове ф 
b мсоѕф 0 vw -wCsin$ 0 
| wsing 0 wu -wCcos$ 0 
| м2= -исозф 0 чу -wCsin$ 0 
| -0 0 we ny? 0 
1 


with в=г^, В=В^+С^, ҮзА; Azu жу њи, Bzw, 


Uzucos$tvsin$, and 0=-иѕіпф+усоѕф. 
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For the third orientation with the unit vector normal to the loop surface 


pointing in the axial direction, we have 


(4.29.3) 0 -u (0) 
мо „0 -у 70 
| -W -| 
| -wW (0) 42 -u 0 
М! = 0 0 uv -UV 0 
i 
| -u 0 им 0 0 
! 0 0 vu -uv 0 
м2- -W 0 v -ү? 0 
-у 0 ун 0 0 
-u 0 ми 0 0 
| MPs |-у 0 wy 0 0 
| -3н 0 „2 н2 | 
| 


н with о=г2, 8-B^sC?, ү=А; Azuvi, B=ucos¢tvsind, 


C--usin$tvcosó, and D=w. 


V. DATA EVALUATION PROCEDURE 
[Т is evident from the anteceding explicit formulae for the induced 


electromagnetic force, that we have twelve unknown variables, namely the 


ЗУУХ -2к 


relative position vector between the centers of the magnetic dipole and the 
coil of wire, (u,v,w=(x “Recos, y -Rsinó,z ), the linear velocity of the 
magnetic dipole center, (0, v, ‚у ,2 о), the orlentation of the dipole 
axis (51,52,55), and its angular velocity (65555954). То uniquely де пе the 


i dipole motion at any instant of time, we need a set of twelve equations. We 


| 628 | 
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can satisfy this requirement by employing twelve sensors (coils of wire) in 

a station. To optimize the symmetry in the experimental set up, we arrange 

the twelve sensors circumferentially and equally spaced in a ring configuration: 
21 


(5,1) $47 5 та, п-!,2,...12. 


To counterbalance small deviations in the recorded signal strengths of the 
twelve sensor-amplifyer-recorder systems due to minute differences in the 
instrumentation, we introduce the gauge constants 

(5,2) с; n=1,2,...12, 

which must be generated by calibrational methods. Let 

(5.3) Ns п=1,2,...1!2, 

be the recorded voltages, then for any instant of time we have a set of 


twelve equations 


3 3 
S x cn n . n. E 
(5.4) она > 9 $ ji [E Ty Sky? 6 сү И, п=1,2,5,...12, and 


= Ї =|-К=] 
(х|›ху›х»)=(и,у,м), 


with Twelve unknown variables. Since the velocities 5, апд хз 1=1,2,3, occur 
only linearly in the above equations, this set of equations can readily be 
reduced to a set of six equations with six unknowns. Selecting the v, v+4 


vt8th equations, ve[1,2,...12], for the elimination of the 5%» 1,2,2, 


35 
LUN ин e Бы Р 
(5:5) s,7- Еа Lat, 5 0х/44,, 1=1,2,3, with 
uev, v4, v*8] 
a =А;/0, а = EAS" 0, D: то"А5 


| | : 
ueCv,vt4,vt8] ue[v,vt4,v*8] 


wt4 ужа  wt4 pts 


APP ТТЫ (407140 TEE? (imod3)c[1,2,35] and (ymod!2)e[1,2,...125, 
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we obtain а set of nine equations with nine unknowns: 


3 3 5 

Kt eK, cie KC. K 
(5.6) jer gU 1819101 jS 

E ии зада | 

biu E атк) for all i, j, кеГ1,2,52; 

ие», 0+4, 0+8] 
ро, 247% 
Ға рока; 


Kk£v,vt4,vt8 and кєГ1,2,3,...121 


selecting the v+2, v+6 and v*lOth equations, меГ1,2,...121, to get rid of the 


xj 1=1,2,3, 


(5.7) x =[z Е J/H; 
ke[ v*2, v*6,v*10]] 


стек Корк КР, к+8_, к+4, к+8 
x SIE КЕТ 1+2 }+2° + 1 


(јтодз)е[ 1,2, 3], (кпю4122еГ1,2,...121, 


we obtain а set of six equations with six unknowns: 


3 
(5.8) Бе ste’, Айо, vt2, vid, v6, v8, VEO and Олод1236Г 1,2, ..123; 


ІЗГІ 


еті Е , j=1,2,3. 


ke[ v*2,v*6,v*10] 


Solutions to these equations can be derived numerically by minimizing the 


function 


(5.9) ЕР Де В НЕ |, v=1,3,5,7,9, 11. 
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D 
This method ensures us a best fit of the variables (хү, хо, х.) апд LI 52, 
54) То the recorded data. Once these variables are obtained, we can use 

Eqs. (5.7) and (5.5) to determine (хү, x5, X,) and (ар, Sor 54). With this 


outlined data evaluation method we can determine uniquely ihe flight trajectory 
of the center and the motion of the axis of the magnetic dipole. Since the 
position and orientation of the miniature cylindrical bar magnet represented 

by a magnetic dipole is fixed within the projectile, tne six degrees of freedom 
motion of the projectile can directly be derived from it using a proper 


coordination transformation. 


VI. DESIGN CRITERIA 

The result, Eq. (4.28), cannot only be used for the establishment 
of a data evaluation package but also for the derivation of proper design 
criteria. The electromotive force depends on design parameters apart from 
the twelve unknown variables. Two design parameters, namely the number of 
sensors per station and iheir positions in the ring configuration, have 
already been determined previously: 
(6.1) Number of sensors per station: 12, 

Angular position of sensor: ф = 5 п, п-1,2,...12 

Still ме have to establish the bounds for the radius of the ring configuration, 
the radius of the coil of wire, the required amplification of the generated 
signals, the dipole moment of the miniature magnet, the best orientation 
of the coils of wire, the number of electromagnetic pulse stations and their 


separation distance. 


To determine the above design parameters cf the instrumentation, we 
carried out a sensitivity analysis for a case where the dipole center moves 


with a velocity у, in a straight line along the center axis of the instru- 
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mentation and the dipole axis rotates with a angular velocity о about that 
axis. Varying the shortest distance of approach between the dipole center 
and the observation point, the radius of the coil of wire at the observation 
point, and the linear velocity, spin and magnetic moment of the magnetic 
dipole, we established the design parameters for a prototype instrumentation. 
Figs. 9, 10, and 11, for instance, show ihe induced electromotive force іп 
24 coils of wire arranged circumferentially and equally spaced in a ring 
configuration for the data set R = .3m, г = 6.35 * 10 5n, V = 1460m/sec, 


w = 5026.5 Hertz (2800 rps), and m = 2.5 · (072 мерег m, typical for the 


M392A2 subcaliber round. The magnetic dipole mument assumed in the computa- 


tion corresponds to a commercially available cylindrical ALNICO or ceramic 
magnet with a length of 19mm (3/4") and a diameter of 3.2mm (1/8"). For the 
first orientation, the unit vector normal to the loop surface of the coil of 
wire pointing in the radial direction, a peak in the voltage envelope of 
about |.375mV occurs at about + .Нт from the plane of symmetry at 1=0. 
During passage at t=0 the maximum amplitude is about two thirds of the peak 
voltage. The signal to noise ratio of our magnetic tape recording and repro- 
ducing instrumentation puts a lower limit on the detectable signal amplitude. 
Any signal below .5 percent of the peak amplitude is buried in the noise. 

To compare the useful space interval in which the signals can be evaluated 
for the determination of the flight trajectory we arbitrarily set forth a 

10 percent threshold of the maximum amplitude for any instant of time. 
Approaching from left we start with the evaluation as soon as the maximum of 
the 24 amplitudes crosses this threshold value and continue through until it 
reaches the cut-off limit on the descending branch of the right side. Using 
this criterion we obtain thus a useful space interval of about 80cm. Тһе 


second orientation, the unit vector normal to the loop surface of the colis 
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Figure 9. Electromotive Force Versus Time for Element of Loop Area Pointing 


in the Radial Direction. 
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figure 10. Electromotive Force Versus Time for Element of Loop Area 


Pointing in the Tangential Direction. 
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Figure 11. Electromotive Force Versus Time for Element of Loop Area Pointing 


in the Axial Direction. 
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of wire pointing in the tangential direction, exhibits a behavior similar 
to the first one. It has а peak voltage of .53mV at 1.11т and a maximum 
amplitude of .48mV at passage 1=0. Its useable space domain is about 1.25m. 
For the third orientation, the unit vector normal to the loop surface of the 
coil of wire pointing in the axial direction, we observe three maxima of .5, 


1.375, and ту at -.234, .0, and .234m, respectively, with а useable space 


domain of about 105cm. 


Since we want to discriminate the signal from the magnet as much as 
possible from the electromagnetic background noise and to disturb the magnetic 
field of the dipole as little as possible, we must keep the number of loops 
in the coil of wire and its radius as small as possible and select an orientation 
which maximizes both the signal strength and the useable time of recording. Based 
on the sensitivity analysis we picked out the third orientation with the 
locp surface of the coil of wire pointing in the axial direction for our 
sensors. By proper expansion of Eq. 4.27 we find, that for the previously 
discussed third orientation the voltage induced in one loop at +=0 is ргорог- 
tional to the moment and the velocity of the dipole, to the square of the loop 


radius, and to the negative third power of the ring radius. 
2 
(6.2) Мапу, r R 


Since the maximum voltage is only in the mV range, we must amplify the signals 
either by increasing Тһе number of loops in the coils of wire or by the use 
of amplifiers ог by applying both methods simultaneously to the signal range 


of the magnetic tape recorder. 


/ 
(6.3) Упах/гесогдег У AN- Vmax/ оор 
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ү is the maximal voltage which сап be recorded оп the magnetic 
max/recorder 


tape, А is the gain of the amplifier, М is the number of loops in the coil 


of wire, and Vinax/ loop is the maximal voltage induced in one loop by the 


bypassing magnetic dipole. 


Based on the sensitivity analysis we established the design parameters 
for the instrumentation. The analysis showed that we can use a simple parallel 
coil arrangement for probing the moving magnetic dipole field and time-multi- 


plexed recording of the signals. The block diagram of this parallel spin coil 


switching method is shown in Fig. 12. In this configuration a sequential 
series of coils of wire, one coil per station, is tied in parallel and feeds 

a common amplifier. Since the signal which is induced at the coil of wire 

by the by-passing magnetic dipole field is of sufficient amplitude as compared 
to the signals coming from the adjacent stations and the cables are shielded 
to avoid excessive pick up of extraneous signals, a single amplifier can be 
used. Due to the temporal sequence in the measurement of the projectile 

motion we can use data ‹ hannels for the recording of the electromagnetic pulses 
which previously were employed Го record data while the projectile traveled 
in-bore. Аз the projectile exits the muzzle, we can use a sensor at ihe muzzle 
to initiate а switching sequence which will remove the previous signal from the 
input of the data amplifier and switch in the signals from the electromagnetic 


radiation pick-up coils. 


The number of electromagnetic pulse stations and their separation 
distance basically depends on the precession, nutation and dispersion of the 


round fired and the required set of data. 
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| VII. CONCLUSION 


We used the relations (6.5) and (6.2) together with the computed values 


is i of an 1 қ 
of Улак loop fo establish the design parameter of an experimental prototype 


having two stations each with only four sensors. Ме inserted a miniature 


magnet in the nose of a 37mm projectile, fired it, and recorded the signals. 


The unfiltered and superimposed signals from these four coils of wire at one 


station are shown in Fig. 13. Тһе recorded data were within the computed 
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Figure 15. Unfiltered Data from а Station with Four Electromagnetic Pulse 


Detectors. 


envelope of the electromotive force and proved that the theoretically con- 
ceived measurement technique is correct and can be applied to the obtainment 
5! of continuous flight data in the intermediate ballistic and early free flight 


regimes of projectttes. 


At the moment we are іп the midst of building an electromagnetic pulse | 


instrumentation system consisting of eight stations, each having 12 coils of 


м ге which are arranged circumferentially and equally spaced in a ring con- 
figuration. The equations for the computer evaluation package for determining 


Тһе projectile motion from the 12 variables of the magnet motion have been 


‚ derived and are currently being programmed. Аз soon as the instrumentation 


is built, we will carry out an experimental firing program in which we 

will concurrently record the motion of a medium caliber projectile with this 
electronic recording technique and with the conventional photo flash method 

in our transonic indoor range. From the recorded data we will then reduce 

the position and velocity vector of the center of gravity of the projectile, 
the spin, the precession and the nutation of the projectile axis as a function 


of time and compare the two sets of data. 


With the preliminary experimental validation of our theoretical concept 
we have demonstrated that our proposed electromagnetic pulse instrumentation 
and measurement technique is a very suitable means to electronically monitor 
the motion of projectiles in the early free flight regime and to process 
the recorded data quickly and automatically. We believe that this type of 
instrumentation and measurement technique could become a standard tool for 
monitoring the instantaneous position, orientation, linear velocity, and 
angular velocity vector of a ballistic object or a succession of ballistic 


objects moving in a nonmetallic medium as function of time. 
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INTRODUCTION 


À project is currently underway at General Electric to develop an 
analytical method for more accurately predicting gun dynamic response. 
In the initial stage of this project, only the effects of eccentric 
firing, or mis-alignment, are being considered. This phenomenon of 
unbalance is encountered in many automatic weapon designs when the 
firing force is not in axial alignment vith the center of gravity of 
the recoiling parts. Іп such cases, during firing, dynamic pitching 
and yawing moments are introduced, causing deformation and movement of 
various weapon components. Dynamic behavior of this kind can seriously 


affect firing precision. 


As a part of the project, a special single shot device was built 
to provide a basic understanding of the behavior of unbalanced systems. 
The mis-alignment between firing force and the center of gravity of the 


recoiling parts can be varied. Ап attempt was made in the design to mini- 


mize dynamic effects other than eccentric loading. The apparatus has a 
minimum of moving parts, and a very stiff barrel is used to avoid the 


effects of droop. The support system, however, was designed to exhibit 


nonlinear behavior typical of actual installations, for support loading 


is an important consequence of eccentric firing. 


A transient dynamic numerical analysis was used to calculate the 
response of the test device. The analysis considered the non-linearities 
in loading as well as («позе in the support structure. Тһе weapon was 


modelled as a series of concentrated masses апа springs. 
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Fire tests were conducted with the test fixture in different 
configurations, having varying amounts of eccentricity. Some comparisons 
have been made between the measurements and the dynamic simulation 


predictions, 


Work on this project is continuing, and this paper presents a 


report of the progress to date. 


SINGLE SHOT TEST FIXTURE 


A sketch of the test fixture is shown in figure 1. It consists of a 
30mm Mann ballistics barrel (with breech-block) which is held in position 
by forward and aft supports. These supports are approximately 66 inches 
apart, but this spacing is variable. Ап additional block is rigidly 
attached at the mid-section of the barrel to provide an impact surface 


for the recoil adapters. The basic design is such that the firing force 


is nearly in axial alignment with the vertical center of gravity of the 
| recoiling mass. When the дип is fired, the barrel, breech-block and mid- 


barrel attachment move rearward, sliding in the forward and aft support 


| blocks. Rearward motion is attenuated by the recoil adapters which are 
contacted after 0.70 inches of free travel. Torsional moments from projec- 


tile spin-up are reacted by a sliding joint at the forward support, 


Еасћ support block is held in place vertically by смо pin-ended rods 
which are connected to independent cantilevered plates. Тһе support 
stiffness can be varied by installing plates of different thickness. 


| А similar arrangement of tie-bars provides side support. 
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Fig. 1 - Single-barrel Dynamic Text Fixture 
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Fig. 2 - Single-barrel Gun Model 
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The conplete design is relatively stiff. Although the Mann barrel 
is about 90 inches in length, it has a near constant outer diameter of 
3.30 inches. Its weight, without the breech block, is 184 lbs. Тһе 
vertical supports each have а minimum stiffness of about 50000 lbs/in. 


The total recoiling weight is 334 lbs. 


To obtain an unbalanced system, additional weight (ballast), in the 
form of thick steel plates, is bolted to the mid-section support block. 
This becomes part of the recoiling mass and lowers the overall center of 
gravity. With a maximum ballast of 87.5 lbs., the — M between the 


barrel centerline and the center of gravity becomes 1.42 inches. 


MODEL AND ANALYSIS 


The test device was modelled with a series of concentrated masses, beam 
elements, and springs, as shown in figure 2. Тһе stiffness of the beam 
elements, joining the barrel masses, were calculated using finite element 
theory.! These values compared favorably with actual static test results. 
The stíffness characteristics of the vertical supports, and the ballast 
support beam were determined from static tests. These springs were non- 
linear, showing different behavior in tension than in compression. They 
also contained gaps from machining tolerances at mating surfaces and pin 
connections. Тһе total gap, or tolerance buildup, іп each support linkage 


was nearly .025 inches. 
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The transient dynamic responsé of the lumped mass model was 
2 : 2 
performed using the linear acceleration time step integration method. 
A specific computer program was developed to generate stiffnesses and to 


carry out the calculations. Two dimensional analysis was used as the 


eccentricity occurs only in the vertical plane. 


The chamber pressure variation with time was used as the forcing 
functicn. Тһе firing pulse was approximated with a series of straight 


- 


iine segments. 


The non-linear springs were included in the analysis along with 
friction forces between the support blocks and the recoiling barrel. 
Because the system was relatively stiff, no viscous damping was included 


in the initial calculations. 


FIRE TEST INSTRUMENTATION 


| During fire testing, instrumentation was provided for measuring 
chamber pressure, support forces, axial displacement, barrel vertical 
displacement, and muzzle pitching angle variation with time. А measure- 


ment was also made to determine projectile exit time. 


Strain gage bending bridges were applied to the cantilevered plates 
to measure support forces, and to the recoil adapter support to measure 


recoil forces, Strain gages recording hoop stress at the muzzle were 


— M— 


used to record projectile exit time. Axial movement was determined with 


linear motion transducers. 
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| Two optical trackers were used to measure muzzle vertical motion 
as well as pitching angle. Опе tracker was focused on the tip of the 
muzzle and the other some 8 inches aft of that point. Both vertical 
motions were recorded on magnetic tape. Later, the tape was played 


back through an analog computer which combined the signals to produce 


angular displacement. Although the recorded pitching angle is between 


two separated points and not precisely at the muzzle, the results are 


useful for comparison purposes. 
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COMPARISON OF TEST RESULTS WITH ANALYSIS 


Test shots were fired with the fixture in different ballast configura- 
tions, while measurements were recorded on oscillograph and magnetic tape. 
The traces of support loads were compared with caiculated values as one 
means of checking the capabilities of the analysis. 


Тһе measured forward mount load variation with time is plotted in 


figure 3 for the concentric configuration (in which no ballast was added), 
U and also for the configuration where maximum ballast was applied. Aft 
support loads are plotted in figure 4. The effects of unbalance can be 


clearly seen in both figures, Ву comparison, very little load develops 


1 [^d 


for the concentric case. Although, after the first 8 milliseconds, when 
the recoil adapters contact the recoiling mass, a noticeable distur bance 


Я in the support loads сап be observed. 


Curves of calculated loads for the maximum ballast condition are also 
plotted in figures 3 and 4. Тһе comparison with test results is encouraging 


for a first attempt. The analvsis seems to predict fairly closely the near 
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zero load which occurs when the barrel traverses the gap, or dead-band, 

in each support spring. Тһе noticeable difference in curve shape between 
test and analysis of the aft mount load, in the range from 14 to 24 milli- 
seconds, is believed to be produced by rotation of the support block. Over 


the time span, it can be observed that the area under the two curves 15 
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about the same. 


Л The disturbing feature in the comparison is the appearance of the 


S secondary frequency of about 800 hz which appears in the test data super- 
imposed on the primary wave form. Тһе two lowest natural frequencies in 
the vertical direction, involving large support spring movement, were 
calculated as 43 cps and 58 cps. These seem to bracket the main frequency 
shown in the test data. The next three frequencies, which involve barrel 
bending modes, were caiculated to be 185, 561, and 960 cps. Since none 

of these correspond to tne observed high frequency, another approach was 


taken, 


The support systems were remodelled using four individual masses 

3 rather than one, to determine if the measured effect might be due to 

| response within the supports themselves. А plot of the computed results 
is shown in figure 5 along with the measured loading. А comparison of 
these curves shows a closer agreement and the presence of a high frequency 
E | respcnse. Refined modelling and the inclusion of damping could un- 


doubtedly improve the correlation, but one questions the need for closely 


Т reproducing such а high frequency in che support structure itself. 
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Figure 5. Aft Support Load with Maximum Ballast 
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Calculations of recoil motion were also compared with test data. 
The results are plotted in figure 6. Agreement could be improved with 
a more detailed consideration in the analysis of friction between the 
projectile and the barrel, and that between the powder gas and Байте.” 
These effects have been included іп the analysis, but only as а linear 


function of chamber pressure. 


It is interesting to consider the motion of the test apparatus prior 
to projectile exit. The calculated deformed shape of the barrel is plotted 
at four different time intervals in figure 7. Although the primary motion 
of the stiff structure is rigid body pitching, there also is evidence of 
transverse bending. This effect would, of course, be significantly greater 


with a more flexible barrel. 


Plots of the calculated vertical displacements of the two end nodes 
are given in figure 8. Optical tracker test measurements are also shown. 
The analytical predictions seem to be drastically in error at the time of 
projectile exit. Although the displacement measurements were taken some 
weeks after the load data was obtained, and with a re-assembled test fixture, 
a consistency would be expected. It can be noted that the peak upward load 
at the forward mount (see figure 23) occurred around 10 milliseconds, at the 
same time the peak vertical displacements occurred. This tends to give 
credibility to the test data and makes the analysis questionable for the 
stiff system. Although very small movements are involved, the analysis 
predicts opposite displacement and pitching angle from test results at 


exit time. There appears to be a lag in response which is not included 


in the analysis. 


е | ггпи 


edeug рәшлојәд |эл4е8 резјејпојеј - / 7614 


Sl- 
01- < 
со 
5 
et 
2 
e 
3 E со 
quoddns 2 к 
раемд04 = фа 
я : ра о o 
ы а 2211 
quoddns З 
7 нү = 
> = 
100° = 1 
2007 = 1 
200" = 1 
— 700" = 1 Ө 
Spuo2eS uL | эш 
qe edeus рәшлојәд 
$1 
= gy UL. тт ПЕЊУ 


70 
0 60 
1 
5 
Р Calculated 
L 50 Y (1) 
А ү (2) 
С ~ 
: 40 
Е [А 
N ' PROJECTILE EXIT TN 
T 30 ILE EX " 7 e 

7 

н а 
L Measured 
S Y (1) 

10 Y (2) 

77 2 


8 9 10 11 12 
Time (msec) 


| 
! Fia. 8 - Vertical Displacement of Nodes at Ми221е 


.010 


ANGULAR DEFLECTION RADIANS 


ANALYSIS 


AVERAGED TEST DATA 


PROJECTILE 
EXIT 


} 
| 
! 
TIMING BRIDGE 
| 5 


.004 sec 


Fig. 9 - Angular Deflection at End of Barrel 
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Similar single shot tests have been conducted with а lightweight 
barrel having much greater flexibility than tbat of the Mann barrel. 
Fire testing resulted in much greater motion at the muzzle. Optical 
trackers were focused some 5 inches apart near the muzzle to measure 
the pitching angle. А plot of the results is shown іп figure 9 along 
with analytical predictions. The measured pitching angle at time of 
projectile exit was .008 radians. Tbe test was repeated several times 
and targets were taken. All shots hit the target (1000 inches) between 


7 and 9 inches below boresight. 


The calculated displacements agree somewhat better for the flexible 
system. However, it is still not known from testing such an arrangement, - 
whether the analysis 18 in error, or whether barrel droop, or some ocher 


effects are responsible for the disagreement between test and prediction. 


DISCUSSTON 


An attempt has been made to isolate the effects of eccentric firing 
with a simple single shot test device in a fundamental investigation. Іп 
this study, both analytical and test results have shown the apparatus to 
display a highly complex behavior when fired. Ап extrapolation from the 
fundamental test results substantiates what is presently surmised about 
eccentric firing of production precision gun weapons, including single 


barrel, multi-barrel, and rotating barrel cluster weapons. 


Eccentric firing has an effect on gun dynamic response, which directly 


or indirectly, can influence weapon accuracy. Firing with an unbalanced 


656 


—— 


ИЕ ==] на 


recoiling mass will result in muzzle tipping at the time of projectile 
exit, even if the gun has infinitely stiff transverse supports. Not 
only doés the tipping affect initial уам, but a transverse velocity is 
also imparted to the projectile. The transverse loads, developed from 
the unbalanced system. deflect the supporting structure to produce a 
further pitching of the barrel. Іп turret applications, the transverse 
loads developed from eccentric firing can be expected to influence servo 


load torques. 


It can be argued that no real inaccuracy is developed from eccentric 
firing if each shot, although several mils from boresight, passes through 
the same hole, or is a mil or so from point of impact. However, the 
problem arises in automatic weapons when slight variations in action occur 
with repeated shots. Тһе starting position may be different, the round 
impulse may vary, or the recoil adapter may behave abnormally. The result 
of slight mis-timing may be observed from figure 9. А delay of 0.1 milli- 
second could, in this case, produce a 2 or 3 mil difference in initial 


heading of the projectile. 


From the results obtained thus far, it appears that the lumped mass 
method of analysis might be used satisfactorily for the prediction of 
support load variation with time. And also, it should be suitable fo: 
determining servo load torques in turret applications. Нокеуег, its 
suitability for predicting muzzle tipping is still in doubt, and a 


continuation of the project is planned to resolve this question. 
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I. INTRODUCTION 
A. BACKGROUND 
In the early sixties, at the Ballistic Research Laboratory (B.R L.), 

Messrs. Stanley S. Lentz and Richard B. Kirkendall developed an instrumentation 
system to measure the off-axial in-bore motion of medium to large caliber 
projectiles. Ап optical lever system was used with a carbon arc lamp as a 
light source and a displacement time camera to record the motion. They faced 
four major problems in this effort: (1) Due to the white light source the 
system had to be used at night to prevent the sunlight from fogging the film; 
(2) lt was difficult to time the shutter to record full in-bore travel but 
close the shutter prior to muzzle flash; (3) Conventional metal rotating 
bands failed to obturate sufficiently allowing blow-by which obscured the 
light beam; (4) Film records required optical reading which is time 
consuming and cost ineffective. To overcome the ambient light and muzzle 
flash problems, a laser was substituted for the carbon arc lamp and a narrow 
band filter was placed in front of the camera. The 37mm, 90mm, and 105mm 
systems were studied with this instrument. The results were encouraging. 
Records of the complete in-bore travel were obtained with specially designed 
non-metallic rotating bands. But because of a shortage of funds and higher 


priorities of other projects this project has been dormant for several years. 


660 | 


„В. CURRENT EFFORTS 


New technology has made it possible to improve the technique for recording 
angular projectile motion. Ву using a continuous position sensing photo- 
diode and electronic signal conditioning, the photographic film recording 
can be eliminated. The data can be recorded directly on magnetic tape along 
with pressure, force, displacement, strain, temperature, and other measurements 
made on a gun system; thus, all recorded data will have a common time scale. 
It is hoped that plastic rotating bands will improve obturation during the 


entire launch cycle, thus reducing the obscuration of the laser beam. 


II. EQUIPMENT 
A. THE OPTICAL SYSTEM: 
The optical system as used at the BRL is shown in Figure 1. It- represents 
a simple optical lever. А laser source is used in conjunction with a spatial 


filter, a large collimating mirror, and a photodiode for a detector. 
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Figure 1. Lavout of Optical System. 


i 662 


| lil DETECTOR 
=== FILTER 
LASER 
FOCUSING | BEAM 
LENS SPLITTER 
222 PROJECTILE MIRROR — В | 
(277777777777777////77) 

: PLANE MIRROR 


PARABOLOIDAL 


MIRROR 


vum pan vena, ле Vans а = Пи ДЕО О ИВЕ с, 


B. THE LASER 


We have two lasers available: а He Ne laser with a 15щИ output at a wave- 
length of 632.8nm, and an Argon laser with a total rated output of 2 W able 
to selectively emit any one of nine discrete wavelengths from 454.5nm to 
514.5nm. Тһе laser light source supplies us with a convenient, powerful 
source of useable light and the monochromatic nature of the beam allows us 


to use filters in front of the detector to screen the ambient light. 
C. THE SPATIAL FILTER 


The laser generates a beam which first passes through a spatial filter 
which smooths and diverges the beam. The spatial filter consists of a 
focusing lens and a pinhole. The pinhole is placed at the focal point of 
the lens. Тһе diameter of the pinhole is determined by the focal length of 
the lens. Тһе shorter the focal length the smaller the pinhole can be. If 
the pinhole is too large, the beam 15 not smoothed, and if the pinhole is too 
small it creates a diffraction pattern. А typical pinhole size is 100 um with 


a 100mm lens. 
D. THE BEAM SPLITTER 


After the beam exits the spatial filter, it passes through a beam splitter, 
where it is divided into two linearly polarized beams. The beam which passes 
through the splitter is retained. The other beam is discarded. Originally a 


specially coated thick plate glass mirror and beam Splitter device was used, 


but because of its thickness it suffered from internal reflections. Therefore, 


са pellicle beam splitter is now employed. It is basically a very thin membrane 


and eliminates the double image caused by internal reflections. Pellicle beam 
splitters can be coated for various reflection to transmission ratios for 


specific wavelengths. For our purpose a 50/50 ratio is appropriate. 


E. THE PARABOLOIDAL MIRROR 
The main optical element of the lever isa 254mm diameter, front-surfaced, 
off-axis, paraboloidal mirror with a focal length of 1.22 m. Тһе mirror 15 
placed so that its focal point falls on the pinhole, thus collimating the 
laser beam. ‘The diameter of the collimated beam depends on the focal length 
of the focusing lens. The shorter the focal length the larger the beam 
diameter. As shown in Eq. (1), the gain of the optical lever system is 


determined by the focal length of the paraboloidal mirror. 


(1) 


Бале 
« 1600 


where 
D displacement on the detector in mm. 
о angular projectile displacement in mils 
$, focal length of the mirror in mm. 
Eq (1) yields a 2.40 mm/mil gain with our mirror. 

This large front-surfaced mirror is an off-axis paraboloid to allow the 
reflection of the light beam without introducing distortion. From this mirror 
the beam is directed to a front-surfaced plate mirror which is positioned along 
the gun axis, and directs the beam down the gun tube towards the projectile. 


The projectile has a mirror attached to its nose to initiate the beam's return 


path. 
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Е. THE PHOTODIODE 

The information concerning angular motion of the projectile is contained 
in the angular deviations of the returning beam; however, no information about 
projectile displacement is contained in the beam due to its collimated nature. “ 
The paraboloidal mirror focuses the returning beam on the photodiode by means 
of the beam splitter. The diode is а continuous position sensing photodetector 
with an output proportional to the image position and intensity. 

Figure 2 sketches the physical appearance of the diode and lists some of 
the specifications. The detector is sensitive to suen а тоа spectrum that 
it must be shielded from external light sources бу an appropriate filter. 
Also the intensity of the incoming beam must be controlled to prevent damage 


to the detector. Тһе diode can withstand 0.4 nW/mm^ but operates more 


linearly at 0.2 W/m? 


IIT. DATA ACQUISITION AND REDUCTION 
A. SIGNAL CONDITIONING 

Figure 3 shows an equivalent circuit for the detector and the initial 
amplifier. Тһе output current from each axis of the detector is the input 
to a sum and difference amplifier. The difference terms, Xa and Ya: contain 
position and incident power information. Тһе ratio of resistances varies 
with the image бос, while the term ІЯ is determined Бу the total incident 
power. If the two sum outputs, » and Yao are added, the result is a term 
proportional to the total current. 1% is obvious from this that dividing 


the individual difference terms by the total current removes the dependence on 


intensity variations. The resulting two ratios, X out and T üt? are determined 


by position only. 
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Figure 2. Photodiode used іп Optical Lever System. 
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Figure 4 shows the results of varying the incident power level while 


maintaining a constant position. [ is a plot of X 8 


ars + 
ut Versus (X, - ЦЭР 


which is the total current from the diode and represents the intensity of the 
incident beam. Тһе curve shows that large drops of intensity, greater than 


75$, will cause a very small shift in the output, less than 10%. 


B. CALIBRATION AND DATA REDUCTION 

Extensive work has been completed to determine the best operating 
conditions for the diode and to provide a suitable technique for calibrating 
the output. It was determined that excessive power density can cause the 
output to drift. Figure S is a plot of the X out YS: Y our resulting from 
tracing a circle with 2 radius of 8 mm оп the face of the detector with a 
laser beam of excessive power density. The drift is immediately apparent. 

By reducing the incident power density and shielding the diode from the ambient 
light, it was possible to eliminate the drift and to a large extent the noise 
too. The improved results сап be seen in Figure 6. Shown in this plot are 

the results of tracing three circles on the detector with radii of 5, 10 and 
15mm. Notice that the drift has 415арреатед, however, non-linearities are 
apparent in the larger circles. 

It has been determined that the final outputs have a one-to-one relation- 
ship with the coordinates of the image position on the detector. The approach 
chosen for the data reduction is to fit a least squares circle to each set of 
data shown in Figure 6, subtract the circle, and perform a Fourier analysis 
on the residue. It is anticipated that the residue can be reduced to a cosine 
function with an amplitude controlled by the radial displacement of the 
incident beam and with a period of 7/2. Once a mapping of the data is 
completed. КЕС transformation will be performed to predict the polar 


coordinates of the beam from the recorded data voltages. 
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Figure 5. 
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Result of Excessive Incident Power оп Photodiode. 
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Circle Traced on Diode by Laser. 


IV. RESULTS AND CURRENT EFFORT 


Preliminary firing was done to show that indeed it is possible to make 
projectile in-bore measurements with an optical lever and photodiode detector 
instrumentation system. These firings were done with 37mm projectiles with 
conventional copper rotating bands. The results were encouraging, although 
obturation was somewhat of a problem. As mentioned in Section I, B, it is 
hoped that the use of plastic rotating bands will improve obturation and hence 
the obscuring and diffusion of the laser beam. 

Once the calibration and the data reduction package are completed, it is 
felt that this system can provide analog measurements of transverse projectile 


in-bore motion of sufficient accuracy to evaluate computer code predictions 


and to investigate the dynamic traction history between projectile and tube. 

If this system is used in conjunction with an interferometer, the friction 
effects due to balloting can be evaluated. By taking advantage of the 

polarized nature of the light source, we hope to be able to retrieve information 
about in-bore projectile spin rate in a future effort. This would allow the 


evaluation of slippage of the rotating band and between a sabot and its 


EE аше 


subprojectile. 

The same optical lever arm technique can be applied to the measurement 
of barrel motion. Barrel motion during the in-bore cycle must be known in 
order to correctly evaluate the in-bore motion of the projectile as these two 
are superimposed on any measurement made on the projectile. Accelerometers 


1 сап also be used to determine barrel position during the firing cycle. 
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ГЕ 15 apparent that once the data reduction techniques are established 
that this instrumentation system will have many potential applications. There 
has been a continuing effort in the Propulsion Division of the Ballistic 
Research Laboratory to develop new instrumentation techniques for solving 
current and anticipated problems. Тһе ability to measure the total in-bore 
projectile motion and the muzzle motion during the propulsion and launch cycle 
is an absolute requirement for studying system accuracy and the parameters 


that affect it. 
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Abstract 


А preliminary comparison is made between a conventional feed- 
back control, deterministic optimal control and stochastic optimal 
control fon a helicopter gun turret. Stochastic command input 
and measurement noise is assumed in all cases, and the relevant 
variances and loss functions are compared. The conventional 
system with two states observed is found to be extremely sensi- 
tive to measurement noise, while the deterministic optimal | 
controller with four measured states is found to be markedly 
less sensitive. Use of a particular Kalman filter further 
considerably reduces this sensitivity, while maintaining good 
response to the command disturbances. Тһе advent of micro- 
processors should make such a system feasible, suggesting a 
deeper examination of the potential of stochastic optimal and 


sub-optimal control. 
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1. Introduction 

This paper considers the control of a helicopter gun 
turret in response to gunner or other input. 

The control of weapon systems in conventional heli- 
copters and ground vehicles is based on simple classical 
feedback concepts. This has been appropriate, since imple- 
mentation of modern optimal cóntrol theory with a limited 
number of measurement transducers would have required more 
complicated analog electronics than likely would have been 
cost effective. Тһе advent of small and inexpensive dichos 
processors, however, portends a major change in the complexity 
which can be justified in controllers, suggesting a reexamina- 
tion of the strategy used in the control of weapon systems. 

Compensation for measurement errors is a key concept 
in stochastic optimal control theory. Such errors get 
amplified greatly in high-gain feedback loops, often 
causing a control variable to saturate and sometimes causing 
excessive noise at the output. The problem becomes more severe 
when some of the state variables are not measured directly. 
In practice, direct measurement of only a small proportion of 
the state variables can be justified, and the others must be 
fabricated by dynamic processing of the measured variables. 

A complete state vector must be deduced, nevertheless, for 


either deterministic or stochastic optimal control theory to 


676 


| 
j 
| 
ү 
| 


тие precor mmn: 
Мак id bis bea aati 


liana spas 


apply. Small measurement errors can be magnified many times 

jn this deduction, especially if differentiation is involved. 
In addition, the model of the system needed in the processing 
inevitably contains errors which also tend to produce errors 

in the deduced state variables. 

These errors are recognized by assuming direct contami- 
nation of the actual measurements by stochastic, usually 
white, noise. The Kalman filter idea then in effect weighs 
several successive measurements to secure a best estimate 
of the current state. Failure to introduce this noise can lead 
to serious problems in practice that would not likely show 
up in a simulation of the system that omits measurement noise 
and assumes a perfect model. 

The relevant stochastic control theory also represents 
disturbances as having a stochastic nature (although determin- 
istic inputs also can be used in a certain way). The spectrum 
of the stochastic input can be colored to represent the actual 


expected input, and the estimation and control logic is auto- 


matically modified in recognition of this spectrum, Theoretically, 


a deterministic input is incompatible with optimal control if 


the design is intended to be optimal for more than that particular 


input. Practically, stochastic inputs are at least as meaningful, 


and in the cases of wind gusts, for example, are likely to be 


more meaningful. 


———— я € 


Loh [1] gives an eighth-order model of a conventional 
system which uses position and tachometer feedback. Тһе 

latter involves a derivative-type filter for stability. This 
is then removed, leaving a seventh-order system, and an optimal 
feedback control is postulated using a quadratic performance 
index which weights the servo error, the command input and 


the servo drive voltage. А sigle control input is assumed, 


and the entire state vector is assumed to be measured without 


error. Іп Kasten et al. [2] the same system is considered, but 
the measurement of two of the state variables is replaced by a 
Luenberger observer, with little degradation of performance. 

The introductory study presented herein comprises the 
following steps: simplification of the model, stochastic 
modeling of the input,insertion of measurement noise, compari- 
son of the three system types, and recommendations for further 
work. The basic concepts for stochastic models and control 
are not referenced, since they are widely discussed in text- 
books. 
2. Simplification of the Model 

The basic system model (not including a filter in the tachometer 
feedback path) used by Loh and Kasten et al. is of seventh order, with 
the eigenvalues spread over a bandwidth in excess of one-thousand to 
one. 15 seems reasonable to excise three very fast roots; to 
include them at an early stage gives а misleadingly complex соп- 
trol system. Тһе model was thus simplified to fourth order, shown 


as part of the signal flow graph of Fig. 1. The (colored stochastic) 
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input is Хр, the output is X4, and хо is the error. The fre- 
quency responses of the original and simplified systems are 
shown in Figs. 2 and 3, respectively. 
3. Stochastic Modeling of the Input 

A model for the stochastic input has been chosen by starting 
with the triple-ramp of Fig. 4a, which has the spectral content 
(Fourier transform) shown in Fig. 4b. This seems to represent 
the sort of motion the gunner might need, but of course the 
zeroes at шт = пт, n = 1,2,---, are not realistic. А filter 
which gives roughly the same decay as ш increases, without 


these zeroes, is given by 


Н(5)  2f3J? s f = 1.229/« 


s?«2fs*f? 
The numerator is chosen so that when unity Gaussian white 
noise (autocorrelation 6(%)) is inserted into the filter, using 


т = 1 second, the variance of the output is unity: 


1 е H(s)H(-s)ds = 1 
2T =]. 


variance of output = 

A plot of the function |Н(јо)|, scaled to match the zero- 
frequency value of the triple-ramp characteristic, is also 
shown in Fig. 4b. This is the square root of the power density 


spectrum, Тһе resulting second-order filter is shown in Fig. 1, 


with w as its input and Xg а$ its output. 
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Substitution of square-waves for the triple-ramp would 


give a first-order rather than a second-order filter, and 
perhaps should be used also. The H(s) given above is used 
exclusively in what follows, nevertheless. 

White noise which is very nearly Gaussian can be generated 
by superimposing just a few random numbers which are uniformly 
distributed over the same range. (The difference between the 
probability distribution for the sums of only four such numbers 
and the Gaussian distribution never exceeds 3.6% of the maximum 
value, for example.) А simulation of the conventional heli- 
copter system (tenth order system, including two orders for 
the stochastic input-filter and one order for the tachometer 
feedback) is shown in Fig. 5. 

4. Measurement Noise 

A white noise ед is superimposed on the tachometer signal, and 
a white noise е, in the position feedback, as shown in Fig. 1. 
Similar white noises are also superimposed on all the measurements 
of the other two systems. Since all inputs are independent, 
the variance of any variable is the sum of the variances pro- 
duced by the individual inputs. 

To make a comparison between the systems, it is necessary 
to choose the magnitudes of the white noise inputs. The tenta- 


tive assumption made is that each measurement of X1»777X4 
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is contaminated by a noise which has 12 of the variance of the 


measurement were there no noise present. (These noises then 


are not exceptionally small, since their standard deviations 


are 102 of those for the signals.) 


The variance of white noise is infinity, but in fact the 
higher frequencies contribute little to any of the state vari- 
ables, and epee tally the output which is of key interest, 
because of the filtering action of the system. A bandwidth 
of the system, b,, can be defined so that, for the system with 
xg Or е, as the input and X4 45 the output, which has unity 
D.C. gain, the variance of the output response to the unbanded 
white noise input equals the variance of the white noise input 
over the bandwidth: 
by = var (ху) for unity white noise input еј = 18.54 571 

Тһе white noises ед апа 2 then are chosen to have the same 
variance, over the bandwidth Do» that Хү апа Хү» respectively, 
have over the infinite bandwidth. These are given in the third 
column of Table 1. 

The deterministic control system (but with stochastic 
inputs, or course) is shown in Fig. 6. Every state variable 
(ху, Хр» Хз» X4) and the input (х-) is assumed to be measured; 
the sixth variable (xg) is discussed below. The bandwidth of 


this system is 66.95 radians/sec., computed with the appro- 


priete causalities inverted so the path hag is included. The 
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resulting amplitudes of the white measurement noises е,» е, еље, 
аге shown in the fifth column of Table 1. 

The stochastic optimal control system is shown in Fig. 7. 
The state variables (x), Хо» Ха» х4) and the input (xg) are 
assumed to be measured. The same values of the amplitudes of 
the white noises 81»77-,8, Were used as deduced for the deter- 
ministic optimal control system. This seems reasonable in view 
of the similarity of the respective variances of ХүэтлэХь» 
and precluded an iterative procedure. То derive the Kalman 
filter, some value for the amplitude of the white noise ер 
must also be assumed. Іп this special case the variance over 
the bandwidth of 66.95 ки: was chosen at the very small value 
of 0.01% of the variance of X55 the result is the bottom entry of 
the fifth column of Table 1. 

The variances of хо and any of the state variables can Бе 
computed directly, without simulation, from the transfer functions 
between a white noise input and the output of interest. The 
transfer function of interest is substituted for H(s) in the 
integral given in Section 3 above. General results are given 
for up to tenth-order systems by Newton et al, [3], and a 
Fortran algorithm is given by Astróm [4], who also gives an 
equivalent algorithm for discrete-time systems. Тһе transfer 
functions were computed in polynomial form from the state 


variable formulation using the NASA-Dryden program CONTROL pre- 


sented by Edwards [5]. 
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5. Comparison of the System Types 


Optimal control minimizes a loss function or performance 
index. The index used by Loh, when transformed to the reduced 
order system, gives virtually £(0.01u?*20x2)dt. This is assumed 
! herein, also. Тһе relevant backward matrix Ricatti equation 
| gives six relevant feedback coefficients: four from the state 
| variables, one from the effective excitation of the system, 
| Xs» and one from inside the stochastic filter, хе. In а Kalman 
filter these six states are estimated, using a sixth order model 
with inputs from whichever of the variables Хүз+++,Хр (but certainly 
not х6) аге deemed measurable, despite contamination with measure- 
ment noise. 

In the deterministic optimal system, the state X6 would 
have to be fabricated, for example with a Luenberger observer. 

For the first of two schemes a perfect observation is assumed, 
which is theoretically possible if measurement noise is dis- 
counted. It should be recognized that this gives ап unrealistic 
| advantage to the system, however. For the second scheme, 915- 

| cussed below, a Kalman-type filter limited to the variables 

| X5 and X6 is employed. 

The stochastic optimal control system with complete Kalman 


filter is given by the vector equations 
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The non-controller part of the system differs from the 
usual textbook system in that it is divided into two parts, 
the input filter and the turret system proper. Тһе turret 
system part is not excited by anything except the output of 
the controller, and is replicated in the Kalman filter. 

For the moment assume Wo is zero. If the system is 
started with x = х, the ideal controller has mig = 0 for 
all i <4, j < 4. This follows mathematically since then 
х = X for all time, and the measurement errors have no conse- 
quence since, in effect, no measurements are made anyway. 

If the system is started with x 7 х, the ideal controller 
starts with UE equaling the covariance matrix of the initial 


state, and subsequently relaxes asymptotically toward zero. 
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The Kalman filter for the stochastic filter part of the 
system makes хь гергодисе Xs increasingly well as Үс 15 гедисед 
апд Meg» 066 and Meg increased. The limit of zero Үр апа 
infinite Mees РА and Meg gives xs = Xp and Ёл = Хү. Since 
Үр was neglected in evaluating the conventional and the first 
version of the deterministic optimal control system, and in 
view of the preceding paragraph, the ideal stochastic optimal 
control system gives the same variances for хо and и with 
measurement noise as the deterministic optimal control system 
gives without measurement noise. This ideal result compares 
very favorably, but of course is suspect for practical 
implementation of a real system. 

A real system is of infinite order, and its characteristics 
vary with temperature, wear, etc. Тһе model built into the 
Kalman filter is not exact, consequently, and its response 
inevitably differs somewhat from the system it attempts to 
represent. In addition, the real system is subjected to 
small disturbances which are not directly felt by the Kalman 
filter, causing additional filter divergence. The practical 
result of these differences is that the mathematically ideal 
behavior must be relaxed to permit measurements of the state 
vector to be felt by the Kalman filter, but not so much that 


the measurement noise has any more deliterious effect than 


necessary. 


Carrying this out represents the art of the linear 
quadratic stochastic optimal control problem. Athans [6] 
gives а practical description of the trade-offs involved. 
The concept of system sensitivity becomes extremely impor- 


tant. 


To demonstrate a simple technique we superimpose white 


noise onto the control variable u, as represented in Fig. 7 
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Бу м2. This noise could Бе thought of as a substitute for 
parameter errors, as well as its more direct interpretation. 
Following an approach similar to those for the other control 
| systems, we let the variance of this noise, over the bandwidth 
bo = 66.95 rad/sec., equal 1% of the variance of u without this 


noise. Therefore, if Wo is unity white noise, 


The resulting steady-state values of the matrix M are | 


-5 -5 -5 -5 
8.2523%10 6.2396%10 8.2474%10 3.8424%10 0 


0 

6.2396*107° 2.8203*107° 6.3259%107° 5.108851077 0 0 

8.24745107” 6.3259*107° 8.2488*107° 3.8963%107: 0 0 

3.8424#1077 5.1088*107` 3.8963%107 4,4857%107 0 0 
0 0 0 0 9.6121*107° 3.2102*107° 


-3 -1 
0 0 0 0 3.2102Х10 2.1443*10 


The zero elements іп the matrix result from the 
decoupling between the two parts of the system. Тһе values 
for Пад» mpg and mgg follow from the value of V, discussed 
earlier, and cause the contribütions to the variances of Xo 
and u to increase from their ideal values. 

The second scheme for the deterministic optimal controller 
employs that part of the Kalman filter which uses Megs Mees 
and Meg: Now, since ес can be incorporated, a meaningful 
comparison can be made with the stochastic optimal control 
system. 

To compare the various systems objectively it is necessary 
to find the contributions to the variance of u from the relevant 
| noises 61)... не. Thís can be doen in straightforward fashion 
| for the stochastic optimal control system, but these contribu- 
| tions are infinite in other cases. То achieve meaningful re- 
| sults in these cases the noises are assumed to be band-limited 
with bandwidth bo? and the loops not touched by the path 
from the input to the output were not considered. This 
approximation is the same, for all except the response of the 


conventional system to ед» as 1% of the relevant variance X» 777X, 


from the relevant noise input to the output, и. Тһе path from 


| 
| found for the input м, multiplied by the square of the gun | 


SS 


өй Do ae 2.11 ке жае Be хи 2-2 ослыг = 222 = ee, oe 
———— M ——X A RUT 25 a,” Е NEN и = 79779 SPENT RC? 


ед to и оп the conventional system has some dynamics, and conse- 

quently was computed by integrating the appropriate integral 

of the form given in Section 3 over the finite limits -5, фо 

+6. . 
Тһе signal Wo also is inserted in similar fashion in 

all cases, to permit a more realistic comparison. 

The overall results for the three systems are compared in 
Table 2. The conventional system is seen to be quite unacceptable 
for the noise amplitudes assumed. The measurement of the output 
position is multiplied by so large a loop gain that the 
greatly amplified measurement noise saturates the actual power 
amplifier most of the time. Тһе model neglects this saturation, 
and predicts a rather large output variance due to the noise. 

The noise ед іп Еле tachometer measurement produces a contri- 
bution to the variance of u which would be modestly significant 
were it not greatly overshadowed by the effect of еј. Its 
effect on the variance of Xo is almost negligible. These 
effects of e, are relatively small because the feedback gain 

is relatively small. 

The first version of the deterministic optimal control 
system assumes perfect knowledge of Хү, which is unrealistic. 
This system displays vastly less sensitivity to the measure- 
ment noise, both in the control and output error variables. 

This improvement presumably follows not so much from the use 


of the criterion for optimality as from the use of four instead 
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of two measurements for feedback. The greatest source of noise 
on both the output error and the control variable is on the 
measurement of Ху а shaft angie. Note also that if measure- 
ment noise is neglected altogether, this system produces about 
half of the error variance as the conventional system, with 
about the same amplitude of the control variable. 

The second version of the deterministic optimal control 
does not assume knowledge of Хү» but uses x, contaminated by 


5 
noise eg as the input to an optimal observer to give Xe and 
хє as approximations of Xs and xz, respectively. Тһе per- 
formance of this more realistic model is consequently inferior 
to that of the first version, but is still greatly superior 
to the conventional system and is the proper basis of com- 
parison for the stochastic optimal control system, which has 
an identical.observer for Ч апа хє 

Тһе stochastic optimal control system is seen to improve 
its performance, as defined by the loss function, by reducing 
and balancing the sensitivities of u and Xo to the various 
measurement noises. It does this at the expense of a modest 
increase in the variance of х, when no noise is present. 

An additional noise of significant magnitude could be 
inserted into the middle of the stochastic filter (at the хь 
junction) to represent errors іп the stochastic filter model 
itself. This would appropriately reduce the significance of 


56: 
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Stochastic optimal contro] appears to offer а significant 
potential for improvement in the precision of helicopter gun 
turrets and other weapons systems. But this sophisticated toot 
cannot reliably be applied in a disjoint manner; the uncertain- 
ties in the structure, parameters and the noise levels should 
be studied carefully, in concert with a sensitivity study of 


the system. 


6. Recommendations for Further Work 

The amplitudes of the noise in actual measurements and 
the spectral characteristics of real input disturbances should 
be examined much more carefully, and the calculations repeated 
in consequence. The system model then should be returned to 
seventh order, with no corresponding change in the controller, 


to assure that what becomes literally a sub-optimal controller 


does not produce serious filter divergence. A sensitivity study 


іп which errors are assumed in the parameters of the system or 


the filter also is highly recommended, since an overly sensitive 


optimal control system can be distinctly inferior to a distinctly 


sub-optimal but inSensitive control system. 


Measurement of fewer than four state variables likely would 


be advantageous. It also may become advantageous to assume 


perfect measurement of one or more state variables, and con- 


sequently reduce the order of the Kalman filter. Asher and Reeves 


[7] give equations based on covariance analysis techniques which 


allow the evaluation of filters of reduced state. 


700. 


йыйын ж даа АЙЫНА ПЕС УУ Алал СУ TE Мет анда Өлер OE PO TS T VUES бр Spe 
o. = == - 0 andi онн. лш. „лы р pn m CETERI 


Practical servomotors are rate-limited, and the amplifiers 


which drive them saturate. Linear control theory is forced to 
recognize these nonlinearities by penalizing large control- 
signals so heavily that saturation rarely occurs. This is an 
artificial penalty, however; quicker response to small 
disturbances typically results from permitting saturation 

to occur frequently. 

A suggested method for accommodating nonlinearities approx- 
imately into a stochastic optimization procedure is through the 
use of random-input describing functions (RIDF's). Taylor et al. 
[8] give a list of recent references. The general approach is 
discussed by Gelb [9] and by Atherton [10], who includes combination 
deterministic-random describing functions and discussions of 


alternate methods. 


= 


Microprocessor implementation of а Ка] мап-фуре filter operates 


in the discrete time mode, and use of discrete-time algorithms 
for the Kalman filter is more accurate than use of algorithms 
which simply approximate the continuous-time algorithms. Use 
1 of the Kalman pre-filter of Womble and Potter [11] also may permit 
| а much longer АЕ without excessive деогада Топ of performance. 
The optimum At is a key question. 

The overall results can be examined by simulations, including 


both deterministic and random disturbances. Some comparison with 


the measured behavior of an actual system is highly desirable. 


= 
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The helicopter turrent system interacts intimately with 


its surroundings, particularly for burst firing. Any comprehen- 


sive investigation must account for known or measurable periodic 


disturbances and, most importantly, the overall dynamics of the 


helicopter particularly in response to recoil forces. 
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